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This book presents an advanced discussion 
on the theory underlying the design of 
modern digital machines. It utilizes a sys- 
tematic and integrated approach first for- 
mulated in the Lincoln Laboratory of the 
Massachusetts Institute of Technology and 





used to design numerous machines in the 


I 


Sada GNV LHO 


eit Laboratory. One aspect of this approach is 
iY dt Rint ; the combining of machine design and 


ne } switching theory. 

4 dy BC t hel \ Though primarily a textbook for senior 
i y, ' and graduate courses, the volume will be 
equally useful for the practicing engineer 
in the digital field and the mathematician 





interested in the study of machines, since 
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J the design techniques are the results of 
years of experience in actual machine de- 
sign. 


tion to its systematic approach, are its logi- 
cal organization and depth and breadth of 
. treatment of the design of digital ma- 


i | Distinctive features of the book, in addi- 





qf chines. The authors have compiled an up- 
to-date book, containing much material 
heretofore not published. Questions follow 
each chapter. Both special-purpose and 
general-purpose machines are covered 
within the same framework. 





The book also contains an introduction to 
the material generally coming under the 
category of “switching circuits.” The treat- 
ment contains both the theory of combina- 
tional and sequential machine design. The 
book does not contain a description of cir- 
cuit or component design, but treats ma- 
chine design from a general viewpoint. In- 
cluded in the discussion are the algebraic 
and logical foundations fundamental to 
the theoretical and practical aspects of dig- 
) } g ‘ ital machine design. 
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Preface 


This book has been written to serve as a text for a course in digital- 
machine design fundamentals at the senior or first-year-graduate level. 
lt is therefore suitable for mature students and practicing engineers. 
While the treatment of the material begins with fundamental notions and 
builds systematically from these fundamentals, it is felt that some 
knowledge of or “feeling” for digital computers is a desirable prerequisite, 
although prior experience in actual machine design is not required. 
Problems are included at the end of each chapter. These problems, of 
varying difficulty and complexity, are meant to illustrate and amplify 
(he material presented in the text. 

The book should also prove useful to such people as mathematicians, 
physicists, and programmers, that is, to people who are interested in or 
acquainted with the use of computers and who desire more familiarity 
with the internal structure of computing machines. 

The primary purpose of this book is the presentation of techniques for 
digital-machine design. It is based, to a great extent, on the experience 
of the authors in designing special-purpose and general-purpose com- 
puters at the Massachusetts Institute of Technology Lincoln Laboratory. 

The material covered falls in the general category of what has some- 
\imes been called logical design, a term which has come to mean different 
(things to different people. In this book the process called logical design 
hus been subdivided, and the different aspects of the design process have 
heen defined somewhat more precisely. The term logical design is used 
hore to attempt to distinguish in the broadest of terms between what 
lus and has not been included in this book. The book does not describe 
#lectronic-circuit design, and specific electronic components are men- 
tioned only as examples; nor is there any but the barest reference to 
womputer programming. It is both the theoretical and practical aspects 
of much of the material lying between circuit design and programming 
that form the subject matter for this book. 

The treatment of the material is as general as seemed reasonable. 
Irom a design viewpoint, there is little or no essential difference between 
general-purpose and special-purpose machines, and the two classes are 
treated together until specific illustrative examples are discussed. In the 
same spirit, there is no attempt at completeness in describing particular 
characteristics of machines, such as arithmetic algorithms and numerical 

v 


vi PREFACE 


representations. We have selected only that material which seemed 
most useful, omitting many specialized areas. Extensive lists of refer- 
ences to supplementary material are provided at the end of most of the 
chapters. 

The subject matter of the book may be divided into three parts. 

Chapters 1 through 3 and the Appendix present the necessary founda- 
tions for machine design. Definitions and descriptions of elementary 
computer components are included together with the mathematics which 
best describes their operational use. 

Chapters 6 to 10 cover the various aspects of machine design. 
Chapters 6 to 8 are quite general and introduce the concepts and nota- 
tion used in Chaps. 9 and 10, which describe the design of a general- 
purpose and several special-purpose computers, respectively. 

The remaining three chapters, 4, 5, and 11, discuss material of a more 
theoretical nature, which is somewhat peripheral to the main course of 
the book. All the necessary mathematical tools for the machine-design 
section (Chaps. 6 to 10) are presented in Chaps. 3 and 7. Chapter 4 
presents an extension of the algebraic techniques for the design of logic 
circuits introduced in Chap. 3, while Chap. 5 essentially repeats much 
of the material in Chap. 3 but with considerable mathematical rigor. It 
is because of their close relationship in content to Chap. 3 that Chaps. 
4 and 5 were placed after Chap. 3 rather than farther back in the book. 

A complete treatment of the material in this book would take Chaps. 
3, 4, 5, and 6 in order, while an abbreviated study would either omit 
Chaps. 4 and 5 or include only selected material from these chapters. 

Chapter 11 contains some advanced material in the theory of sequential 
machines, finite automata, etc. In fact, Chaps. 3, 4, 5, 7, and 11 taken 
together comprise much of the material usually classified under the 
heading of switching circuits and can be used for a short course in this 
subject. 

The following members of Lincoln Laboratory read sections of the book 
and made helpful suggestions during its preparation: M. I. Schneider, 
D. I. Schneider, E. Weiss, P. E. Wood, and N. Zierler. We would also 
especially like to thank W. W. Peterson of the University of Florida, 
E. J. McCluskey of Princeton University, and D. L. Epley of Stanford 
University for their assistance. 

Finally, we should like to mention the following for their careful 
work in the preparation of the final manuscript: Mrs. Irene Alderson, 
Mrs. Jean Coombs, Mrs. Helen Hennessey, Mrs. Joyce Kresa, and 
Mrs. Sheila Toomey hy 

Thomas C. Bartee 
Irwin L. Lebow 
Irving S. Reed 
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Digital Machines and Systems 


1-1. Definitions. It is difficult to describe precisely the subject matter 
of any particular area of science or technology. We generally discover 
the problems, results, and techniques in a given area gradually, and the 
extent of a given discipline is fully realized only after considerable specific 
knowledge has been accrued. In attempting to introduce such terms as 
digital machine, digital calculator, and digital computer, we run a further 
risk: the material being discussed is in a state of rapid expansion, and any 
but the broadest of definitions is sure to be subject to change. 

Nevertheless, first definitions of some of the subjects discussed in this 
book must be attempted, although the definitions and descriptions in this 
chapter will be subject to later refinement. These earlier definitions 
must be general of necessity, and generality is often a synonym for 
vagueness. 

Let us define a digital machine as a machine which represents informa- 
tion in a discrete manner. A digital machine is therefore contrasted to 
an analog machine, which represents information in a continuous manner. 

Insight into the fundamental difference between analog and digital 
machines will be gained if we consider the problem of physically represent- 
ing the values of a continuous independent variable z in first an analog 
and then a digital machine. If the variable z is constrained to range 
through a closed interval [A,B], an analog machine will represent the value 
of the variable as a physical position, a voltage, a current, etc., which is 
continuously variable through some interval, say [V_,V,], where V_ and 
V, are two voltage values with V_ < V,. We can place the least value 
in this interval, V_, in correspondence with the least possible value for z, 
which is A, and the upper value in the interval, V,, in correspondence 
with the maximum value which can be taken by the variable x, which is 
B. The variable can then be assumed to be capable of taking on any 
value in the interval [A,B], and there will be a corresponding value of the 
voltage in the analog system. 

The devices used to represent information in a digital machine are 
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operated in a discrete manner. That is, a given device is either con- 
strained in or naturally disposed to be in only one of some finite number 
of states at a given time t. Suppose we are given a device with n states, 
which we designate q:, g2, - - - , @n- In order to represent the values of 
our continuous variable x in the interval [A,B], we partition the interval 
[A,B] into n subintervals [X1,X2), [X2,Xs), --- , [Xn Xnil, where 
A=X1<X2.< +++ <Xay1 = 8B, and place subinterval [X,,Xi41) 
in correspondence with state g; of our physical device. Notice that if 
the variable x was not continuous, but was used to represent an integer 
in the range [A,B], where A < B and B — A < n, we could assign the 
integral values in this interval to the states of our physical device in a 
perfectly natural and obvious way. 

We defined a digital machine as a machine which represents informa- 
tion ina discrete manner. This makes an ordinary two-position switch a 
digital machine, for it represents the information on or orr by means of 
an open or closed connection. It also makes a set of digital machines 
which are interconnected a digital machine. Notice that if m storage 
devices are used to represent information, and if each storage device can 
be in one of n states at a given time ¢, then the total number of different 

‘internal states the machine can have is n™. Similarly, for s machines 
Mi, M2, ..., M, which are interconnected, the total state of the 
resulting machine at time ¢ must be one of S,S2 - - - S, states, where S; 
is the number of states which can be taken by machine M;. In our 
usage, the term digital machine is synonymous with the term finite-state 
automaton, which also refers to a machine (automaton) with a finite 
number of internal states. 

Given enough relays and switches and a few push buttons and levers, 
we can construct an electromechanical calculator, which is a digital 
machine, but which requires another level of refinement. A digital 
calculator is defined as a digital machine which can perform arithmetic 
calculations on data storéd in (represented by) the machine. A digital 
calculator is therefore a digital machine, but with the further properties 
that the calculator must be able to store or represent information and 
must also be able to perform arithmetic calculations on the information 
stored. 

A common form of digital calculator is the adding machine, which 
stores numerical data introduced via the keys of the calculator and 
performs the arithmetic operation of addition. A desk calculator is a 
more complicated device which performs the arithmetic operations of 
addition, subtraction, multiplication, and sometimes division. Many of 
the early electromechanical business-data-processing machines were 
referred to as automatic calculators; their operation generally consisted of 
reading data from a set of perforated cardboard cards and performing a 
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sequence of operations on this data, the sequence of operations being 
determined by a wired patch board electrically connected to the internal 
circuitry of the calculator. 

This type of machine is a step advanced from the manually operated 
desk calculator, for the operations performed are sequenced automatically. 
Once the cards are introduced, the machine determines its own sequence 
of operations according to the pattern wired into the patch board, and the 
intermediate results are also stored in the machine during computation. 

Two important points are involved here. The sequence of operations 
wired into the patch board is generally referred to as the program for the 
machine. A program is defined as the sequence of instructions to the 
machine which will cause it to perform a desired set of calculations. Now 
a calculator of this type is capable of storing the program. Suppose that 
a digital machine stores both its program and the data to be used and also 
executes the program automatically; a machine with these capabilities is 
generally referred to as an automatic digital computer. 

The set of physical devices which is used to retain the information 
being processed is referred to as the memory of the machine. Most 
machines use several different types of devices in their memories, and the 
different devices are often classified according to their speed of operation 
or the particular use for which they are intended. 

Many of the memory devices used in a computer are such that informa- 
tion can be read from or stored in them at the operating speeds of the 
machine. That is, the machine can both read information from and 
store information in these devices during operation and can ‘write over’ 
information previously stored. The set of devices with these char- 
acteristics is called the internal memory and is thereby distinguished from 
input storage media such as perforated paper cards and tape and output 
storage media such as printed rolls of paper. A machine which can 
store both its program and the data which is used in its internal memory 
is called a stored-program computer. 

A digital system is a data- or information-processing system which per- 
forms a major portion of its processing operations using a digital machine 
or a set of interrelated digital machines. When we speak of the system 
we include not only the machine but also the operators and all the periph- 
eral equipment associated with the system. 

1-2. General-purpose and Special-purpose Computers. Automatic 
digital computers are quite often separated into two general classes: 
general-purpose computers and special-purpose computers. A general- 
purpose computer is a computer designed to solve a wide variety of 
problems, and a special-purpose computer is one which is designed to 
perform a specific function. The typical general-purpose computer is 
also a stored-program computer in that it stores the sequences of instruc- 
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tions comprising a given program in its internal memory. This makes it 
possible to read a particular program and the associated data into the 
computer’s memory, have the computer perform the calculations speci- 
fied by the program, and then to read in and operate another, and perhaps 
quite different, program. General-purpose computers which are not 
stored-program computers often use patch boards or plug boards into 
which a given program is wired (often these patch boards are changeable 
so that a computer of this type can perform a number of different pro- 
grams, each with its own wired patch board). 

A stored-program computer which stores both the program and the 
data on which the program operates in the same memory will have the 
ability to modify its program during operation, thus making the compu- 
ter extremely flexible. Also, this makes use of the computer memory in 
an efficient fashion, for long programs with little data or short programs 
with considerable data can be accommodated by a memory which need 
only be able to contain the sum of the program and data. A general- 
purpose stored-program computer may be used to solve a problem in lens 
design, may then process a payroll, and may later solve a problem in 
astronomy. 

The special-purpose computer is designed to solve a specific problem 
or a restricted class of problems. It is usually designed to perform its 
special task efficiently and rapidly. Accordingly, it is relatively inflex- 
ible and unsuitable for tasks other than the one for which it was con- 
structed. Thus, for example, a special-purpose missile-guidance com- 
puter is generally unsuitable for payroll processing or matrix inversion. 

In theory, a given general-purpose computer can be programmed to 
perform any data-processing job that a special-purpose computer can 
perform. In this sense the general-purpose computer possesses a form of 
universality in that it is capable of simulating any other computer. The 
special-purpose computer, is useful, therefore, when efficiency is more 
important than flexibility. As a general rule the more special-purpose 
the machine, the more efficient, but, of course, the less versatile. At 
present we would not use a typical general-purpose computer in a missile- 
guidance system, for instance, for the weight, power consumption, etc., 
would be prohibitive, even though the general-purpose computer would 
perform all the calculations necessary to guidance.f Often it would 


+ Some of the computers used in guidance systems are very similar to small general- 
purpose computers. Computers constructed along the lines of general-purpose 
computers—stored-program, automatic digital computers with a reasonable set of 
instructions—but which are designed for specific functions, are often capable of 
performing any data-processing task, except for speed and memory limitations. 
These computers perform general tasks very inefficiently, however, but perform the 
specific task for which they were designed very efficiently. Such computers are 
perhaps equally worthy of the titles general-purpose and special-purpose, 
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simply be bad economics to use a general-purpose computer in a specific 
function; for instance it would be foolish to tie up a large general-purpose 
computer in order to encode messages for transmission over a communica- 
tions channel, and here a small special-purpose computer would come into 
play. 

The special-purpose computer is especially useful in real-time control 
systems, systems which process data and perform control functions during 
actual operation of a system. The digital computer used in this type of 
control system must process the data rapidly in order not to fall behind in 
assessing the present situation, for the computer will be called on to make 
effective decisions in real time. Special-purpose computers are especially 
applicable to these systems, because the data-processing calculations to 
be performed are often quite specific and a given machine can be designed 
for a specific task. Quite often a real-time control system will contain 
several special-purpose machines, each performing a particular task. 
In this way, complex data-processing calculations can be performed in 
parallel, thus keeping the operating speed of specific machines within 
reasonable bounds. In several large real-time systems, for instance in 
the Air Force SAGE systemt and in other similar defense systems, a num- 
ber of special-purpose computers are used to perform many of the routine, 
highly repetitious operations which are necessary; these smaller machines 
transmit the results of their calculations to a central general-purpose 
machine which then integrates, correlates, and calculates, using the data 
from the special-purpose machines. In this way the total data from 
several machines are organized and used to control the air situation. 
Other real-time control systems of a similar nature are being used in the 
process-control area, which deals with the control of manufacturing 
processes such as oil refining and the dynamic operation of chemical 
reactors. The real-time control systems engaged in the controlling of 
manufacturing processes are forerunners of the automatic factory, in 
which the operation will be completely controlled by digital machines. 

Workers in the real-time control-system area tend to classify systems as 
fully automatic or semiautomatic, the latter term designating systems in 
which certain of the decisions are made by human operators, using data 
supplied by the computer(s) involved. 

1-3. Classification of Subject Matter and a Brief Outline. By custom, 
the subject matter of digital machines has been divided into several 
general study areas. As might be expected, these areas overlap con- 
siderably, and in actual practice the subject matter is irrevocably tied 
together. Nevertheless, divisions are made, and specialists in the various 
areas are given specific titles such as programmer, system designer, and 
cirowit designer. In general, then, the literature and most organizations 


{ SAGE is a contraction of “Semiautomatic Ground Environment.” 





6 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 1 
divide the work areas concerned with digital machines into: 


Circuits and components 

Programming and programming techniques, including automatic pro- 
gramming systems and numerical analysis 

Logic design, switching circuits, and number systems 

System design and structural design of machines 

Theoretical studies, automata (finite-state machines), Turing machines, 
and compatability 


The first subjects listed above, circuits and components, involve the 
actual hardware used from the detailed viewpoint of, for instance, 
magnetic-core operating characteristics, transistor switching-circuit 
design, and cryotron development. The research here is concerned with 
developing new devices and designing circuitry, tape transports, etc., to 
utilize most efficiently the basic devices. The great amount of research 
in these areas has led to faster, more reliable, smaller, lighter, less power- 
consuming, more economical devices and circuitry, and improvement will 
doubtless continue. This book does not deal with this subject in any 
detail. The existence of good transistor circuits, memory devices, 
magnetic tape transports, etc., is assumed, and only the characteristics of 
these devices which affect the system design will be treated. Similarly, 
the second set of topics listed above will not be treated in detail. Several 
books have been published describing programming, along with the 
associated disciplines of numerical analysis, machine languages, and 
automatic programming, and we have included references to several books 
on these subjects at the end of this chapter. 

The third set of topics listed above—logic design, switching circuits, 
and number systems—is treated in some detail in Chaps. 2 to 5 and the 
Appendix. The subject matter of these chapters is closely bound to such 
mathematical subjects as Boolean algebra, symbolic logic, algebraic logic, 
number representation systems, and set theory, and we have included 
some introductory material in these areas. Chapter 2 introduces several 
physical storage devices, the concept of storage cell and register, and 
some material on representation of data in registers. Chapters 3 and 4 
introduce the basic concepts of Boolean algebra and switching-circuit 
theory, presenting the mathematical material in parallel with the descrip- 
tion of digital-machine gating elements. Chapter 5, Mathematical 
Foundations, describes the mathematical material in a more rigorous 
way, introducing Boolean algebra via rings and fields, and introducing 
the concept of Boolean functions of time. Chapters 4 and 5 are to be 
considered optional, although knowledge of this material is felt to be of 
importance to anyone interested in digital systems, and the concepts in 
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these chapters are certainly of considerable value. The chapters which 
follow do not assume a knowledge of the material in Chaps. 4 and 5. 

In Chaps. 6 to 10, a systematic procedure is developed for designing dig- 
ital machines. The design process is divided into three categories: system 
design, structural design, and logic design. By system design we mean 
the planning and specification of the gross characteristics of the machine. t 
The structural design then consists of describing the machine as a set of 
interacting registers directed by a control unit. Logic design consists 
of using the discipline of switching theory to derive the details of the 
machine. Chapter 6 introduces some of the basic concepts and notation 
for the structural design, defining the transfer operation as the funda- 
mental interaction between registers. 

Chapter 7 deals with sequential networks, which are sometimes called 
sequential circuits or finite-state automata, from the viewpoint of the 
logical configuration. The subject matter of Chap. 7 is generally 
included under the title “‘switching circuits,’’ which indicates some of the 
overlap inherent in any division of material (Chap. 7 deals with sequential 
networks, Chaps. 3 and 4 with combinational networks). 

Chapters 8, 9, and 10 develop the systematic design procedures; 
Chap. 8 includes the elements of structural design and introduces the 
control unit. Chapter 9 describes the design of a small general-purpose 
computer from the system design through the structural design and 
including the logic design. 

Chapter 10 treats special-purpose computers. This chapter may be 
divided into two sections. The first section describes the design of a 
special-purpose computer which processes radar returns in a real-time 
control system and then transmits target coordinates over a communica- 
tions channel. The particular machine described here is a simplified 
version of the AN/FST-2 which was used in the SAGE Air Defense Sys- 
(em; this particular machine was designed at Lincoln Laboratory. The 
second section of Chap. 10 describes the digital differential analyzer. An 
introduction to the digital differential analyzer is followed by some design 
details, after which programming, or the setting up of problems for this 
type of digital machine, is described. 

Chapter 11 presents some theoretical material and very briefly treats 

| The term ‘‘system design” is used in several ways, and common usage is somewhat 
ambiguous. Originally, system design referred to the planning and design of a 
machine from a broad viewpoint, but including the specification of the actual machine 
construction, At the time, system design referred to about everything save the 
(losign of specific circuitry, gears, switches, etc. For digital systems this included 
what is generally called logical design. There is a tendency in very large systems to 


ise the term system design to refer to the specification and planning of a system 
from a very broad viewpoint, quite often not including the logical design phase. 





8 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 1 


such subjects as minimal-state machines, Turing machines, probabilistic 
machines, finite-state automata, and information processing from a 
more theoretical, viewpoint. Again there is considerable overlap with 
the subject matter in previous chapters, and as in previous chapters the 
list of references can be used to supplement the material presented. 
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Binary Cells and Registers 


9-1. Introduction. A digital machine is one in which the data are 
represented discretely. This is accomplished by the use of physical 
devices exhibiting a finite number of states which are placed in corre- 
spondence with the values of the variables to be represented. The basic 
physical devices used for this purpose are almost exclusively two-state 
or binary devices which we call binary cells. The types of binary cells in 
use differ widely in their behavior. Even when the physical phenomena 
associated with a given device are basically continuous, a binary mode of 
operation is usually employed for reasons of simplicity and reliability. 

Since a two-state device can represent only a single binary digit, it is 
apparent that to represent the values of continuous variables with any 
amount of precision or to represent integers of any magnitude, the bistable 
devices must be handled in sets and a given set of binary values used to 
represent the value of a particular variable. In actual practice the data 
stored in digital machines are divided into sets of ordered characters called 
words; in a machine a word is therefore an ordered set of characters 
which has meaning. Now the term “word” refers to the information 
stored and not to the physical devices in which the information is stored. 
We will refer to an ordered set of physical devices used to store a specific 
piece of data as a register. 

This chapter is divided into three basic parts. First, some of the char- 
acteristics of the devices used to store information in digital machines are 
examined from a systems-design viewpoint. Second, the concept of a 
register as an ordered set of cells is introduced and some of the systems 
whereby information is represented in registers are examined. Finally, 
the idea of a function of a register is introduced as the means by which 
functions of variables stored in registers are computed. 

The material on representation systems for digital machines in this 
chapter assumes a knowledge of the binary number system, other num- 
ber representation systems such as octal and ternary, and such related 
topics as positional notation and binary-coded decimals. The Appen- 
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dix of this book contains an introduction to number representation sys- 
tems which furnishes background material in this area. 

2-2. The Binary Storage Cell. In order to make the notions intro- 
duced in the previous section more precise, we shall consider the properties 
of storage devices, first from an idealized picture and subsequently from 
the point of view of realistic storage devices. 





ty to tz. t, ts te 


Fia. 2-1. State value versus time for an idealized binary storage cell. 


Let us first describe the characteristics of an idealized primitive storage 
element which we call a binary storage cell or simply a binary cell. This 
is defined to be a physical device with the following properties: 

1. It possesses two possible stable configurations or states which we 
label state A and state B. 

2. Any changes of state (from A to B or from B to A) occur instan- 
taneously, i.e., at the discrete times ti, tf, ...,t,... 

3. A nieasarenient of some physical pioperty of the cell such as residual 
magnetism, voltage, or current at some point always results in a number a 
if the cell is in state A, or a number 6 if the cell is in state B. This 
definition of measurement implies that the measuring device does not 
disturb the cell, or equivalently, extracts no energy from the cell. Since 
by property 2 the cell is assumed to change state instantaneously, a meas- 
urement is meaningless at the switching times f1, ta, ...,t, ..- 

If we perform an experiment in which we measure the ‘physical state 
of a binary cell at all times ¢ ¥ ¢; and plot the results of these measure- 
ments as a function of time, we obtain a two-valued function as shown in 
Fig. 2-1. For the purpose of drawing the curve we have assumed with 
no loss of generality that a < b. 

A binary cell is, then, an idealized physical device which can store a 
two-valued function of time. The determination of the state of the cell 
at some meaningful time ¢ is equivalent to the evaluation of the function 
at time ¢ and yields one bit of information in the sense of Shannon. The 
binary cell is the fundamental storage element of the digital data processor. 
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Correspondingly, the two-valued function is the fundamental mathe- 
matical function for the representation of physical variables in the 
machine. That the fundamental storage element is defined to be binary, 
and correspondingly that the fundamental functions are two-valued, is 
due to the fact that real physical storage elements are most easily con- 
structed as two-state devices. (In the next section several types of actual 
binary cells will be described.) 


a,SaSa,=stateA B; Sb<B,= state B 





Fig. 2-2. Physical measurements of a binary storage cell. 


There is a natural one-to-one correspondence between a cell and the 
function which it stores. We shall often have occasion to use this corre- 
spondence and consider the cell itself as a two-valued function of time. 
It follows, then, that if at some time ¢ the cell X stores a function with 
value a, the cell can be treated as a function X with value X(t) = a. 

2-3. Examples of Binary Storage Cells. An idealized binary cell was 
described in the preceding section. Indeed, no real device can possess 
properties 2 and 3, i.e., switch instantaneously and yield a precise value 
from an electrical measurement. Nevertheless, these conditions can be 
relaxed so that imperfect physical devices can store two-valued functions. 

A physical two-state device will not yield precise values as the result of 
measurements of its physical state, but rather it will yield two narrow 
ranges of values, as shown in Fig. 2-2. The spread in value is due to 
departures of both the cell and the measuring device from the idealized 
property 3. Any real measuring device absorbs a small amount of 
energy from the cell; this in turn affects the value of the measurement. 
If the spread in values is small enough so that the ranges of the values 
for each state do not overlap, then property 3 is effectively met. We call 
f measurement which does not affect the state of a cell nondestructive. 

Similarly, any real device requires a finite time to change states. If 
the interval of time during which a measurement is made does not overlap 
this switching interval, then property 2 is effectively met. Indeed we 
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can even go one step further and restrict the measurement time to an 
interval of any desired duration so long as it does not overlap a switching 
interval. 

Perhaps the most common example of a binary storage cell is the static 
flip-flop of Fig. 2-3. This is a circuit generally consisting of two active 


Output 
terminal 





— 


(a) (b) 





Fra. 2-4. Dynamic flip-flop. 


circuit elements such as transistors or vacuum tubes, together with 
several passive elements, and having the steady-state property that only 
one transistor or vacuum tube can conduct current at any time. In 
Fig. 2-3, state A occurs when transistor 7, is conducting current, state B 
when 7 is conducting current. A measurement of the output voltage 
at the output terminal X will give a value close to some value a deter- 
mined by the circuit parameters in state A and close to some value b in 
state B. This measurement will be meaningful provided that it is taken 
when the flip-flop is not switching from one state to the other. 

Figure 2-4a illustrates another example of a binary cell, called a dynamic 
flip-flop. This cell consists of a delay element and an amplifier con- 
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nected in a loop. The two states are represented by the presence or 
absence of a pulse in the loop. Suppose that the delay element produces 
a delay of T seconds and a pulse, if present, is of lengthz seconds. Then 
at point X one can observe a r-second pulse every 7 seconds. The state 
measurement consists in observing at point X the presence or absence of 
the pulse during the given r-second interval (Fig. 2-40). 

Magnetic materials form the basis for another class of binary cells. 
In Fig. 2-5 is a section of magnetic tape in which the two states are 
represented by differing directions of the magnetic lines of force (flux). 


A B A B B 





Fria. 2-5. Magnetic-tape storage cells. 


Direction of 
magnetic field 


State A State B 


Fia. 2-6. Magnetic-core storage cell. 


The cell is in state A when the flux lines point into the plane of the page 
and in state B when the lines point out of the page. The states are 
measured by observing the polarity of the voltage induced in the detecting 
element (reading head) when the tape is moved past it. A different type 
of magnetic binary cell is the magnetic core shown in Fig. 2-6. The 
core is in state A when the magnetic flux lines point in the counterclock- 
wise direction, and in state B when the lines point in the clockwise 
direction. 

In this example of a cell, nondestructive measurement techniques are 
not always satisfactory. That is to say, it is not always possible to 
obtain a measurement of the state of the core by extracting an amount of 
energy sufficiently small to prevent disturbing the core. More often 
a large magnetic force is applied to the core, of a polarity which will 
switch the core from state B to state A, and the amount of flux change is 
measured when the magnetic force is applied. Such a measurement 
technique is called destructive. A destructive measurement corresponds 
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to the hypothetical nondestructive measurement implied in the definition 
of the cell followed by an input to the cell causing it to assume state A. 
The equivalent of a nondestructive measurement of the core can be 
obtained by following a destructive measurement by an input causing the 
core to assume the state which existed before the measurement. 


Toggle 
switch 
C Output Jumper C Output 
terminal oe terminal 





Fra. 2-7. Toggle-switch storage cell. Fia. 2-8. Constant storage cell. 


Another example of a cell is shown in Fig. 2-7. In this simple circuit 
the two states are provided by a toggle switch. The cell is in state A 
when the switch is closed and in state B when the switch is open. A 
measurement of the voltage at the output terminal C yields the battery 
voltage EZ + in state A and 0 volts in state B, provided that this measure- 

ment is not made when the switch is 

being thrown. 

Closely related to the cell just de- 

b ; scribed is the constant cell shown in Fig. 
2-8. The toggle switch is replaced by 

either a wire or no wire. In the former 

° case the cell is in state A (Ve = E +) 
for all time, and in the latter case the 

cell is in state B for all time. Such a cell 

a b stores a function of time which has the 

Ci(t1) constant value a or b. 

Fra. 2-9. Range of values of a two- All of the foregoing examples point 
cell register at a fixed time 41. to the facts that binary cells can have 
many diverse physical properties and 

that the representation of the states can be based upon many different 
physical phenomena. In their basic use, however, as elements for the 
storage of two-valued functions, they are equivalent. 

2-4. The Register. As stated above, the binary cell is the basic 
storage element of the digital data-processing machine. A simple exten- 
sion of the notion of the binary cell leads to the concept of the register. 


Co(ti) 
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We define a register to be an ordered set of binary cells. The properties 
of the register therefore follow immediately from the properties of the cell. 
Consider an n-cell register C, composed of the cells Ci, C2, .. . , Cn. 
Each cell C; (¢ = 1,2, . . . ,) stores a two-valued function of time C,(¢). 
Hence at any fixed time ;, each C;(t:) has the value a or b. The register 
C correspondingly stores the n two-valued functions of time C1(é), 
C(t), . . . , Cn(t), or in other words the vector function C(t) with com- 
ponents C,(t),i = 1,2, ...,m. Asin the case of the cell, we often use 
the correspondence between a register and the function it stores by saying 
that the register is a vector-valued function of time. Thus at some 
fixed time we say that the value of the register C’ is the value of the func- 
tion it stores, that is, the n-tuple [Ci(é), C2(é), ... , Crd], Cit) = @ 
or b. 

As an example consider the two-cell register C = (C1,C2), storing the 
two-component vector function C(t) = [C.(£),C2()]. At some time ti, C 
has the value C(t:) = [Ci(t:),Co(t:)] where Ci(f) = a or b. Figure 2-9 
shows the four possible values of C(t), the coordinate pairs (a,a), (a,b), 
(b,a), and (b,b). 

As implied earlier in this chapter, the register is the physical device 
which stores representations of numerical values in the digital machine. 
We have just demonstrated that a register stores an n-component vector 
function, with each component a two-valued function of time. To com- 
plete the picture, we must define a means by which the values of a register 
are associated with a set of numerical values. The simplest and perhaps 
most natural association is between the 2” different values of an n-cell 
register and the integers from 0 to 2” — 1, inclusive. If we associate 
the integers 0 and 1 with the numbers a and 8, respectively, and imagine 
a binary point to be located to the right of the register, then the values 
of the register are n-tuples of 0’s and 1’s which correspond to the first 
2” nonnegative integers in the binary number system. We call this the 
integer representation of the register. Thus, for example, if the four-cell 
register C = (C1,C2,C3,C.4) has the value bbab, in the integer representa- 
tion it is said to store the binary integer 1101. 

The decimal equivalent [5;(C)] of an integer in the binary number 
system stored in register C is obtained by forming the polynomial 


6(C)= X Cari C,=0,1 t=1,...,0 


where the values of 2"-‘ and the sum 6;(C) are expressed as decimal 
integers. Thus in the above example the decimal equivalent of 1101 
is 13. The octal number system is also often used. If the 7 cells of 
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register C are grouped into the k three-cell subregisters 


{° 0 CG: n=3k-—2 


Ri 0 Ci C2 n= 3k —-—1 


Ci Ce C3 n= 3k 


R'! = Cy—sC nC n-s 
R* = Cr—2Cn—iC'n 


then the octal equivalent of the integer representation of C is a k-tuple 
5,(R), 61(R?), a) 57(R*) 


Thus the octal equivalent of 1101 is 15. eeaal 
Table 2-1 lists the values of a four-cell register together with its integer 
representation in the binary, octal, and decimal systems. 


Table 2-1. Integer Representation of a Register in the Binary, Octal, 
and Decimal Number Systems 


Register value | Binary | Octal Decimal 











aaaa 0000 0 0 
aaab 0001 1 1 
aaba 0010 2 2 
aabb oo1L 3 3 
abaa 0100 4 4 
abab 0101 5 5 
abba 0110 6 6 
abbb 0111 7 7 
baaa 1000 10 8 
baab 1001 11 9 
baba 1010 12 10 
babb 1011 13 11 
bbaa 1100 14 12 
bbab 1101 15 13 
bbba 1110 16 14 
bbbb 1111 17 15 





From now on the values of a cell, a and b, will always be considered to 
represent the integers 0 and 1. Furthermore, when no other representa- 
tion is stated explicitly, a register will be assumed to have the integer 
representation. In line with this we shall consider the integer representa- 
tion (in any number system) of # register to be synonymous with the value 
of the register. Thus the four-cell register C with value bbba will be said 
to have the binary value 1110 or the octal value 16 or the decimal value 14. 

Another representation of a register, closely related to the integer 
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representation, is obtained by assuming the binary point to be located at 
the left end of the register. Thus a four-cell register with binary value 
1110 has the fractional representation .1110. The decimal equivalent of 
the fractional representation of a register is given by the polynomial 


n 


5r(C) = »y C2-* = 2-"8,(C) 


= 


Similarly, the octal equivalent of this number is obtained by grouping 
the cells into three-cell subregisters beginning now at the left end of the 
register. Thus the binary fraction .1110 is equivalent to the decimal 
fraction 7% = .875 and the octal fraction .70. 

Both the integer and fractional representations are so-called binary 
representations since the 2” values of the n-cell register are made to 
correspond to 2" numbers. Somewhat different are the so-called binary- 
coded decimal representations in which groups of cells are associated with 
decimal digits. For example, suppose that register C contains n = 4k 
cells where k is an integer. Divide C into the k subregisters 


R} a CiC2C3C 4 


R= Ch- sCn—2C nC n 


We restrict each subregister to take on the values 0, 1, . . . , 9 inclusive 
and assign a unique subregister value to each decimal digit. Then the 
binary-coded decimal representation of register C’ is the k-tuple 


51(R), 6(R?), . . . , 6r(R*) 
with decimal value 


8;(R)108-1 + 8;(R2)10%-? + + «+ + 8(R*)10'* 


In this representation the 10* decimal integers are associated with 10* of 
the 2** possible values of the register. 

Clearly many other numerical representations, binary and nonbinary, 
are possible. The binary (or decimal) point, for example, may be located 
anywhere with respect to the cells of the register. Representations exist 
for both positive and negative numbers. Some of these are described 
further in the Appendix. 

All the foregoing examples are of numerical representations of registers. 
Nonnumerical representations are also possible. Let C be a five-cell 
register with 25 = 32 possible values. The 26 letters of the Roman 
alphabet may be represented by C by assigning to each letter one of the 
32 possible values of the register, as in Table 2-2. In general, any list of k 
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things may be represented by a register with logs k cells or more by an 
association of each item with a unique value of the register. 


Table 2-2 
Value of register Alphabet representation 


00000 
00001 
00010 
00011 
00100 
11000 
11001 


NS OAwD 


9-5. Generalization of the Register. We have thus arrived at a 
definition of the register as the basic device in the digital computer for 
the storage of representations of values of variables and have shown how 
both numerical and nonnumerical data may be stored in a register by 
establishing correspondences between the numbers or data to be stored 
and the various values of the register. This definition, moreover, is 
basically independent of the physical implementation of the register. ; 

A simple extension of the notion of register was alluded to in the previ- 
ous section. Any part of a register (ie., a subregister) is itself a register. 
In considering the octal and decimal integer representations, we assumed 
the register to be a set of subregisters in which each subregister had an 
octal or decimal value. In any n-cell register, each of the n cells is a one- 


cell register; there are ie n(n — 1)/2 different two-cell registers 


which preserve the original ordering, ; different three-cell registers, etc. 


All told there are Ny @ = 2 —1 different subregisters; we have 
k=1 


included the entire n-cell register as the last term of the summation. All 
these subregisters are not in general meaningful for every register. It 
makes sense to consider a subset of cells of a register as a separate sub- 
register only if at some time the subset is treated independently of the rest 
of the register. As a simple example suppose that a ten-cell register C 


+ The symbol (7) is called a binomial coefficient and is defined by 
(") iy n! 
k k\(n — k)! 


It represents the number of distinct ways that k things may be selected from a total 
population of n things. 
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sometimes serves to store binary integers and sometimes stores two letters 
of the alphabet. The only meaningful subregisters in this case are the 
two five-cell “halves” of C and, of course, the entire register C itself. 

The subregister is just a special case of the general class of functions of 
registers which we shall now discuss. To review briefly, a register is, by 
definition, an idealized physical device which stores a vector-valued 
function of time, each component of which can take on one of two values. 
The observation was also made that because of the one-to-one corre- 
spondence between the register and the function it stores, the register 
itself may be considered to be the function. We therefore arrive at a 
mathematical definition of an n-cell register as a function whose domain 
is the time axis and whose range is the n-dimensional vector space V,, each 
component of which can take on one of two values. On the basis of this 
mathematical definition of the register, we can define a function or 
transformation of a register as follows: A function or transformation 
D = f(C) of an n-cell register C is an m-component function, where each 
component. D; (i = 1, 2, ... , m) of D is a two-valued function of, in 
general, the components C; (j = 1, 2,..., n) of the register C. A 
function of a register is therefore an m-dimensional vector function with 
some of the mathematical properties of a register. A function of a 
register does not possess the physical properties of the register, for it does 
not exist as a set of storage cells, but the value of the function at time ¢ is 
dependent upon the value of a physical register at time t. A register is 
therefore analogous to an independent variable and a function of a register 
to a dependent variable. Henceforth, when we desire to emphasize the 
difference between registers and their functions we shall call the former 
independent registers and the latter dependent registers.| We shall con- 
tinue to use the unqualified word register to describe either a register or a 
function of a register where by context no ambiguity exists or where the 
difference between independent and dependent registers is irrelevant. 

It is clear now that an m-cell subregister of an n-cell register is just a 
special case of a dependent register. Here the mapping from V, into Vn 
is simply the projection of vectors in V, onto the appropriate m-dimen- 
sional subspace V,. In this special case, the dependent register does exist 
as a set of physical cells and may also be considered as an independent 
rogister. A less trivial example is that of the dependent register 


D= (D,,Dz, sone Dn) 


{ A function of a register is physically realized by a set of gates. A network con- 
alsting only of gates and containing no memory cells is called a combinational network 
(Chap. 8 will describe this in detail). A network which contains both memory cells 
and gates is called a sequential network; these will be introduced in Chap. 7. Both 
combinational and sequential networks are often referred to as logical networks. 
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which is the function of the independent register 

Cm (OCs, . - » Gal 
where each component D; is determined by 


0 when C; 
1 when C; 


1 
0 


As we shall see later, the dependent register D is called the complement of C 
and is a rather commonly used function. Another common dependent 
register is the n-cell register D defined by 


D; = Ci41 t=1,2,...,%—-1 
D, = 0 


D;= 


This function is evidently equivalent to shifting each cell of C one 
place to the left and introducing the constant 0 into cell C;. 

In an analogous fashion we can introduce functions of two registers. 
Let C and D be independent registers with components given by 


C= (C1,C2, oe Cn) 
D= (D,,D2, cone ,D,) 


A function of C and D is an m-cell register F(C,D) in which each com- 
ponent F; (¢ = 1,2, ...,m) isa two-valued function of all the C; and 
D,. The extension to functions of any finite number of registers follows 
in a similar manner. 

A digital machine is essentially a collection of independent and depend- 
ent registers. In different machines the number of independent registers 
and the number and nature of the dependent registers can vary very 
widely according to the use of the machine. Regardless of this fact, 
any machine can be described by considering its registers, dependent and 
independent, and their interactions; this is the point of view that we shall 
adopt in the following chapters. But it is first necessary to treat func- 
tions of registers in much more detail. This we do in the following three 
chapters with a discussion of the algebra of two-valued functions. 


PROBLEMS 


2-1. A static flip-flop A is switched every 7 seconds. 

(a) Sketch the output voltage when the value of the cell alternates between 0 and 1. 

(b) Sketch the output voltage representing the complement of A. 

(c) A three-cell register Ai1A2A; assumes the integer values 0,1,...,7. If the 
cells are static flip-flops switched every 7 seconds, sketch the output voltage wave- 
forms of Ai, As, and A. 

2-2. Define a binary-coded ternary representation for an n-cell register. 

98. An n-cell register has a binary-coded base r representation. Show that the 
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number. of bits of information stored in the register is n(log: r)/p, where p is the 
smallest integer greater than or equal to log: r. 

2-4. A computer has a total of ten instructions or operations which it can perform. 
Define a binary representation for the ten instructions using a minimum number of 
cells. 

2-5. Suppose the computer operations in Prob. 2-4 are labeled Oi, Oo, . . . , O10. 
Define a binary representation for the operations such that the values for successive 
operations differ in one and only one digit. What is the minimum number of cells 
required for this so-called Gray code? 

2-6. Define a binary representation for the computer operations of Prob. 2-4 such 
that each binary value contains two and only two 1’s. What is the minimum number 
of cells required? , 

2-7. Let A designate a five-cell register. Let W(A) be a dependent register 
storing the number of 1’s in the binary value of A. What is the minimum number 
of cells in W(A)? Indicate a method of generating W(A). 

2-8. Let P(A) be a dependent register designating whether W(A) in Prob. 2-7 is 
odd or even. What is the minimum dimension of P(A)? Indicate how P(A) might 
be generated. 

2-9. Let A and B be five-cell registers with integer representations. Let S(A,B) 
designate a dependent register, the integer representation of which is the sum of the 
integer representations of A and B. What is the minimum dimension of S(A,B)? 
Mketch how S(A,B) might be generated (see Appendix). 
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Boolean Algebra and Logic Design 
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but it is also possible to simplify the expressions derived, thereby reducing 
the number of electrical components used and optimizing the design. 
The algebra which will be described can be developed as an abstract 
mathematical entity and will be treated in this manner in Chap. 5. This 
chapter will first introduce the basic concepts of the algebra; a set of basic 
postulates for the algebra will then be presented, followed by a list of use- 
ful theorems. Electronic circuitry which physically realizes the relation- 
ships defined will be described in parallel with the development of the 
algebra, as will block-diagram representations of the logical circuitry. 
3-2. Binary Boolean Algebra. Chapter 2 presented the concepts of the 
binary storage cell and of n-cell registers constructed of such cells. 
Section 2-5 also defined functions or transformations of n-cell registers. 
Let us examine the possible functions of a register containing a single 
cell x,t letting y = f(x) be a two-valued function of x. There are four 
possible two-valued functions of x; Table 3-1 presents, in tabular form, 
the four functions. We will designate the values taken by a binary cell 


with the symbols 0 and 1, as in Chap. 2. 


Table 3-1. Functions of a Single Variable 





Values for dependent register y = f(z) 





Value of 

register 
x y=1 y=0 y=x y=2' 
0 1 0 1 
1 1 0 1 0 


The first two of these functions, f(z) = 1 and f(x) = 0, are trivial; the 
third function, f(z) = 2, is the identity function. The fourth function 
is defined as the complement of x and is written f(z) = 2’; the prime indi- 
cates that the variable x is in complement form.{ If flip-flops are used 
as the binary storage cells 2; of a register z, both x; and x, are usually 
available as outputs from each of the storage cells (refer to Fig. 2-5). If 
other storage devices, such as the magnetic cores described in Chap. 2 
(refer to Fig. 2-6), are used, it is necessary to form complements by using 


additional circuit elements. 
{ In Chaps. 3 to 5 lowercase letters will be used as independent variables in the 
Hioolean expressions, these variables generally representing the state or output value 


of a memory cell. 

{ Sometimes a bar above a variable is used to indicate that a variable is a comple- 
monted form, In this notation xgz corresponds to zy’z in the notation of this book. 
Also, some authors refer to a’ as not @ or as the negation of x corresponding to our 


complement of a, 
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Figure 3-1 illustrates a transistor inverter circuit which inverts or 
complements a d-c-level signal. In many machines binary values are 
represented by d-c electrical signals which are, ideally, at one of two given 
logic levels at a given time. For example, the static flip-flop in Fig. 2-3 
has d-c outputlevels. If the logic levels used are d-c signals, where 0 volts 
represents a 1 and —3 volts a 0 as in Fig. 3-1, an input to an inverter at 


+Evolts —Evolts 







Input | Output 
voltage | voltage 












a ae 
. Ovolts |—3 volts Block diagram 
—3 volts | Ovolts for inverter 





Corresponding 
, binary values 
Input Sons PLS lager 
y=x' —3volts 


Fra. 3-1. Transistor inverter. 


the 0-volt level (which represents a 1) will result in an output voltage of 
—3 volts (representing a 0), and a —3-volt level at the input will result 
in a 0-volt level at the output, so we may say that the circuit complements 
the input value. If we represent the input signal by the binary variable 
z, then the expression for the output function y = f (z) may be written as 
y = 2’. It is generally convenient to use block diagrams to represent 
the circuits used in digital machines instead of reproducing the actual 
circuit diagram. The block-diagram symbol for the inverter is shown in 
Fig. 3-1; it consists of a hollow block with an J inside. 


Table 3-2. Three Binary Operations 





xy l|raty|roy zy 
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Table 3-2 lists the values for three functions of a register containing two 
binary storage cells, designated « and y. The two storage cells of the 
register can take any one of four different combinations of values; for each 
combination the corresponding value for each function of the register is 
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listed. For instance, if = 0 and y = 1, then the function f(x,y) = zy 
has the value 0 and the function g(x,y) = x + y has the value 1. The 
values of the function f(x,y) = 2 + y listed in the table define a binary 
operation called logical addition;{ « + y takes the value 1 if either x or y 
has the value 1. In the next column the values of the function 


g(zy) =x Oy 


define a binary operation called sum modulo 2 addition; x ® y takes the 
value 1 only when z or y, but not both, takes the value 1 and is therefore 
often called the exclusive-or operation. 

The values of the third function h(x,y) = x + y (where z - y is generally 
written zy) define a binary operation called logical multiplication; xy 
takes the value 1 only when both z and y are equal to 1. 

3-3. anp Gates and or Gates. There are a number of types of 
electronic circuits which physically realize the three binary operations 
between variables illustrated in Table 3-2. The most used at this time, 
and probably the circuits which mirror most straightforward the logical 
addition and logical multiplication operations of the algebra, are con- 
structed of diodes and resistors. Figure 3-2 shows a two-input AND gate 
which performs the logical multiplication operation. The inputs to the 
circuit consist of signals from two storage cells designated x and y. 
Several sets of input waveforms are shown, as are the corresponding out- 
put waveforms. Notice that the circuit will perform the logical multipli- 
eation function on d-c-level inputs (in which case a +5-volt level repre- 
wonts a 1, a —5-volt level a 0), 5-volt positive pulses (here pulses represent 
\'s, the absence of pulses 0’s), and combined pulse and d-c-level signals 
(in which case the d-c level must be at the +5-volt level, representing a 1, 
in order for the pulse to pass through the anp gate). A table of d-c input 
voltages and corresponding output voltages is also shown, along with a 
table of the 0’s and 1’s represented by these signals. (‘The values for the 
voltages given assume ideal diodes with infinite back resistance and zero 
forward resistance.) Figure 3-2 also shows the block-diagram symbol 
for the AND gate, consisting of a hollow block with a dot inside. 

The number of inputs to the anp-gate circuit may be increased, 
although because of the nonzero forward and noninfinite back resistance 
of actual diodes, there is generally some practical limit to the number of 
inputs to the same gate. For each additional input another diode con- 
nected to the input is required, so that four diodes are required to con- 
struct a four-input AND gate. If the inputs are designated a, b, c, and d, 


{ Throughout this book the symbol + will be used to designate logical addition. 
The + symbol will be used for “ordinary” addition of numbers stored in registers. 
Ofton the meaning of the symbol will be evident from the context, but when ambiguous 
interpretation is possible, written notice will be given of the meaning. 
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and the output z, the input-to-output relation for a four-input AND-gate 
circuit may be written as z = abcd, for the signal at the output of the gate 
represents a 1 only if all the inputs a, b, c, and d carry signals representing 
1’s simultaneously. 

Many other types of circuitry may also be used in circuits for AND gates, 
including all-transistor AND gates, magnetic-core AND gates, and combined 
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transistor-diode anp gates. From the point of view of logic design, the 
important point lies in the use of Boolean algebra to represent the aND 
gate symbolically. 

Figure 3-3 shows a diode or gate which physically realizes the logical 
addition operation. The two inputs are again designated as x and y and 
the output as z. If either of the input signals represents a 1, the output 
signal will represent a 1. A table of input- and output-signal potentials 
and a table of the corresponding 1’s and 0’s are also shown. If the circuit 
is extended to three inputs, another diode connected in the same manner 
will be required, and a five-input circuit will require five diodes. If the 
five inputs to an or gate are déesignated by the letters a through e and the 
output as z, then the input-to-output relation may be written 


atb+c+d+e=2 
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The block-diagram symbol for the or gate is also shown in Fig. 3-3; it 
consists of a hollow block with a plus symbol inside. 

It is possible to connect the AND gates and or gates together and to 
represent the outputs by means of logical expressions. In general, the 
circuits formed in this manner are referred to as combinational logical net - 
works (a combinational network might consist of only a single AND gate or 
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on gate). As before, combinational networks are defined as networks 
containing only gates; they contain no memory cells. Figure 3-4 shows 
the outputs from two AND gates connected as inputs to an or gate. This 
particular configuration is referred to as an AND-to-or network. There 
are six inputs, represented by variables a, b, c, d, e, and f, and a single 
output 2; the input-output relation may be written z = abe + def. The 
expression abc + def will be designated a sum-of-products expression. An 
examination of the circuit will indicate that the output signal will repre- 
went a 1 only when a and b and ¢, or d and e and f, represent 1’s; at all 
other times the output will represent a 0. 
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This particular configuration is referred to as a two-level logical circuit 
because the longest path through which any signal must pass is through 
two diodes (logical elements) in the circuit illustrated, or through two 
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Fig, 3-4. Two-level diode AND-to-or circuit. 
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blocks in the block diagram of the circuit. There is a corresponding cir- 
cuit consisting of two or gates, the outputs of which are connected to an 
AND gate. This configuration is referred to as an oR-to-aNp circuit and is 
shown in Fig. 3-5. This is also a two-level circuit; the expression relating 
the inputs to the output is shown in Fig. 3-5. An expression such as 
(a + b + c)(d +e +f) will be referred to as a product-of-sums expression. 
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The third operation described in Sec. 3-2, modulo 2 addition, can be 
physically realized by sets of AND gates and or gates if flip-flops with both 
complemented and uncomplemented outputs are used as the binary 
storage cells, or by sets of AND gates, or gates, and inverters if binary 
storage cells not having complemented outputs are used. Figure 3-6 


< 


x@yY 


ti 





(a) 


1a. 3-6. Exclusive-or circuits. (a) For storage cells with complemented outputs; 
(b) for storage cells with uncomplemented outputs. 


shows the block diagrams for two configurations which realize this binary 
operation between variables. In each case the output signal will repre- 
sent the value 1 only when either of the inputs, but not both, has signals 
representing the value 1. Often, the exclusive-or operation is defined by 
the relation z ® y = zy’ + 2’y. 

3-4. Basic Rules for the Algebra. The list of relations below defines a 
binary Boolean algebra in terms of complementation, logical addition, and 
logical multiplication. The algebra may be derived using other operations 
(these will be introduced later in the chapter), but the use of these particu- 
lar postulates leads more directly to the synthesis of actual digital- 
machine circuitry. 

Ife ~#1,thenz=0. Ifz #0, thenz = 1. 


0’=1 
l’=0 
0+0=0 
O+t<-1 
14+0=1 
1+1=1 
0:0=0 
1:0=0 
0-1=0 
1-1=1 


There are two steps in the synthesis of a logical network which yields 
& given two-valued function of a register: first a Boolean-algebra expres- 
sion is derived which describes the function, and second, calculations are 
performed with this Boolean-algebra expression in order to optimize in 
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some way the circuit which physically realizes the expression. In most 
cases the original expression which is derived will contain redundancy, 
and by manipulating the expression it may be shortened so that when the 
circuitry which physically realizes the Boolean expression is constructed, a 
saving in circuit components will be realized. The following is a list of 
relations which are especially useful in calculating with Boolean 
expressions. 

1. Special properties of 0 and 1 (the zero and unit rules) 


O+2=2 0-x=0 

l1+a2=1 l-x=2 
2. The idempotence laws 

et+xrz=2 Zx=2 


Boolean algebra is idempotent under both multiplication and addition; 
multiplying a quantity by itself or adding a quantity to itself leaves the 
quantity unchanged. 

3. Complementarity 
eta’ =1 
z:a' =0 

Sometimes these relations are used to define 1 and 0. For instance, if 
we consider x to represent a class of objects and 2’ to represent all objects 
which are not members of the class 2, the sum of the a and 2’ will form a 
universal class (1) and the product x - x’ will define an empty class (0). 
4. Involution 

(x')’ =z 

A value twice complemented is left unchanged. Since z can take only 
the value 0 or 1, consider 0’ = 1 and 1’ = 0; therefore (0’)’ = 0. Also 
1’ = 0 and O’ = 1; therefore (1’)’ = 1. 

5. Commutativity 
zty=yt2 
xy = yt 

The order of multiplication does not affect the product; nor does the 
order of addition affect the sum. 

6. Associativity 
(yz) = (xy)z 
r+(yt2=(@t+y) +z 

This property was used whefe the notation for AND gates and or gates 
was extended so that a four-input AND gate, for instance, could be repre- 
sented by a product term containing no brackets. The meaning of the 
product term abed or the sum term a + b + ¢ + dis unambiguous. 
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7. Distributive laws 


aly +z) = zy + 22 
at yz = (a+ y)@ +2) 


The second of these may be clarified by noticing that x -z = x and then 
rewriting the theorem (@-x) + (y:z) = (c«#+y)(x +2). Notice that 
Boolean algebra is distributive for both the multiplication and addi- 
tion operations. 

8. Laws of absorption 


xat+ay=2 
a(x +y) =2 
ata'y=xty 


These are very useful relations when expressions are to be simplified. 
The relation x + z’y = x + y will be used to illustrate the proof by perfect 
induction, which will be explained following the listing of the basic rela- 
tions. The first two of the absorption laws may be derived from each 
other, using the distributive laws: + ay = (ec + a)(a@+y) = 2(x+y). 
), De Morgan’s theorems 


(a@ + y)' =a2'y’ 
(vy)’ =a’ +y’ 


These theorems can be used to form the complement of a given expres- 
sion. For instance, the complement of an expression consisting of a 
humber of variables summed together can be formed by complementing 
each uncomplemented variable, uncomplementing each complemented 
variable, and replacing the plus signs with dots: 


(aty +2’) =a'-yr2 
If an expression consists of a number of product terms logically added 


logether, each product term must be complemented, and the plus signs 
replaced with dots: 


(w'y + ay’2! + yz)’ = (a’y)! + (ay’e’)’ > (ya)’ 
=(aty)@ ty +2’ +2) 
The theorem for converting expressions consisting of several variables 


added together may likewise be extended to cover sets of product terms 
added together: 


(2 + y' + 2)’ 
lea ty’ +e)’ +yt+2)/ 


a’yz! 
Z24+(aty +2/yt+(a'tyte’)’ 
2’ + x'yz + zy’2 


De Morgan’s theorem points out a basic duality which underlies all 


32 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 3 


Boolean algebra. Each theorem has a dual, the basic form of which 
may be found by complementing each side of the equality expressed 
by the theorem. As examples, the dual of z-+2=<2 is x-x = 2, the 
dual of + y = y + xis zy = yz, and the dual of ¢ + zy = zis 


a(e+y) =2 


Notice that a binary Boolean algebra can be derived from com- 
plementation and either logical multiplication or logical addition. Logi- 
cal addition can be expressed in terms of complementation and multiplica- 
tion, «+ y = (2’y’)’; and logical multiplication can be formed by 
complementation and addition, zy = (2’ + y’)’. 

The relations listed on the preceding pages may be proved either by 
deduction on the postulates of the algebra (Chap. 5 will follow this 
procedure) or by means of the proof by perfect induction. Since the 
variables used in the algebra can take only one of two possible values at a 
given time, all possible combinations of values for the variables may be 
enumerated, and a given expression evaluated for each combination. 
Consider the rule a(b + c) = ab + ac, which indicates that the algebra is 
distributive over multiplication. There are 2" different ways of assigning 
binary values to n variables. Since there are three variables a, b, and 
c in the rule, the rule may be checked by substituting each of the eight 
possible combinations of values for the variables into the equation and 
evaluating each side of the equation for each set of values. If the result- 
ing values correspond, the rule is proved. A tabular representation of the 
values for the variables along with the resulting values for the expression 
being evaluated is called a table of combinations. The following is a table 
of combinations for the expression a(b + c) = ab + ac. 


Table of Combinations for a(b + c) = ab + ac 
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Values for Left side of Right side of 
variables equation equation 
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Since the values of both sides of the relation a(b + c) = ab + ac agree 
for every possible combination of values which can be taken by the 
variables, the relation holds. 

In order further to demonstrate use of the proof by perfect induction, 
and at the same time to illustrate the construction of other tables of 
combinations, proofs for the rules a + a’b = a + b and (a + b)’ = a’b’ 
are constructed below. 


Table of Combinations for a + a/b =a+b 







Values for Left side of 
variables equation 


Right side of 
equation 





b a’b a+a’b a+b 


Table of Combinations for (a + b)’ = a’b’ 





Values for Left side of Right side of 
variables equation equation 

a b a+b (a+b)'| a’ ab! 

0 0 1 1 1 

0 1 1 0 0 

1 0 0 1 0 

1 1 0 0 0 





3-5. Algebraic Minimization of Boolean Expressions. When a func- 
tion of a register is expressed using Boolean algebra, it is possible to 
perform calculations and derive other equivalent expressions. Ingeneral, 
if the number of occurrences of variables or terms in a given expression 
describing a function is reduced by these calculations, a corresponding 
reduction in the number of switching elements in the logical network 
required to realize the function will be made. The process of shortening 
an expression describing a specific function is called minimizing or 
simplifying the expression. The minimization problem is complicated 
by the different forms in which a given expression may be written, by 
the costs of the different types of elements required to construct net- 
works, and by the electrical characteristics of the elements used in the 
networks, all of which must be taken into consideration. 
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In order to illustrate the minimization process we will initially limit the 
networks to diode AND gates and or gates such as were shown in Figs. 3-2 
and 3-3, and we will use flip-flops for the binary storage cells. Consider 
the expression z = abe + abc’ + ab’c. Figure 3-7a shows a block- 
diagram drawing of the network for the expression in this form. The 
expression abc + abc’ + ab’c is in sum-of-products form, and there are 
nine occurrences of variables and three product terms in the expression 
(twelve diodes would be required to construct the network). 
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Fic. 3-7. Two logical networks for same function. (a) Block diagram for abc + 
abc’ + ab’c; (b) networks for a(b + c). 


According to the distributive law, the expression may be factored, 
giving abc + abe’ + ab’c = a(be + be’ + b’c). The product terms in 
parenthesis may be further factored to give alb(c + c’) + b’c], and since 
(c + c’) = 1, the expression may be shortened to a(b + b’c), and finally 
(b + b’c) may be shortened to (b + c), using the absorption rule. A final 
minimized expression is therefore a(b + c), which is equivalent to the 
original expression abc + abc’ + ab’c but requires only four diodes if 
constructed as in Fig. 3-7). 

To demonstrate further the algebraic minimization of Boolean expres- 
sions, let us consider the expression abcd + abcd’ + a'bed’ + a’bc'd’ + 
a'b'cd' +.a'b'c'd'. This expression contains considerable redundancy, and 
would require 30 diodes to construct in its present form. The steps 
which may be taken to minimize the expression are listed below: 


abcd + abcd’ + a’bed’ + a’be'd’ + a’b’cd’ + a'b'c'd’ 
= abcéd + d’) + a’bd’(c +c’) + a’'b'd’(c + c’) 
abc + a’bd' + a’b'd’ 
abe + a’d’(b + b’) 
abe + a’d’ 


ll 
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The expression abc + ad’ contains five occurrences of variables and 
two product terms (seven diodes are required in the corresponding diode 
network). 

The calculations performed above are straightforward, but as problems 
become larger, arriving at a minimal expression becomes increasingly 
difficult. As a result, it is desirable to use a well-defined procedure in 
minimizing larger expressions, if possible; descriptions of several sys- 
tematic techniques will be presented in Chap. 4. 

3-6. Canonical Expansions and Multilevel Networks. Before-defining 
the term “canonical expansion,” let us briefly review our terminology. 
Two types of expressions have been used in the preceding examples: 
sum-of-products expressions and product-of-sums expressions; these 
expressions are realized by two-level aNp-to-or and or-to-anp networks, 
respectively. A product term consists of one or more variables multiplied 
together in a common term, and a sum term of one or more variables added 
together in a common term. A sum-of-products expression is defined as 
an expression consisting of two or more product terms logically added 
together, for instance, zy + xz ora + bc. A product-of-sums expression 
consists of two or more sum terms multiplied together, for instance, 
(atbt+c\(atb’ +c’) or(at+y’)(' + y). 

A sum-of-products canonical expansion in n different variables is an 
expression consisting of a set of product terms logically added together in 
which each product term of the expression contains each of the n variables 
in the expression, with each variable either complemented or uncom- 
plemented, and with no variable repeated in a given term, and no product 
term repeated} For instance, the sum-of-products expression in three 
variables xyz’ + 2’y’z + xy’z and the expression in two variables ab + ab’ 
are both in canonical expansion form, but x + yz isnot. Some authors 
refer to canonical expansion expressions as developed or expanded normal 
expressions. The dual type of expression is defined as the product-of-sums 
canonical expansion, and is a set of sum terms logically multiplied together, 
where each sum term contains all the n variables in the expression, and 
where no term is repeated. For instance, (a + b’ + c)(a +b’ +c’) 
and (x + y)(« + y’)(z’ + y’) are product-of-sums canonical expansions. 

Any expression can be converted into canonical form. For instance, 
w + ye can be expanded, using the theorem zy + zy’ = 2, as follows: 


wh ye = (ay + ary’) + (yz + 2’yz) 
= (xyz + xyz’ + ay’z + xyz’) + cyz + 2’yz 
= aye + xyz’ + xy’z + 2y’2’ + 2'yz 
It is possible to represent any Boolean function in n variables as a sum-of- 


products canonical expansion expression with < 2” product terms and as a 
product-of-sums canonical expansion with < 2" sum terms. A systematic 
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technique for deriving both’ types of canonical expressions, given a list of 
values for the function, will be described in Sec. 3-10. 

It is obvious that other types of expressions can be used in the synthesis 
of logical networks. For instance, the expression rw + xyz + ay’z’ isa 
minimal expression in sum-of-products form but can be factored to yield 
a(w + ye + y’z'). The expression cw + xyz + azy’z’ can be constructed 
as a two-level AND-to-or network and will require eleven logical elements 


nee 
R REE NEK 





ase 





Fra. 3-8. (a) Two-level network; (b) three-level network. 


(diodes, for instance) for construction while the expression x(w + yz + yz’) 
can be constructed as a three-level AND-oR-AND network which will require 
only nine elements (diodes). Block diagrams for both circuits are shown 
in Fig. 3-8, as is a schematic of the three-level circuit. Although the 
three-level network requires fewer logical elements (in this case diodes), 
other considerations may lead to the use of the two-level network. For 
instance, from a circuit viewpoint the three-level network will require, in 
general, more input power than the two-level network, if resistances of 
comparable value are used. Further, the three-level network will be 
slower in responding to changes at the inputs than the two-level network, 
because each level through which the signal must pass will add an addi- 
tional delay to the response time for the network. The choice of different 
networks, and in turn the Boolean expressions corresponding to these 
networks, is therefore complicated by physical considerations as well as 
economy in the number of elements used. 

3-7. Functions of Two Variables. ‘There are, in all, 16 functions of 2 
variables. Several of these have been described and calculations per- 
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formed using them. Table 3-3 lists all 16 functions, in table-of-combina- 
tions form, designating each function from fo through fis. Functions fo 
and fis are the 0 and 1 functions, respectively. Function fs has been 
defined as logical multiplication, fi, as logical addition, f; as the com- 
plement of z, and fs; as the complement of y. The following is a list of all 


Table 3-3. Functions of Two Variables 





‘ 


J P . 
16 functions, expressing each in terms of logical addition, multiplication, 
and complementation: 


fo =90 fs = xy’ ts = xy fi =x 
fi=avy  fe=y’ fo=a'y tay fxr=aty’ 
fo=aly fe=ay' try fo=y fiu=aty 
fr=2' fr=aty’ fu =a'+y fi =1 


While fs, fs, fe, fs, f10, fiz, and f14 are probably the most used functions, 
electronic circuitry exists which physically realizes several of the other 
functions. Also, several of the other functions are often used in mathe- 
matical papers. Functions fi, fe, fa, fr, fu, and fis will therefore be 
described and their properties noted. 

Function fi is generally referred to as the Peirce function, in honor of 
©. 8. Peirce; a vertical arrow (J) is used to represent the corresponding 
operation between variables; thus zy = 2’y’. The Peirce operation is 
called a universal operation, because it may be used to generate the entire 
algebra. Showing that addition and complementation can be derived 
from the Peirce operation will suffice, as we have shown all other opera- 
(ions can be derived from these. 

ale =x 


(xly)l(aly) =a+y 


Function fz is also a universal operation and is often referred to as the 
Sheffer stroke operation. This operation between variables is designated 
by a stroke symbol (/), so that z/y = 2’ + y’. The universality of the 
operation may be proved by showing that both complementation and 
multiplication can be derived from the function as follows: 


, 


ll 


2/e = x! 


(a/y)/(x/y) = xy 
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The Sheffer stroke function, like the Peirce function, is commutative 
but not associative. 

Function f2 (z’y in terms of complementation and multiplication) is of 
interest in that an electronic circuit referred to as an inhibit gate physically 
realizes this function. Figure 3-9 shows the block diagram for the inhibit 
gate; the circled input is the inhibit (or extinguishing) input and if a pulse 
(or a d-c voltage representing a 1) is connected to this input, a pulse or d-c 
signal connected at the other input will be inhibited. The circuit is 
fairly common and is often extended to a number of inputs, only one of 





y x1 ? 
xy x2 
x xn (x'1Xq0005%n) 


(a) (b) 
Fia. 3-9. Inhibit gates. 


which is an inhibit input. Figure 3-9b shows this case. Notice that a 
multi-input inhibit gate is simply an AND gate with one input signal 
complemented (the inhibit input). 

Function f; is essentially the same as fz except that a different variable 
is complemented (f. = x’y and f, = zy’). 

Function fu, 2’ + y, is referred to by logicians as the truth-function 
conditional. This book will use the > symbol to indicate the conditional, 
defining (x’ + y) = (c= y). In formal logic the statement +> y is 
sometimes read if x then y. The statement z is referred to as the ante- 
cedent, and y as the consequent. 

If x= y and y= hold, that is, if z then y and if y then z; then 
z = yholds. This may be seen by stating the relationship symbolically: 
(x > y)(y > 2)] => (x = y). An expression such as this, which is true 
for all possible values of the variables, is referred to in logic as a tautology. 
Simple examples of tautologies are:z = z,x=>2, [(c>y)(y=>2)]= (@=2). 

Circuits which physically realize the truth-function conditional are not 
often used; these consist of an or gate with one input inverted. Function 
fis is essentially the same relation, but with variables transposed. 

3-8. not or Gates and Not anp Gates. Figure 3-10 shows both 
circuit diagrams and block diagrams for NoT oR gates and Nor AND gates. 
These circuits are often used, as they provide gain and are economical, 
and fairly elaborate combinatiorts of gates are possible. A NoT AND gate 
has the characteristic that the output signal will represent a 0 only when 
all the input signals represent 1’s. For a NoT AND gate with inputs 2, y, 
and z and an output a, an expression relating the input values to the 
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NOT AND circuit 
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NOT AND circuit 
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Block-diagram symbols 


Fig. 3-10. NoT or gate and NoT AND gate. 


output values is a = f(z,y,z) = (zyz)’, so the circuit performance is 
analogous to that of an AND gate with its output complemented. Since 
(wyz)’ = a’ + y’ + 2’, the Nor AND gate also behaves like an or gate with 
all the inputs complemented. Similarly, the Not or gate has an output 
representing a 1 only when all of the inputs represent 0’s, so the Boolean 
function for the gate is f(z,y,z) = (« +y +2)’ =2'y’z’. The NoT or 
gate resembles either an or gate with its output complemented or an 
AND gate with each input signal complemented. 
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Since NoT AND gates and NoT oR gates are useful circuits, it is often 
desirable to synthesize logical networks using them. Consider the expres- 
sion zyz + zy'z + 2'ye’. If the anp gates which would normally be used 


to form the product terms are to be replaced by NoT OR gates, we have 


only to notice that (2 + y’ + z')' = zyz, so that by complementing each 
variable which is uncomplemented in the original expression and uncom- 
plementing complemented variables, the original sum-of-products 
expression can be changed to the expression for using NoT oR gates. In 
some cases this is beneficial, since if the NoT OR circuits shown in Fig. 3-10 
are used, it is possible to add the output together logically from a set of 
gates by simply connecting together the leads from the output of each 
NoT or gate. In this‘case there will be no logical elements at the second 
level of logic and the circuit will be somewhat faster, a delay having been 
eliminated. 

A few observations concerning binary operations and functions should 
now be made. Logical addition and logical multiplication, as we have 
defined them, are both binary operations. In general, a binary operation 
“oq” on a set of elements a, b,c, . . . consists of a rule which assigns a 
uniquely defined third element ¢ = a 0 b to each pair of elements of the 
set. (A unary, or singulary, operation assigns an element b to each 
element a of the set; the singulary operation in previous sections was 
defined as complementation and indicated by a prime symbol.) The basic 
binary operations so far defined, logical multiplication and logical addi- 
tion, are both associative: a(be) = (ab)c and (a + b)tc=at(bt+o). 
It might appear that the NoT oR and Nor AND gates could also be mirrored 
in a symbolic system using binary operations and corresponding sym- 
bology. This is not the case, however. The binary operation which 
corresponds to a NOT OR gate with two inputs is the Peirce operation, 
which we have assigned a vertical arrow (J) and defined as follows: 
aly = vy’. Now the Peirce operation is not associative, for (xly)le # 
a|(ylz) (consider, for example, « = 0, y = 1, and z = 1), and an n-input 
NoT oR gate cannot be directly represented, using Peirce operations, while 
maintaining the isomorphic relation between expressions and circuitry. 
The operation of a NoT oR gate can be mirrored only by an n-ary operation 
between the n input variables. 

The same reasoning applies to the NoT AND gate, the operation of a two- 
input gate being a physical realization of the Sheffer stroke operation, 
2/y = 2’ +y', which is also not associative [x/(y/z) # (x/y)/zl. 

A reasonable notation can be formed by extending the notation pro- 
posed by Lukasiewicz.° In order to describe a NoT oR gate with three 
inputs, we need a ternary operation belween variables; a Nor or gate with 
four inputs requires a quaternary operation between variables; and in 
general an n-input Nor oR gate requires an n-ary operation between 
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variables. Therefore, define a D operation on n variables as , 
D(a1,22, . . » tn) = (11 tae t+ ++ + +22)’ i 
(this corresponds to the Not or gate), and a T operation on n variables as 
T (21,02, . . . Un) = (U1t2 * * + Sn)’ 


corresponding to the NoT AND gate. 
There are eight nondegeneratef two-level logical-network configurations 
using AND, OR, NOT AND, and NoT or gates. These are: 


AND-to-OR 

OR-tO-AND 

NOT AND-toO-NOT AND 
OR-tO-—NOT AND 

NOT OR-tO—-NOT OR 
AND-tO—NOT OR 

NOT AND-to—-AND 

NOT OR-toO—OR 


The Tules for transforming product-of-sums and sum-of-products 
expressions into expressions for NoT AND and NoT oR gates are straight- 
forward and are listed below. As examples, the equivalent expressions 
vy + ay’z’ and (x + y’)(x + y)(y +2’) will be used. 

AND-to-oR: 2/y + xy’2’ 

or-to-AND: (x’ + y’)(a2 + y)(y + 2’) 

NOT AND-to-NOoT AND: The variables are used as in the sum-of- 
products expression. Thus, 7 


T(T(x',y), T(x,y'2')) = Tia + y’), (@ +y +2)) = 2'y + aye! 


oR-to-NOT AND: The complements of variables in the sum-of-products 
oxpression are used to form the sum terms. Thus, 


Tiat+y’), @ +yt2) =(at+y)@e tyt+e2) =2’y + xy’? 


NOT oR-to-NOT or: The variables are used as in the product-of-sums 
expression. ~ Teas ~—— 
UL) LOR ED, (XK +4) ) 


D[D(x',y'), D(x,y), D(y,z’)) = D(axy,z’y',y’2) = (a’ +y')\(e + yy +2’) 


Notice that this requires fewer gates than NOT AND-tO—-NOT AND. 
AND-to-NoT or: Each variable in the product-of-sums expression is 
complemented and used to form the expression. 


Dizy,2'y’,y’2] = (cy + a'y’ + y'2)! =e +y'\(et+yy +2’) 
= Ya) a" Yay; 
{tA nondegenerate form F7e.6) <%) i i P i 
functions of n variables may be written. ere” gh cular ee 


7 


42 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 3 
NoT AND-to-AND: Each variable in the product-of-sums expression 
is complemented and used. 
[T(x,y)IT(',yUTY’2)] = @ + y'\@+yy +2) 


Not or-to-or: Each variable in the sum-of-products expression is 
complemented and used in the expression for this type of network. 
[D(z,y’)] + (D(z',y,2)] = a’'y + zy'z’. See Fig. 3-11. 





Fra. 3-11. Two-level Nor or-to—or network. 


Expressions may therefore be derived for a given function in sum-of- 
products or product-of-sums form, the expressions may be simplified 
while maintaining the logical multiplication and logical addition opera- 
tions, and then the expressions may be transformed into those for NoT 
AND and Nor or gates by using the above rules. 

3-9. The Combinational Network. We have examined all the func- 
tions of registers consisting of either one or two storage cells, enumerating 
each of the functions and showing logical elements constructed of elec- 
tronic devices which correspond to these functions. It is now possible to 


4,= fi (xy 2X rere ys, 


Logical Yo = fo (X12 yeoey End 


network asap 


Ym = fm(X1 Xo procs tnd 





x1 yy, 
Xe Yy2 
z= = . 
Xn Yn 


Fia. 3-12. Combinational network. 


examine the characteristics of logical networks independent of the devices 
of which the networks are constructed. Figure 3-12 illustrates a 
generalized logical network with n input signals designated x1, x2, . « . tn 
and m output signals designated y1, y2, » + + > Ym (n does not necessarily 
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equal m). The input signals are assumed to be from the binary storage 
cells comprising a register, and the output signals are functions of the 
input signals. The logical network in Fig. 3-12 is assumed to contain 
only gating elements and not storage or delay elements, so that the output 
signals at any given time will be completely determined by the input 
signals at that time. 

If a logical network contains storage or delay elements, the outputs 
from the network at a time 7 will, in general, be determined not only by 
the inputs at time 7, but also by the previous sequence of inputs to the 
network (the history of the network). A network of this type is called a 
sequential network. | This chapter and Chap. 4 will deal exclusively with 
the design of combinational networks, and Chaps. 7 and 11 will describe 
sequential networks. 

The set of input values to the combinational network in Fig. 3-12 may be 


considered to represent an n-dimensional input vector « = (a1,%2, . . - ,%n) 
and the outputs an m-dimensional vector y = (y1,y2, - - - ,;Ym), where 
Vi=filx1,x2, one En), Y2= fo(x1,22, Fe J Ln); 87,876. Ym = fm(X1,22, eee sn). 


Since each component may assume the value 0 or 1, the input vector z can 
assume any of 2" distinct values; for each value assumed by z there will 
be a unique value of y, which will be determined by the transformation 
performed by the combinational network. The particular transforma- 
tion performed by the network will be determined by the construction 
of the network; moreover, a network may be constructed which will 
perform any desired transformation. The combinational network 
therefore yields a vector-valued function and corresponds to the depend- 
ent register of Chap. 2. 

3-10. Derivation of Transmission Functions. The first step in the 
procedure for designing a combinational network consists in deriving an 
expression for each output of the desired network in terms of the inputs. 
In order to synthesize a network of the type illustrated in Fig. 3-12, an 
expression is derived relating the output y: to the set of n input variables; 
then an expression is derived for yz, and so on for each of the m output 
variables. The complete set of m expressions then completely describes 
the desired network. 

An expression describing the input-output relationship between an 
output line y; and the inputs 2, 22, ... , tis called the transmission- 


function expression for output line y,; Transmission functions are 


generally derived in canonical form; if a sum-of-products expression is 
derived, the transmission-function expression consists of a set of product 
terms logically added together, each of which is a product of the n input 
variables, certain of which may be complemented. 

Let us consider the problem of constructing a combinational network 
with a single output line and inputs from a three-storage-cell register, 
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using a binary integer representation such as that explained in Sec. 2-4 
(001 = decimal 1, 011 = decimal 3, etc.). Let the variable x; represent 
the most significant binary digit of the number stored, and xz and 2; the 
second least and least significant binary digits of the register. The output 
line from the network is to have the value 1 only when the number stored 
in the input register is a prime number. Since the register can represent 
values from 0 to 7 (decimal), the output from the logical network is to be 1 
when the register represents a 1, 2, 3, 5, or 7, and a 0 when the register 
represents a 0, 4, or 6. Table 3-4 is a table of combinations listing the 
values taken by a, 22, and zx; and the desired values for the output 


Table 3-4. Derivation of Transmission Functions 


Decimal integer Inputs Output Product Sum 
representation Zi 2 2s y terms terms 








o 6» 
| 2 3 
Lok, att +2 
oe ’ 
LyLoX3 at. + to + 23 
, , , 
1 1L2%3 Mitte + 23 
, , ’ 
LyLo2%3 ti +t. + 23 
Pg , - 
LiL%, Zi + 22+ 23 
7 , 4. 
Liles t,+a+ 2; 
‘ , 
ULL, 2, + to +23 
’ , , 
Viola L, + te + 25 


eee Be OCO°O 
Bre OoOrr co 
KOrororse 


0 
1 
1 
1 
0 
1s 
0 
1 


NOorh WN OS 





y = (21,220,032). Two additional columns are added; one contains a list 
of all possible product terms and the other a list of all sum terms. The 
first column contains product terms, the variables of which are com- 
plemented or not complemented depending on whether the respective 
values for the variables in the same row are O or 1. If the inputs to the 
logical network take the values in a given row, the product term in the 
same row takes the value 1. The column containing the sum terms is 
formed by complementing the product terms in each row. For instance, 
in the row containing the product term zit,t3, the sum term is 
xi + 22 +25. 

Tet us first derive a transmission-function expression in sum-of-products 
form. By logically adding together the product terms for the rows for 
which the desired output is to be a 1, we shall form the expression for the 
transmission function. The transmission function for the output 
y = f(x1,22,23) in Table 3-4 is 


9 ' 
= xiryts + ytd, + Ut, + Lityrs + Tilers 
ere 


This may be seen to be a simple listing of the conditions for which y is to 
take the value 1. For instance, if x; = 0, 2. = 0, and v = 1, the first 
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product term in the expression will take the value 1, giving y the desired 
value 1. 

The general rule is that the canonical expansion for the transmission 
function for an output y; = f(21,22, . .. ,&n) is formed by logically sum- 
ming each product term in n input variables for which y is to be equal 
to 1. The general expression for the canonical expansion for the trans- 
mission function is therefore 


2-1 
Yi = filt1,%2,..- ln) = » Yi Bi t+#=1,2,...,m™m 
j=0 _- 


where n is equal to the number of input variables to the network and m 
is the number of output lines. Each 6; represents a product term formed 
of a combination of complemented or uncomplemented input variables, 
with no variable repeated in a term, and with each variable appearing in 
each term. The set of 6;f is the set of all such terms. Each y,, is either 
0 or 1, depending on whether the output line y; is to represent a 0 or a 1 
for the associated input term §;. 

The expression y = xivgr3 + 2,tor, + xjx2rs + xiaqes + 2122%s, which 
was derived in the previous example, may be simplified to the expression 
y = x22 +23. This will require four logical elements if the input 
register is composed of storage cells having both complemented and 
uncomplemented outputs, and five logical elements if the register has only 
single-output line cells. 

A product-of-sums expression for the transmission function for Table 
3-4 can be derived by multiplying together the sum terms from each row 
for which the output y has the value 0. The logic of this is as follows: 
Suppose all the product terms are first removed from the rows in"which 
the output is to have the value 0. Summing the terms yields an equation 
y! = (ajagr, + xizexy + 212224)’, both sides of which contain com- 
plements of the desired expression. Complementing both sides of the 
expression gives y = (1 + 22 + 23)(2, + 22 + 22)(z; + 22 + 23), the 
desired expression for the transmission function in product-of-sums form. 

The right side of this expression can be formed directly by multiplying 
together the sum terms in Table 3-4 from each row in which the output y 
has the value 0. 


t It is a common practice to give the 8; term a decimal number subscript which is 
equal to a binary number formed by giving each uncomplemented variable in the 
product term the value 1 and each complemented variable the value 0, and letting 
the resulting set of values represent a binary number. For instance, Zit_23 is 
assigned the binary value 101 or decimal 5, so this particular set of variables would 
be written @,. The transmission function derived from Table 3-4 would therefore 
be written y = Bi + Bs + Bs + 6s + Bx. Sometimes this is further shortened to 
y @ 2(1,2,3,5,7). 
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|The general formula for deriving the product-of-sums expression for a 
given transmission function can be derived from the expression 


Qn—1 
y; = y Yi; <>" 
j=0 


where the y;, are the desired values for each 8; (i.e., each product term in 
n variables). Complementing both sides of the equation gives 
an—1 
y= Il @ +8) 
ae uo 
If the values from Table 3-4 are substituted into this expression, 


y = (0+ (wires) IL + (ries) + (apres) + (x\x2r0)'] ; 
(0 + (xixge)) IL + (xirges)'}0 + (erears)'IL + (er2ts)’] 


De Morgan’s theorem gives 


y = Ot a+ 22+ a)(l + a+ 22 + 25) 
Q+tutatadtuatm+a)O+2 tat) 
(+a +2, +24)0 +2) + 22 + 20)(L + vy + 2 + 25) 


This expression can be shortened by the theorems 1 «8 = 6B14+6=1, 
and 0 + 6 = B; the sum terms containing 1’s will always have the value 
1; the 0’s may be dropped from the other sum terms. Thus 


y = (tr + 22 + 2s) (ay + 22 + 2s)(2 + 2 + 22) 


This expression can be simplified to (v2 + 2s) (x, + ©), requiring six 
logical elements, or to x22 + 23, the same expression derived from the 
transmission function in sum-of-products form, after simplification. 


PROBLEMS 


3-1. Simplify the following expressions, if possible, and then draw block diagrams 
of the resulting expressions, using oR gates and AND gates, first assuming that both 
complemented and uncomplemented input variables are used and then assuming that 
complements must be formed using inverters. 


(a) abe + ab’c + abd (b) a(b +c) + ab(c’ +m 

(c) abe + abc'd + ab‘c'de (d) abc(c’de + cde + cd’e ) 

3-2. Convert the following expressions to sum-of-products form, simplifying where 

possible: 

(a) (a+b\atclate’ +d’) 4) 

(b) (a+b’+c'\(a’ +b +cat , 

(c) (a +0 +e’ +d'Ya’ +b’ +e’ + dla +b+e +d')at+b +e) 

3-8, Expand the expressions in Prob, 3-2 to sum-of-products and product-of-sums 
~ canonical form. 
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3-4. Convert the following expressions to product-of-sums form, simplifying where 
possible: Hoo) [ee x Mop 


(a) abed + a’b’c'd + a’b'c'd’ (b) abc’d’e + ab’c’d + ac'd’e + a’b’c 
(c) ab + ac + ad + ae 


3-5. Using De Morgan’s theorems, form the complements of the following expres- 
sions as indicated; then simplify the resulting expressions: 


(a) (ab +ed +e+f) =y' 

(b) [a’b’c + cd + be(a + @’)]' = y' 

(c) [ab(cd + c’d’) + ab(c’ + de’)]’ = y' 

(d) [(a’ + be + d)(a + b’c’ + d)(ab + cd))’ = y’ 


3-6. Convert the following expressions to sum-of-products form and simplify: 


(a) ab © a’b! (b) abcd @ ab'c'd @ a’b’c'd’ 
(c) bed ® a'b’c'(a’b’ @ c’d’e’) 


3-7. Form a table of combinations and then derive sum-of-products and product-of- 
sums expressions for the following: 
(a) A combinational network is connected to a four-cell flip-flop register x with 
cells xo, 21, 22, and x3. The network is to have a 1 output when the register value 
n 


6(z) = »» 2,2" is an odd number. 
i=1 
(b) A combinational network with four inputs and five outputs is connected to a 
n 


four-cell register x with value 6;(z) = by z:2"-*, The five outputs yo, y1, Yo, ys, and 
i=1 
y, are to represent the input value in the binary-coded decimal system as described 
in Sec. 2-4. Derive the five Boolean expressions describing the five output lines in 
terms of the input variables. 
3-8. (a) Prove the following theorems: 


«/(y/y’) = 2" 
Iz/(y/y) Wy 2/e’)) = 2 +y 
(zliyly Ny lele’)] = zy 
D|D(a,b,c)] = T(a’,b’,c’) 
T|D(a,b,c)] = D[D(a,b,c)] 


(b) Convert the sum-of-products and product-of-sums expressions for Fig. 3-8 
into each of the eight nondegenerate forms described in Sec. 3-8. 
8-9. Write an expression for the function f = abc + a’c’ using the operation ’ and 


(a) The binary operations | and - 
(c) The binary operation / 
(e) The 7 operator 


(b) The binary operations / and + 
(d) The binary operation | 
(f) The D operator 
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4 


Systematic Minimization Techniques 


4-1. General Considerations. The design of a combinational logical 
network generally involves two steps. First, the desired relations 
between the input and output signals are stipulated, from which the 
Boolean expressions which describe the network are derived. These 
expressions generally contain considerable redundancy; so the second 
step consists of simplifying the expressions derived in the first step, thereby 
reducing the number of electrical components necessary to construct the 
network. Techniques for deriving a canonical expansion expression 
given a set of input-output relations have been described. Chapter 3 
described the procedure for deriving expressions for combinational 
networks in both product-of-sums and sum-of-products forms, and 
Chaps. 7 and 11 will describe several sequential circuit-design procedures. 
The design procedures for both types of networks involve the same 
problem: the simplification of the expressions describing a given com- 
binational network. 

‘Consider the design procedure for a combinational network with a 
single output line. After the table of combinations listing the input- 
output relations has been formed, an expression may be written which 
describes the desired network symbolically. Calculations may now be 
performed using this expression, yielding a number of equivalent expres- 
sions. For each expression there will be an actual network which 
physically realizes it. While each of the physical networks will realize 
the required input-output relations, some networks will require fewer 
electronic components than others. We may therefore choose between 
mathematical expressions, on the basis of the total cost of the physical 
network, by assigning costs to each type of logical element which is used 
and then calculating the cost of each network and choosing the lowest 
cost, There may be other requirements on the network, however. For 
instance, there may be a restriction on the delay from the time the 
inputs to the network change values to the time the output signal from 
the network changes. If the maximum delay time is sufficiently short, 
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the use of a network with more than two levels may be precluded, forcing 
the transmission-function expressions to be in a form which describes a 
two-level network. There may be other restrictions on the configurations 
used. In order to maintain digital machines efficiently, networks having 
very complicated sets of interconnections are often avoided. Also, 
many machines are of modular construction, so that only a few basic 
logical elements are designed, facilitating design and maintenance. Ina 
machine of this type only certain logical configurations may be allowed 
so that all expressions for combinational networks will be in one of several 
basic forms. 

Because of these considerations, a combinational network which will 
yield a given function of a register is generally synthesized on the basis of 
an initial assumption as to the general form of the final network. Since 
the general form of the final network is predetermined, the form for the 
Boolean expression which describes the network is also predetermined. 

The first sections of this chapter will describe systematic techniques 
for the minimization (simplification) of a given sum-of-products and 
product-of-sums expression. This will be followed by a description of the 
procedure for handling “don’t care”’ input and output conditions. Tech- 
niques for the synthesis of multiple-output networks will then be pre- 
sented, with emphasis on minimizing sets of expressions simultaneously 
so that logical elements in the corresponding networks may be shared. 

The techniques described in this chapter will be principally algebraic 
with logical overtones. Various other approaches have been taken, and 
in the references are listed a number of papers containing work which is 
directed toward algebraic topology, matrix methods, and several other 
areas of mathematics. Algebraic techniques are described in this 
chapter because the fundamental work in this area has been described in 
the terminology of algebra and logic and because these languages provide 
a basis for the work in other areas. 

The references at the end of this chapter are arranged as follows: 
Refs. 1 to 11 refer to papers describing algebraic techniques for minimiza- 
tion of single expressions, Refs. 12 to 15 to papers describing the simul- 
taneous minimization of sets of expressions, or the multiple-output line 
problem. References 16 to 18 refer to papers describing minimization 
from a geometric or topological viewpoint, and Refs. 19 to 21 describe 
chart methods. Reference 22 contains the best treatment of the multi- 
level-network problem to date. 

4-2. Definitions and Criteria for Minimality. Certain definitions 
logically precede a description Of the formal design procedures for two- 

level combinational networks. Accordingly the terms literal, subsume, 
and imply are defined below. 

A literal is defined as cither.a complemented variable or an uncom- 
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plemented variable. For instance, zx, x’, and z are all literals, and z’yz is 
the product of three literals. (The complement of the literal 2’ is x; the 
complement of the literal y is y’.) There are only two values which can 
be substituted into a given literal, and we will continue to designate these 
values with the symbols 0 and 1. 

An expression ® implies another expression W if there is no assignment 
of truth values which makes ®& (the antecedent) true (take the value 1) 
and v (the consequent) false (take the value 0). Examples of valid 
implications are: abc implies ab, xyz implies xy + zz. 

A product term ¢ subsumes another product term y if all the literals 
in y are also in ¢ (abe subsumes ab, and zy’z subsumes zy’). If a given 
term ¢ in a sum-of-products expression subsumes another term y, then ¢ 
(the subsuming term) can be removed without changing the <value of the 
expression. This is an extension of the absorption law, + + zy = z. 
Examples are: zy’z + zy’ = xy’; 2'y'z’ +.2'y’ + 2’ = x’ or, in general 
ga + = ¢. 

There are several criteria which may be used to determine which of 
several equivalent sum-of-products or product-of-sums expressions is 
minimal. The three most common criteria are: 

1. The minimal expression is the expression with the fewest literals. 

2: The minimal expression is the expression with the fewest terms 
provided another expression does not have the same number of terra 
and fewer literals. 

3. The minimal expression is that expression which requires the fewest 
logical elements to construct. The number of logical elements is often 
determined by adding the number of terms in the expression to the 
number of occurrences of literals. 

The third criterion is often used, as the number of terms plus the 
number of literals in a sum-of-products expression often equals the 
number of logical circuit elements required to construct the network. 
l’or instance, the expression abc + a’b’ requires seven diodes if constructed 
as a two-level diode network.t 

Often, given a set of Boolean expressions describing a function ¢, the 
same expression(s) will be the minimal expression(s) when evaluated by 
any of the three criteria. (There are quite often several minimal equiva- 
lent expressions.) The procedures which will be described give the 


t Notice that an adjustment must be made if one or more of the terms of the expres- 
sion consists of only one literal or if the expression consists only of one term. For 
instance, a + be requires only four diodes. An exact determination of the number 
of diodes required to construct a given expression may be found by adding the number 
of terms in the expression to the number of literals, and then subtracting 1 for each 


— containing a single literal and subtracting 1 if the expression contains only one 
orm, 


aed 
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designer the option of developing all minimal sum-of-products or product- 
of-sums expressions or a single minimal expression. Also, the procedures 
to be described make possible the calculation of the minimal expression 
according to whichever of the three criteria may be selected. 

The minimization technique which will be described in the following 
three sections is based on, for the most part, the work of W. V. Quine?’ 
and E. J. McCluskey.* Other workers in the field of logic design will be 
referenced when their particular contributions are described. The con- 
cepts of prime implicant and prime implicant table and the basic approach 
to the problem were first described by Quine. Subsequent authors, for 
the most part, invented more efficient techniques for calculating the 
minimal expressions or presented new insight into the problem. 

4-3. Prime Implicants. The first step in the procedure for deriving a 
minimal sum-of-products expression is to derive a set of shortened product 
terms which are defined as_prime. implicants. The final minimal expres- 
sion will consist of a subset of these terms; the second step in the minimi- 
zation procedure consists of selecting the terms of the minimal expression 
from the prime implicant terms. Two techniques will be described for 
deriving the prime implicants: first, a direct technique which starts with 
the expression to be minimized in canonical form, and second, a technique 
which starts with the expression in sum-of-products (but not necessarily 
canonical) form. Each of the techniques has its advantages; the first 
technique is very direct, straightforward, and easy to check; the second 
technique will often require less steps than the first, but is less direct. 
The two procedures for deriving prime implicants will be followed by a 
description of the procedure for selecting the minimal expression from a 
set of prime implicants. 

Let us define the term prime implicant. A_prime implicant of an 
expression V is a product term a which implies the expression Y and sub- 
sumes no shorter product term which implies the expression ¥. (A prime 
implicant will generally consist of several literals multiplied together, but 
may consist of only one literal.) Each prime implicant implies the 
expression V to be minimized, so there is no assignment of values to the 
literals of the expression which will make ¥ take the value 0 and a given 
prime implicant a take the value 1. Further, each prime implicant must 
consist of a product term in only the literals of the expression ¥ to be 
minimized, for if a literal, say £, which is not in Y were in a given prime 
implicant fa, then fa would subsume a, which would be shorter and would 
also imply W, since the removal of ¢ could not affect the implication. 

A minimal sum-of-products “expression will consist of a set of prime 
implicants logically added together. Again, there may be only one prime 
implicant, but in general there will be several. Let us assume an expres- 
sion ® is to be minimized and the set of all prime implicants is a1, 
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Az, + + +» On. Now a minimal expression must consi 
these prime implicant terms logically added neers Ty ae : 
let us assume that a term 8 of a minimal expression W is not a alk ' 
implicant. Now 8 must imply W and also 9, but if @ is not a aie 
implicant there must be a product term a; which is subsumed by : a 
which also implies 6. This term may be used to replace 8, thus reduci 
the number of literals in Y, so ¥ cannot have been minimal 
: . reasonable way to minimize sum-of-products expressions is therefore 
va ph A en prime implicants for the expression and then to choose 
Series cigs implicants a subset of terms which will comprise the 
4-4, Derivation of Prime Implicants from Canonical Expansion 
Expression. In order to use this procedure the expression to be mini 
mized must first be in canonical form. Since the expressions used Wo 
design logical networks for digital machines are generally derived fro 
tables of combinations, this is a normal starting point. However, if om 
expression is in sum-of-products form but not canonical form it ma 
be expanded to canonical form by repeated applications of ‘the awd 
B= Bx + Bx’ j where 8 is one or more literals logically multiplied together 
and xis a single literal. If the expression is not in haacdtaeidunatata 
it may be put in sum-of-products form by use of the distributive laws. 
The complete set of prime implicants, a1, a2, . . . , Qn, for an piareuien 
- Mii 1s ie canonical form may be formed by repeated avelication of the 
Be e Bx + Bx’ = B, where B is a product term and x is a single variable. 
: vis rule must be applied in all possible ways. Let us call application of 
he rule Bx + Bx’ = B a matching of Bx with Bx’ to form the shorter 
product term 8. Now consider the expression xyz + xyz’ + xy’z. The 
term xyz can be matched with xyz’ yielding zy; but xyz can also be 
matched with ay'e yielding zz. Both matches must be made, yielding 
the two prime implicants zy and xz. Notice that both zy and zz impl 
the original expression, for if we let x = 1 and y = 1, then either x asic 
rye must take the value 1, so zy implies zyz + ae + ay’z; the ye 
reasoning will show xz implies ryz + xyz’ + zy’z. Since zy wad xz il 
not match, they constitute the only two prime implicants for the ex re 
oer [Neither of these terms can be eliminated, so the minimal ails 
ae ' sn hetero is zy +2z. A minimal product-of-sums expression 
Let us examine the derivation of the prime implicants for a longer 
expression. In this case it will be convenient to use the symbol mr 
indicate that a literal has been eliminated in the matching process, so if 
abe is matched with abc’, we will write the resulting term ab- With this 
notation, one term can be matched with another term only if (1) the —’s 
indicating the missing literal(s) are in the same relative position in each 





= ——— 
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term, and (2) all the literals in each of the terms to be matched are 
identical, save one. Therefore, —bed’— will match with —bcd- yielding 
—be--; but —be will not match with ab’-, for their missing literals are in 
different positions, nor will -bc match with —b’c’, for more than one literal 
differs in the two terms. 

It is convenient to array the terms of the original expression in a column 
and then to write the terms which result from the matching in columns, 
so that each set of matches results in a new column and each column 
contains terms with the same number of ~’s. Also, each time a term is 
matched with another term, both terms should be marked with a check. 
Since the checks will then indicate the terms which have matched with 
other terms, the unchecked terms will comprise the prime implicants. 
Notice that there is no need to check a term twice, since once a term is 
checked it cannot be a prime implicant because it subsumes a shorter term 
which also implies the expression to be simplified. 

Assume the canonical expansion expression to be minimized is: a’bcd + 
a’b’cd + a'bed’ + a’b'cd’ + abcd. 

Arranging the terms of the expression in a column and then matching 
will yield the following lists: 


Va'bed Va'—cd 
Va'b'cd Va'be— a’—c— 
Va'bed’ —bed a'—c- 
Va'b'cd’ Va'b’c- 
Vabed Va'—cd! 


Since the column containing terms with only one literal eliminated 
(that is, terms with one -, as written above) contains one term, —bed, 
which does not match with any of the other terms, this term is a prime 
implicant. The last column contains two identical terms a’-c-, and 
since a + a =a, one of them may be eliminated; there are only two 
prime implicants, bed and a’c. Since neither of these can be eliminated, 
the final minimized expression is a’c + bed. 

This technique results in the systematic forming of all product terms 
which imply the expression to be minimized and the subsequent elimina- 
tion of all terms which subsume other terms, thus yielding the set of prime 
implicants. Proof that this technique derives all prime implicants is 
straightforward. The technique systematically forms all terms in n or 
fewer variables which imply the expression ®, where n is the number of 


different variables in #. Subsuming terms are then systematically — 


removed, leaving only terms*which imply @ and subsume no shorter 


terms which imply ®. 
It is possible to reduce substantially the number of matches which must 


be made for large problems by partitioning the terms in each column, 
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Also, use of binary notation often makes the matching procedure easier 
to perform. Let each term of the canonical expansion be represented by a 
set of binary digits, using a 0 to represent a complemented variable and a 1 
to represent..an uncomplemented variable. For instance, let abc’d be 
represented by 1101 and a’b’c by 001. Then let eliminated variables be 
indicated by -’s as before, so that abcd + abcd’ = abc— will be repre- 
sented by 1111 + 1110 = 111-. 

Further, assign an index number to each term, letting the index number 
equal the number of uncomplemented variables (this will equal the num- 
ber of 1’s in a given product term if the binary notation is used). Then 


Table 4-1. Derivation of Prime Implicants 
Prime implicants are b’d, b’c, ad, ac, ab 





























Va'b'c'd | Va'b!-d ~b’-d 0001 v00-1 -0-1 
Va'b'ed’ | V-b'e'd ~b'c— 0010 v-001 -01- 
Va'b'cd | Va'b’c~ a--d vo011 v001- 1-1 
Vab'e'd | ‘V—b'ed’ a-c- Y1001 v-010 1-1- 
Vab'cd! V-b'cd ab-- 1010 v-011 ll-- 
Vabe'd’ Vab'-d V1100 v10-1 
Vab'ed va-c'd 1011 v 1-00 
Vabe'd Vab'c- V1101 v101- 
Vabed! Va-cd’ V1110 v1-10 

Vabe'- —_——— V110- 
Vabed Se V1l11 an 

Va-cd V1-11 

Vab-d V11-1 

Vabc- V111- 





partition the column listing the terms of the canonical expression, letting 
each section of the partition contain terms with the same index number; 
let the section with terms with the lowest index number be placed at the 
top of the column, the terms with the next lowest index number directly 
below, and so on, until the terms with the highest index number are listed 
in a section at the bottom of the column. The various sections of the 
table are then separated by means of horizontal lines. 

When a column is divided into sections with the index numbers arrayed 
in ascending order, each term in a given section must be matched only 
with the terms in the sections immediately above or below. (A given 
term of the canonical expansion with index number m need then be 
matched only with the terms having an index number which is either 
m-+-+1orm-— 1.) By starting with the terms having the lowest index 
number and matching these with the terms in the section immediately 
beneath, and then taking each of the terms with the second least index 
number and matching with the terms in the sections below, an orderly 
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matching procedure may be performed. Also, by placing the terms 
which result from the matches in sections and continuing to match only 
between adjacent sections the matching process may be shortened. 
Table 4-1 illustrates the derivation of prime implicants for a four-variable 
problem, using both letter and binary notation; the unchecked terms are 
the prime implicants. 

4-5. Derivation of Prime Implicant Terms by Iterated Consensus. 
The technique for deriving prime implicant terms described in Sec. 4-4 
must be initiated with the expression to be minimized in canonical expan- 
sion form. Also, the number of matches which must be made and the 
number of terms which must be handled may become quite large for some 
problems. The technique which will be described in this section is called 
iterated consensus and was first described by Samson and Mills,* although 
the term iterated consensus was coined by Quine.’ This technique is 
efficient for expressions such as those used in the design of multiple-output 
networks in Sec. 4-10, and is generally more efficient for deriving prime 
implicants from expressions in canonical form, although calculations are 
less straightforward. 

There are two basic concepts which are used in this procedure for 
obtaining prime implicants. One of these involves the use of the subsum- 
ing relation, which was_ defined in Sec. 4-3, and the other is defined as the 
consensus operation. " If two product terms a and B contain one and only one 
variable which is complemented in one term and not in the other, then the 
consensus of these terms ts the product term formed by deleting the variable 
which is opposed and forming a product term of the remaining variables. 


(Repeated variables may, of course, be eliminated.) As examples, thé 


consensus of abc and c’de is abde; the consensus of abe and b’cd is acd; the 
consensus of a’ and abc is be. 

If 7 is the consensus of @ and B, then y implies a + 8. Therefore, if a 
given expression @ is in sum-of-products form, adding a term which is the 
consensus of two of the terms in does not change the function described 
by the expression. For instance, if « and 6 are two product terms of the 
expression ®, and y is the consensus of a and 8, then + y = ®, for 
+ implies a + 8 and hence 9, and therefore @+ y=. The addi- 
tion of a consensus term to a product-of-sums expression is therefore an 
equivalence transformation. wh 7 

A given expression can be reduced to a set of prime implicants by repeatedly 
forming new consensus terms which are then added to the expression to be 
minimized, and at the same time removing all subsuming terms from the 
expression. . 

Consensus terms which subsume terms already in the expression are not 
to be added, For instance the term abd is not added to the expression 


ab + acd + be’, for abd subsumes ab. The process of forming prime 
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implicants is stopped either when no more consensus terms can be formed 
or when all consensus terms which can be formed subsume terms already 
present in the expression. 

Consider the expression for which prime implicants were found in 
Sec. 4-4, which was ® = a’bed + a’b/cd + a’bed’ + a’b’cd’ + abcd. The 
consensus of a’bed and a’b'cd is a’cd. Since a’bed and a’b’cd subsume a’cd 
they may be eliminated. Then a’cd’ is the consensus of a’bcd’ + a’b’ ed 
and the latter two terms may be eliminated. This gives 


® = a'cd + a'cd’ + abcd 


Now a’c is the consensus of a’cd + a’cd’, giving ® = a’c + abcd, and 
finally bed is the consensus of a’c + abed, giving ® = a’c + bed. 

Table 4-2 illustrates a larger problem; subsuming terms have been 
checked; the remaining terms are prime implicants. 


Table 4-2. Consensus Taking Prime Implicant Derivation 


Va'b'e'd Va'b'—d 
Va'b'cd’ V-b'ed' 
Va'b'cd Vab’—d 
Vab'e'd Vabe'— 
Vab'ed’ Vabe- 
Vabc'd' ab-— 
Vab'cd —b'-d 
Vabc'd —b’c— 
Vabcd’ a--d 
Vabcd a-c— 


4-6. Elimination of Redundant Terms. ‘Two techniques have been 
described for deriving the set of prime implicant terms for a given 
Boolean-algebra expression. Both techniques add new terms and elimi- 
nate former terms without changing the basic function described by the 
algebraic expression; that is, the new terms are formed and the discarded 
terms eliminated by means of equivalence transformations, so that the set 
of prime implicants which are derived may be logically added together to 
form an expression equivalent to the expression being minimized. Also 
the prime implicant terms are unique; for a given expression ® the prime 
implicants a, a, . .. , & are uniquely defined. 

The set of prime implicants does not necessarily comprise the minimum 
expression, however, as generally one or more prime implicants may be 
climinated without changing the function described by the expression. 
Consider the expression abe + c’de + abde, consisting of three prime 
implicants logically added together. The term abde may be eliminated, 
forming a new and shorter expression equivalent to the original expres- 
sion; that is, abe + c'de + abde = abe + c'de. (The expression abe + 
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c'de will be found to be minimal according to any of the three criteria 
listed in Sec. 4.2.) 

Examination of the simple equivalence abe + c’de = abe + c'de + abde 
will illustrate several of the important rules concerning the elimination of 
prime implicants from logical expressions. First, 7f a given _ prime 
implicant implies the logical sum of the remainder of the prime implicants, 
that prime implicant may be eliminated. That is, if prime implicant a; 
implies a1 + a2 + °° + baja toayr tt + an, where the a’s are 
prime implicant terms and a; is a selected term, then it is possible to 
eliminate a; from the expression and form a new and shorter equivalent 
expression. 

In general, however, it will not only be possible to eliminate several 
prime implicants from the expression, but there will be a choice as to 
which prime implicants are eliminated. Therefore, a systematic tech- 
nique is needed to determine which prime implicants cannot be eliminated, 
which may always be eliminated, and which further choices exist. 

In a given expression & composed of a set of prime implicants logically 
added together, there will generally be one or more prime implicants 
which cannot be eliminated without altering the function described by 
the expression. _The set_of prime implicants which cannot be eliminated 
is referred to as the core of the expression, and the individual terms which 
comprise this core are designated core prime implicants. The general rule 
for finding these is quite simple: If a given prime implicant does not imply 
the expression formed by logically adding together the remainder of the prime 
implicants, then that prime implicant cannot be eliminated and is a member 
of the core expression. That is, if a; does not imply (a1 + oa + °° ° 
+ aj-1 + a1 + an) where a: through a comprise the complete set of 
prime implicants for a given expression ®, then a; is not eliminable and is 
a member of the core expression. 

For our example set of prime implicants abe + e’de + abde, the follow- 
ing relationst may be found: 

abc does not imply c’de + abde. 

c’de does not imply abc, + abde. 

abde implies abe + c’de. a 

The terms abc and c’de are therefore members of the core expression and 
cannot be eliminated; the term abde is eliminable. Since there is only one 
term which can be eliminated, the minimal expression may be formed by 


1) dw 
Ag - 


+ A simple test to determine whether a given product term W implies an expression 
may be performed by giving eacheof the literals in W the value 1 in , and then 
seeing if & has the value 1 for all assignments of values to the other literal in # [i.e., 
determines if @ = 1 (is made tautologous)]. For instance, let W be the product term 
abde and ® = abc + c’de. Substituting 1’s into a, b, d, and e in ® gives lle + ell 
orc +c’, which has the value 1, 
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simply eliminating that term. Another rule can be stated at this point: 
if a given term implies the core of a set of prime implicants, that term is 
absolutely eliminable. 

Since all the terms of the core expression must be used in any final 
minimal expression, a term which implies the core expression need not be 
further considered. Therefore, having found the core expression, each of 
the remaining terms can be checked against the core expression and if a 
given term implies the core expression it is absolutely eliminable and may 
be eliminated from further consideration. 

We have now defined two classes of prime implicants, core prime 
implicants and absolutely eliminable prime implicants. A third class 
consists of the remaining prime implicants, that is, those prime implicants 
which are eliminable, as they imply the expression formed by the remain- 
ing prime implicants, but do not imply the core. There will often be a 
choice as to which of these prime implicants are eliminated, and the 
following section will describe a systematic technique for determining the 
core and the sets of prime implicants which may be eliminated. 

4-7. The Prime Implicant Table. In order to describe a systematic 
technique for deriving a minimal expression from the set of prime impli- 
cants, a definition and two theorems will be useful. 

‘ Definition. An irredundant sum-of-products expression © describing a 
function ® is an expression such that (1) every product term is a prime 
implicant and (2) no product term may be eliminated from W without 
changing the function @ described by W. 

There are often a number of irredundant sum-of-products expressions 
for a function &, some of which will contain fewer terms and fewer literals 
than others. However, provided with the set of irredundant expressions, 
we can easily obtain the expression which is minimal according to the 
criterion selected by simply comparing the expressions. This is shown 
by the following theorem. 

Theorem. The minimal sum-of-products expression W describing a 
function ® is an irredundant expression. 

If an expression A = &, which is minimal according to any one of the 
three criteria in Sec. 4-2, is not irredundant, then either (1) A contains 
a term which is not a prime implicant, and such a term always subsumes a 
shorter term which may be substituted into the expression, thereby form- 
ing a more minimal expression, or (2) A contains a term which can be 
eliminated, and this would of course form a new expression which was 
more minimal with respect to A. Both cases involve contradictions, so 
minimal expressions are irredundant. 

Theorem. If ¥ is an irredundant sum-of-products expression for ®, 
then each term of the canonical expansion for & subsumes at least one 
term of ¥, 
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Since each term of V is a prime implicant, each term implies ®. 
Further, since implies Y and ¥ implies @ (since @ and W are equiva- 
lent), each term of the canonical expansion for ® must imply at least one 
term of ¥. Otherwise, some set of values substituted into & would give 
& the value 1 while no term of Y would have the value 1, and W would be 
equal to0. Now if a single product term x implies a single product term 
¢, then x also subsumes ¢, for x must contain all the literals of ¢ or the 
literal not in x could be given the value 0 when x was equal to 1. There- 
fore each term of must subsume at least one term of ¥. The theorem 


Table 4-3. Prime Implicant Table 


Core terms: ab--, —b’-d, —b’c— 
Absolutely eliminable terms: a--d, a-c- 





a--d x x x x 
a-c- x xX me X 
ab-- |. x xX XK X 
—b’-d| X Kx xX x 
—b’c— x xX x xX , 
a) ® ~ . 
eg 25 33 3.5 Poy 
os 5S S§ &» & 2&2 8 8 3.3 
3s 3s s8 38 8 8 8 8 3 


is stated using the subsuming relation instead of the implication relation, 
although it is true for either. 

A convenient way to display the relations between the prime implicants 
for a function and the terms of the canonical expansion for ® is by 
means of a prime implicant table. Table 4-3 is a prime implicant table for 
the problem initiated in Table 4-2. The prime implicants for the function 
are listed along the ordinate of the table, the canonical expansion terms 
along the abscissa. If a given canonical expansion term subsumes a 
given prime implicant, then a cross is placed at the intersection point in 
the table listing the two terms; otherwise the intersection is left blank. 
The resulting table lists all the subsuming relations between the canonical 
expansion terms and the prime implicants. If a subset © of the prime 
implicants is chosen so that each canonical term of the expression for ® 
subsumes at least one of the prime implicants in V, then the expression 
found by logically adding together the prime implicants in ¥ will be 
equivalent to @. The selection of the prime implicants proceeds in 
three steps: (1) The core terms are selected. (2) Any absolutely elimi- 
nable terms are eliminated. (3) A subset of the remaining eliminable 
terms is selected. . 

The terms of the core expression are quite easily chosen from the prime 
implicant table, for they consist of those prime implicants which are sub- 
sumed by a canonical expansion term which subsumes no other prime 
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implicant. Therefore, if a column of the table contains only a single X, 
then the prime implicant lying in the same row as this X is a member of 
the core expression. Use of this rule indicates that the terms ab-—,. 
—b’-d, and -b’c— comprise the core for Table 4-3. These terms may be 
listed and removed from the table, as they are necessary. Also all 

canonical expansion terms which sub- 

sume these terms may be lined out, « 

as they no longer need be considered. 6 el 

These are the absolutely eliminable ™ 

terms. d oe ab + b'd + bc 

If the core terms and those terms 
which subsume the core are lined out, ” | + | 
then it may be seen that certain terms, 
in this case a~-—d and a-c-, no longer Fic. 4-1. Minimal anp-to-or net- 
are subsumed by any of the remaining Work. 
canonical terms. These terms imply 
the core expression and will not appear in any irredundant expression or 
in any minimal expression. 

The problem in Table 4-3 is completely solved when the core is 
removed, for all terms of the canonical expansion subsume at least one 
term of the core expression. Usually this will not be the case, however, 
and there will be a set of eliminable terms from which a subset must be 
chosen. Figure 4-1 illustrates a block diagram of the network for the 
above problem. 


Table 4-4. Table of Choices 


Core expression = a’-c’de’ + a’b'c-e + ab’-d’— + -b’cd'— + --cd'e 





a; = —be'de’ | x 

a= a-cd'— x 

a; =a--d’e| X 

a= abc-- x x x 

a; = ab-d- x xX x xX 

ag = ab--e | X x x 
s S38 Fy y 
S 8 8 8 8 8 
s 3 8 3 8 


Table 4-4 is a table of choices for a network with five input lines and a 
single output line. The core expression consists of five terms and has 
been removed, as have all canonical terms which subsume the core (the 
five core terms are listed). After the core has been removed, the remain- 
ing prime implicants and canonical terms are put in a table of choices. In 
‘Table 4-4 there are six prime implicants and six canonical terms. In 
many cases the choice of the remaining terms will be obvious, but in 








62 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 4 


Table 4-4 there is some choice about the subset(s) of the prime implicants 
which are minimal. We describe a technique for selecting a minimal set 
of terms which was invented by Petrick.® 

To the left of the prime implicants in Table 4-4 is a column containing 
the symbols a; through as, which will be used to represent the prime 
implicants in the discussion which follows. In order to facilitate the 
description of this technique we define the term_cover as follows. 

Definition. A product term ¢ covers a product term y if ¥ contains 
each literal in ¢. 

Both covers and subsumes are used to denote binary relations; the 
cover relation is the inverse of the subsume relation, for ““y subsumes ¢” 
implies “¢ covers y,” and “yn covers x’ implies “‘« subsumes yp.” As 
examples: ab covers abc, xy covers xyz, xy’z’ covers wxy'z’, and ab covers 
ab.t Notice also that ‘‘@ covers and subsumes y” implies that ¢ and y 
are identical product terms. 

The first column of X’s indicates that either prime implicants a; or ag 
may be selected to cover the canonical term abe’d’e, and the second column 
shows that either a1 or as may be used to cover abe'de’. These subsuming 
relations for the first two columns may be written symbolically thus: 
(as + as)(a1 + as). This indicates that either a; or as and a, or as must 
be used to cover abc'd’e and abc’de’. Table 4-4 may be written in its 
entirety in this manner, yielding the expression 


(ay + avs) (or + cvs) (ars + x6) (cer + 084) (rs + 15) (0t4 + os + a6) 


When the sum terms of this expression are multiplied together, the result- 
ing expression will list, in symbolic form, all the sets of a’s which may be 
chosen from Table 4-4 so that each canonical term is covered. It is 
possible to reduce the product-of-sums expression above, using the 
theorem (y + 6+ .)(y + 6) = (y+ 4), thereby eliminating the sum 
term (a, + as + a6). The terms of the shortened expression are multi- 
plied together, and the resulting expression simplified, using the theorem 
v6 + yév = 76, yielding 





aazag + ajasas + arasag + ayasag + araza5 + a1arasers 


Each product term of this expression lists a subset of the prime impli- 
cants which may be used to form an irredundant sum-of-products expres- 
sion for the function in Table 4-4. The six irredundant normal forms are 


+ The terms subsume and cover are used with about equal frequency in the litera- 
ture. Generally a given author will use only one of the two terms. Algebraists, 
logicians, and purists have tended to use the term subsume, which was coined by 
Quine, while topologists and engineers have tended toward cover, Since these 
describe inverse relations, and since each becomes rather awkward in certain cases, 
it is not unreasonable to use both, 
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a'c'de’ + a’b’ce + abd’ + b’cd’ + cd’e plus one of the following sets of 
terms: 


acd’ + abd + abe (1) 
ad’e + abc + abd (2) 
be’de’ + be'de’ + abe (3) 
abc + abd + abe (4) 
acd’ + ad’e + abd (5) 
be'de’ + acd’ + abc + abd (6) 


Expression (6) contains more literals and terms than the first four 
expressions, and expression (3) more literals, so expressions (1), (2), (4), 
and (5) are all minimal expressions according to the three criteria in 
Sec. 4-2. 

It is possible to shorten the problem by noticing that if two prime 
implicants cover the same canonical terms, the prime implicant with the 
fewer variables is to be preferred. If each prime implicant has the same 
number of variables, either prime implicant may be picked. Although 
not all irredundant expressions will result, one of the shortest will be 
derived. Also, if a prime implicant covers all the terms covered by 
another prime implicant and has the same number of or fewer variables, 
the prime implicant covering the fewer terms may be eliminated. 

Use of these rules will result in the elimination of terms a1, a, and as 
from the computations on Table 4-4. The expression to be multiplied out 
and reduced will then be 


(a6) (as) (es + at) (xs) (4 + as) 


The resulting term will then consist of only asses, a correct choice of 
prime implicants for one of the minimal expressions. 

Other rules and examples may be found in Quine'~* and McCluskey. * 
Petrick® gives further examples of the above technique, Samson and Mills® 
of the consensus-taking operation. Gazale’7 and Mott® have shown ways 
to select the irredundant forms using only the prime implicants, that is, 
without using the canonical expansion terms. Other references and 
approaches are listed in the references at the end of this chapter. 

4-8. Unspecified Input and Output Conditions. In many cases there 
are certain states which a given register will never assume. If, for 
instance, a binary-coded decimal system is used, and each decimal digit is 
represented in a register by four binary storage cells, then only 10 of the 
16 possible states which the four cells can assume will actually occur. Ifa 
combinational network is to realize a function of a four-cell register which 
assumes only 10 of its 16 possible states, then the question of how most 
efficiently to design the network arises. Also, if certain of the output 


t Refer to the Appendix for a description of binary-coded decimal number systems. 
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states are of no importance, or if when certain input combinations occur 
the outputs from a given combinational network are not used, the same 
problem arises. 

The unspecified input states are sometimes referred to as forbidden 
input states, and the unspecified outputs as indifferent outputs; also 
both are referred to as don’t care conditions. Table 4-5 is a table of 
combinations for a network which has nine specified output values and 
seven unspecified output values. The specified values correspond to the 


Table 4-5. Incompletely Specified Table of Combinations 





Inputs Output 
abcd Z 
00 0 0 0 
0 0 0 1 1 
0 0 1 0 1 
001 1 1 
0 1 0 0 0 
o 1041 0 
Oo 1 1 +0 1 
011i 1 
1 00 0 0, 
1001 = 
1,01 0 7 
2. 0.1. 1 * 

1 1 0 0 - 
1 101 - 
1 1 1 °0 a 
fet i 1 - 


rows containing 0’s and 1’s in the output columns and the unspecified 
states to the rows containing —’s in the output column. In order to derive 
a minimal expression for a’ problem of this sort, the output values which 
are unspecified are assumed to be 1’s when the canonical expansion expres- 
sion is formed. When the prime implicants are derived, this allows for 
maximum shortening of the terms. For Table 4-5, this results in a 
canonical expression containing 12 terms. The prime implicants derived 
from this set of product terms consist of the following four terms: b’d, ad, 
ab, and ec. 

When the prime implicant table is formed, only the canonical terms 
corresponding to specified 1 outputs are listed along the abscissa. All 
the prime implicants are listed along the ordinate. For the expression 
for Table 4-5, two prime implicants are required: c and b’d; these cover 
all the specified 1 states, and the minimal expression is ¢ + b’d. 

Notice that if the expression c’ + bd is evaluated for each of the 16 
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possible input states, the expression takes both the values 0 and 1 for the 
unspecified input states (don’t cares), but takes the given values for all 
specified states. 

4-9. Minimal Product-of-sums Expressions. Section 3-10 described 
the procedure for deriving a product-of-sums expression in canonical form, 
given a table of combinations. The minimization procedure for product- 
of-sums expressions is the dual of that for sum-of-products expressions. 
A convenient technique involves forming the complement of the desired 
expression (which will be in sum-of-products form), minimizing this 
expression while still in complemented form (using the technique already 
described), and then complementing the minimized expression. 

Table 4-5 may be used to illustrate the technique. The product terms 
from the rows with specified 0 outputs are logically added to form the 
complement of the canonical expression for the product-of-sums expres- 
sion. The terms corresponding to unspecified outputs are then logi- 
cally added to this expression (these terms are inside the parentheses 
in the following expression): 


Z' = a'b'c'd’ + a’be'd’ + a’be'd + ab'c'd’ 
+ (ab’c’d + ab’cd’ + ab’cd + abc’d’ + abe’d + abcd’ + abcd) 


The prime implicants derived from this expression are c’d’ + bc’ + a. 
If a prime implicant table is formed using only the canonical terms which 
have specified outputs of 0, the minimal expression is found to be 


Z' =c'd' + be’ 


and the complement of this, which is the minimal product-of-sums 
expression, is Z = (c + d)(b’ + c). 

4-10. Multiple-output Networks. A block-diagram of a multiple- 
output logical network is shown in Fig. 3-12. There are n input lines and 
m output lines, where n does not necessarily equal m. The general 
technique for synthesizing a network of this type consists in deriving a 
Boolean expression for each output line in terms of the input variables 
U1, @2, . . . » 2n, So that m canonical expansion expressions are formed. 
ach of these m expressions is then minimized. The synthesis technique 
which will be described in this and the following sections will show a 
method of forming the expressions for the network in minimized form, 
bypassing the conventional step of forming canonical expansions which 
then must be simplified. This procedure was first described in Ref. 15. 

The synthesis procedure consists of three steps: 

1, A set of product terms, which will be referred to as e terms, are 
derived from the table of combinations describing the desired input- 
output relations. The algorithm for forming the e terms will be described 
in See, 4-12, 
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2. The set of ¢ terms derived in the first step are then converted to a set 
of multiple-output prime implicants. Two techniques for doing this will be 
described in Sec. 4-13. 

3. A subset of the multiple-output prime implicants is selected from 
the terms derived in step 2, and the minimal expressions describing the 
network are constructed from these terms. The exact procedure for 
selecting the terms will be dependent on which of the three criteria for 
minimality is used; the necessary details will be given. 

4-11. Criteria for Minimality. Three criteria to determine the respec- 
tive minimality between equivalent sum-of-products expressions were 
described in Sec. 4-2. First, the minimal expression is that expression 


Table 4-6. Table of Combinations 





Inputs Outputs 
abe Z Z2 Zs 
0 0 0 110 
001 00 0 
0 1 0 00 0 
011 011 
1 0 0 111 
1041 001 
1 1 0 00 1 
111 101 








which contains the least number of occurrences of literals; second, the 
minimal expression is the expression containing the least number of 
product terms; and third, the minimal expression is the expression which 
requires the least number of diodes (logical elements) when constructed 
as an AND-to-orR circuit. 

Consider the design of a multiple-output network with three input 
lines (which will be represented by the variables a, b, and c) and three 
output lines (which will be represented by the variables Z:, Z:, and Zs). 
Table 4-6 is a table of combinations listing all possible input states and the 
corresponding output values for the logical network which is to be 
designed. By standard techniques the three canonical expansion expres- 
sions which describe the network are formed. 


Z, = a’b'c’ + abc’ + abe 
Z, = a'b’c’ + ab’c’ + a’be 
Z; = a’bc + ab’c’ + ab’c + abc’ + abe 


If these expressions are now reduced individually, the three sum-of- 
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products expressions will be found to be 

Z, = abe + b’c’ (1) 

Z2 = abc + b’e’ (2) 

Z3 =a+t+ be (3) 


When these expressions are evaluated according to the three criteria for 
single-output networks, the results are: (1) there is a total of 13 literals 
used, (2) there is a total of 6 product terms, and (3) 18 diodes are required 
to construct the three expressions. If these standards are used, the 
expressions above will be found to be minimal. Notice, however, that 
the product term b’c’ is repeated in the expressions for Z; and Z». It is 
reasonable to consider this in assigning weights to the expressions, since, 
for instance, only one aNp gate need be used to form the logical product of 
b’ and c’, and once b’c’ has been formed it may be used in several 
different expressions. The following three criteria take this into con- 
sideration and are offered as reasonable criteria for determining the 
minimality of sets of Boolean expressions. 

1. Let Wi, Wo, . . . , Wm be the set of expressions for the m output 
lines. Then let x1, x2, . - - ) Xp be the complete set of product terms in 
the m expressions with no product term repeated. (If a given product 
term, say x,;, occurs in two or more different expressions, only the first 
occurrence of x; is to be used to form the x,’s. All other occurrences are 
to be deleted.) Now let \; be the number of literals in x;; the total 
effective number of literals in the set of expressions will be designated Wz, 


p 
where Wy, = ¥ hy. 


j=l 

Using this formula, Wz, for expressions (1) to (3) is found to be 11. 

2. The integer p in x1, x2, - - - » Xp represents the total number of 
different product terms which occur, and may be used as a measure of 
relative minimality. For expressions (1) to (3), p = 5. 

3. A good approximation of the number of diodes used in a given net- 
work is Wz plus the total number of product terms in the m expressions, 
counting duplicates, and this criterion is often used. An exact formula 
can be formed by again letting W,’s correspond to the expressions to be 
evaluated, and x,’s to the different product terms as in criterion 1. Now 
let d,° equal 0 if there is one product term in W;, and otherwise let d;° equal 
the number of product terms in ¥;. Then let d;* equal 0 if the number of 
literals in x; is equal to 1, and otherwise let d;* equal the number of literals 
in term x;. The total number of diodes required is 


D, = ) dj + 5 d;® 


j=l i=l 


lor expressions (1) to (8), Dy = 16, 
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When these new criteria are used, expressions (1) to (3) will no longer 
be minimal. In particular, the term bc in expression (3) can be formed by 
logically adding the terms abe and a’be from (1) and (2) respectively, 
forming the expressions: 


Z, = abe + b'c’ (4) 
Z, = abe + b'c’ (5) 
Z; =a+a'be + abc (6) 


These new expressions will be found to be minimal according to all 
three criteria, for p now equals 4, Wz now equals 9, and D; now equals 15. 
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Fie. 4-2. Multiple-output-line logical network. 


Figure 4-2 shows a block diagram of the network for expressions (4) to (6) 
and the corresponding diode logic circuit. 

The synthesis technique in the sections which follow systematically 
yields the minimal expressions describing the logical network to be 
designed. In some cases a particular set of expressions will be minimal 
according to all three criteria. More often there will be several sets of 
expressions, all of which will be minimal, and sometimes a set of expres- 
sions which is minimal according to one criterion will not be minimal 
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according to another. The synthesis techniques make possible the 
derivation of sets of expressions which are minimal using whichever of the 
three criteria may be selected, by means of slight variations in the basic 
procedure. 

4-12. Forming thee Terms. The first part of the procedure consists of 
forming a set of product terms, which will be designated ¢ terms. This 
step is initiated in the customary manner, by listing the input-output 
relations for the network in a table of combinations. Table 4-7 lists the 


Table 4-7. Table of Combinations for Four-input Three-output Network 





Inputs Outputs 
a b c d Zi Z: Z; 





00 0 0 0 0 0 
0001 101 
001 0 0 0 0 
0011 00 0 
010 0 01 iit 
01041 011 
01 1 0 1 1 0 
011i 1 10 
100 0 0 0 0 
1001 101 
1010 0411 
10411 1041 
110 0 Oy ek 
110 1 041i 
1110 111 
i ee Lens ems 1 1:1 








input and output values for a four-input-line three-output-line problem. 
Table 4-7 is completely specified; there are no don’t care conditions (these 
will be dealt with in Sec. 4-13). 

After the table of combinations has been formed, the next step is to 
form a set of e terms from the rows of the table. Each e term will consist 
of two sections, a v section and a ¢ section. The » section of the « term 
for the ith row is formed by writing the input variables in the form of a 
product term, with a given variable complemented or not complemented 
depending on whether the input value for the variable is 0 or 1, respec- 
tively. The ¢ section of the ¢ term for the 7th row is determined by the 
values for the outputs Z;, and is formed from the output variables, with a 
given variable complemented if its value is 0 in the ith row and omitted if 
its value is 1. For instance, the fifth row from the top in Table 4-7 is 
used to form the ¢ term a’be'd'Z\--. The set of ¢ terms formed from 
Table 4-7 (using both letters and binary notation) is listed in Table 4-8. 
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One other step is taken when the e terms are formed: any row in which all 
of the output values are 0 may be omitted from further consideration and 
no etermformed fromthis row. The reason for this will become apparent: 
the rule results in the omission of the terms corresponding to rows 1, 3, 4, 
and 9 in Table 4-7. 


Table 4-8. Forming the « Terms 


Using letters for variables Using binary notation 
a’b'c'd-Z5- 0001-0- 
a’be'd'Z\-- 01000-- 
a’be'dZ'-- 01010-- 
a’bed'--Z; 0110--0 
a’bed--Z', 0111--0 
ab’c'd-Z5- 1001-0- 
ab'cd’Z\-- 10100-- 
ab!cd-Z3- 1011-0- 
abc'd’Z\-- 11000-- 
abe’dZ-— 11010-- 
abed’--- 1110--- 
abcd--- 1111--- 


4-13. Multiple-output Prime Implicants. A set of « terms has been 
formed in the first step of the procedure. The next step consists of 
deriving a set of multiple-output prime implicant terms by performing 
calculations using the « terms. These calculations will form new terms, 
each having the same format as the original set of « terms (that is, a 
y section and a ¢ section); the additional terms derived from the original 
set of « terms will also be called e terms. All the e terms associated with a 
given problem must have the characteristic that the v section of each 
¢ term implies the expressions for the ouput lines indicated by the missing 
literals in the ¢ section. For instance, the ¢ term a’be'd’ Z\-—, which was 
formed from Table 4-7, contains a » section a’be’d’ which implies the 
expressions for output lines Zand Z;. When the » sections are shortened 
this rule must still apply; each v section implies the expressions indicated 
by the ¢ section. 

A multiple-output prime implicant is defined as an ¢ term, the » section 
of which implies the expressions for the output lines indicated by the 
¢ section, and the y section of which subsumes no shorter » section having 
the same ¢ section or a ¢ section containing fewer of the same literals. 
The multiple-output prime implicants may be derived from the ¢ terms 
in any of several ways. First, a technique based on the reduction theorem 
in Sec. 4-4, and second, a variation of the Quine-McCluskey technique 
will be included. 

The first technique requires only two logical operations between ¢ terms. 
The first consists in determining whether a given ¢ term subsumes or is 
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subsumed by another e term, and the second consists in forming the 
consensus of two given e terms. (The consensus of two terms ¢ and a 
was defined in Sec. 4-5.) If ¢ and a contain only one variable which is 
complemented in one term and not in the others, then the consensus of 
these terms is the product term formed by deleting the variables which 
are opposed and forming a product term of the remaining variables. 
Repeated variables in the consensus term are, of course, eliminated. 
For example, the consensus of the e terms abe-— Zj- and —-c'de Z\— is 
ab-de Z'—-; the consensus of abc—Z\-Z’, and -b’cd Z\—-- is a-cd Z,-Z',; and 
the consensus of a’—-—Z{— and abe Z'- is -be Z}-. 

The multiple-output prime implicants may be formed from the e terms 
using the following theorem: 

Theorem. The list of e terms derived from the table of combinations 
can be transformed to a set of multiple-output prime implicants by 
repeatedly forming new consensus terms which are then added to the list 
of « terms, and at the same time removing all subsuming terms. The » 
sections of the multiple-output prime implicants will form the terms of the 
minimal expressions and the ¢ sections will indicate the expressions which 
are implied by the » sections. 

Consensus terms which subsume terms already in the expression are not 
to be added, and the process of forming prime implicants is stopped when 
either no more consensus terms can be formed or when all consensus terms 
which can be formed subsume terms already in the expression. 

The construction of the e terms is such that the v sections are allowed to 
form consensus terms in all possible ways, eventually forming all « terms 
which are candidates for multiple-output prime implicants; at the same 
time the ¢ sections of the e terms perform “bookkeeping,” keeping track 
of which output lines the various » sections are associated with. For 
instance, the consensus of a’be’d Z'—- and ab-d-— Z, is—be'd Z\-Z;. The 
v section of the consensus term implies the logical sum of the v sections of 
the two original « terms [be’d implies (a’bc’d + abd)]. At the same time 
the ¢ section of the consensus term indicates that the new » section 
implies only the expression for output line Z». 

Notice that the ¢ section can never prohibit the forming of a new 
consensus term, for no uncomplemented variables occur in the ¢ sections. 
This allows the v sections to form new consensus terms in all possible 
ways, eventually forming multiple-output prime implicants for all 
combinations of output lines. Notice also that the ¢ sections keep 
shortened v sections from eliminating « terms which may be associated 
with more output lines, while allowing shortened » sections to eliminate 
correctly ¢ terms associated with the same or fewer output lines. For 
instance, abe'd Z'-— will not subsume —be'dZ}-Z}, while a’be’dZ-— will 
subsume a’be’—Z'|-— and be eliminated. 
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A rule which significantly shortens the process of forming multiple- 
output prime implicants is: When the ¢ section of the consensus of two ¢ terms 
contains all the output variables, the new consensus term need not be used. If 
a ¢ section contains all the output variables, then the v section cannot be 
used in any of the output lines and the e term cannot therefore be a 
multiple-output prime implicant. Further, the ¢ section will contain all 
the output variables in complemented form, and since no ¢ section can 
contain an uncomplemented variable, any consensus term formed with an 


Table 4-9a. Deriving Multiple-output Prime Implicants 


e terms Consensus terms 
va'b'e'd-Z,- Va'be'-Z-- 
va'be'd' Z}-- Va'be---Z, 
Va'be'dZ\-— -b'c'd-Zi- 
Va'bed'—-Z, abc---— 
va'bed--Z, Vabe’-Z,-- 
Vab'e!d-Zs- Vab'c-Z'Z5- 
Vab'cd'Z\-— a-cd-Z- 
Vab'cd-Z5- -be---Zi, 
Vabe'd'Z;-- -b--Z)-Z, 
Vabe'dZ\-- a-c-Z,Z5- 
Vabed'—-— a-cd'Z\-- 
Vabed-—— -be'-Z\-- 

ab--Z,—-— 
—-c'dZ\Z5- 
ab’-d-Z4- 
a--dZ\Z5- 


« term with a ¢ section containing all the output variables cannot be a 
multiple-output prime implicant. 

Table 4-9a illustrates the process of deriving multiple-output prime 
implicants from the e terms. The first column lists the « terms and the 
next column contains the consensus terms formed. Terms which sub- 
sume other terms are checked, the remaining terms are the multiple- 
output prime implicant terms. 

An extension of the Quine-McCluskey technique for forming prime 
implicants is illustrated in Table 4-9b, again using the e terms listed in 
Table 4-8. 

Several deviations from the standard procedure may be made for the 
multiple-output problem. There is no need to develop the original set of 
terms so that each term contains all the output variables. a’b’c’dZ)- 
need not be developed to a’b’c’dZ4Z4Z, + a’b’c'dZ{Z;Z, + a'b'c'dZ:Z52, 
+ a’b’c'dZ,Z,Z',, there is no harm in this but it is unnecessary if the 
matching is replaced by the consensus-forming operation. All possible 
consensuses must now be taken with each term, however, and the 
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consensus operations now cause the » sections to be matched while the ¢ 
sections perform bookkeeping. Another rule which lessens the number of 
calculations is: If a term having all the output variables in the £ section is 
formed as a consensus term, this term need not be included in the list of new e 


terms. The subsuming terms in Table 4-9b have been checked; the 
unchecked terms are the multiple-output prime implicants. 

The terms in Table 4-9b have been partitioned according to the number 
of uncomplemented variables present, so that only the consensus of those 


Table 4-9b. Solution by Quine-McCluskey Method 




















Va'b'c'd-Z,-_ | Va'-c'dZ,Z- --¢c'dZ,Z2- -b--Z;-Z; 
Va'be'd’ Z\-- -b'c'd-Z;- Va'b--Z;-Z 
Va'be'dZ\-- | Va'be'-Z\-- —be'-Z-- 
Va'bed'--Z, | Va'b-d’Z,-Z;, 
Vab'e'd-Z;- | V-be'd'Z,-- V-b-d'Z;-Z;, 
Vab'ced'Z\--— | Va'b-dZ,-Z, V-b-dZ;-Z; 
Vabe'd'Z,-- V-be'dZ\-- -be---Z} 
Va'bed--Z; Va'be---Z;, a--dZ,Z5- 
ab'cd-Z- V-bed'--Z; a-c-Z3Z,- 
Vabe'dZ\-- ab’-d-Z;- ab--Z-- 
Vabed'--- Va-c'dZ,Z5- 
Vabed--— Vab!c-Z,Z4—- 
a-cd'Z\-— 
Vabe’-Z\-— 
Vab-d'Z\-- 
V-bed--Z, 
a-cd-Z,- 
Vab-dZ\-- 
abc--—-— 


terms having one less or one more uncomplemented variable than a given 
term need be formed. In Table 4-9b terms in a given section need only 
be tried with the terms in the sections immediately beneath and above. 

Proof that using either the Samson and Mills algorithm or the Quine- 
McCluskey technique on the ¢ terms yields the set of multiple-output 
prime implicants is relatively straightforward. 

Assume that the modified Quine-McCluskey technique is used, except 
(1) that all € terms, including those from rows of the table of combinations 
in which all the outputs are 0 (that is, « terms with all the variables in the 
¢ section), are used at the start of the process, and (2) that e terms con- 
taining ¢ sections with all variables present are included as consensus 
terms and used for further consensus taking. The »v sections of the « 
terms in the table of calculations which results will then contain every 
product term which may be formed in the input variables, and each » 
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section will have an adjoining ¢ section which indicates which, if any, 
expressions are implied by the » section. The elimination of subsuming 
terms and terms with all variables in the ¢ section (terms which have » 
sections which imply none of the expressions for the output lines) will 
leave only the multiple-output prime implicants. 

The omission of the « terms corresponding to rows of the table of 
combinations which contain all 0’s in the output columns and the omission 
of consensus terms with ¢ sections containing all the output variables will 
not affect the ultimate forming of all the multiple-output prime implicants 
during the calculations, for since more of the ¢ sections contain uncom- 
plemented variables, these terms can never lead to a term having a ¢ 
section with a variable omitted. At the same time the omission of these 
terms will significantly reduce the number of calculations required, for 
only ¢ terms containing v sections which imply some subset of the output 
expressions will be formed. 

4-14. Selection of Terms for Criterialand2. A set of multiple-output 
prime implicant terms has been derived, the » term sections of which 
subsume no shorter term which also implies each of the expressions 
indicated by the ¢ sections. The remaining part of the synthesis pro- 
cedure consists in selecting a subset of the multiple-output prime impli- 
cants, and then using the » sections of these terms to form the correct set 
of expressions. In order to facilitate the description, multiple-output 
prime implicants will be referred to as ¢m terms. 

The selection of the ¢ terms will depend on which criterion for mini- 
mality is used. The same basic technique may be used for criteria 1 
and 2, but a basically more complicated technique is required to ensure 
minimal expressions according to criterion 3. Accordingly, a procedure 
for selecting a subset of ¢, terms and forming expressions which are 
minimal by criteria 1 and 2 will be described in this section, followed by 
the procedure for assuring minimality by criterion 3 in Sec. 4-15. 

Table 4-10 is a multiple-output prime implicant table for the problem 
in Table 4-7. The e, terms derived in Sec. 4-4 are listed along the ordi- 
nate of the table. A set of terms derived from the table of combinations 
in Table 4-8 is then listed along the abscissa; these terms will be desig- 
nated ¢ terms, a contraction of canonical terms. There are as many ¢ 
terms along the abscissa as there are 1’s in the output section of the table 
of combinations. To form the c terms the output variables are again 
adjoined to the input variables, except that instead of eliminating the 
output variables which correspond to 1 outputs, all output variables 
are included in each term. Furthér, the number of c terms formed from 
the ith row is equal to the number of 1’s in that row. Each ¢ term con- 
sists of the input variables, complemented or not complemented depend- 
ing on the input values for the row, plus all the output variables, with only 





Table 4-10. Prime Implicant Table for Criteria 1 and 2 
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°Z° ZZ p9qo 
5Z°Z\ZP9qo 
°Z°Z'Zpoqn 
°Z°Z\Zp9qo 
°° Z\Z PIqo 
°Z°Z\ZP9qo 
°Z°Z\ZP,9qQo 
®Z°Z\ZP,2q0 
*Z°Z\Z PAW 
°Z° ZZ P,qo 
®Z°Z\ZP9,q0 
°Z°Z'ZP9,qo 
*Z° ZZ P9,Q2 
{DZ ZZ P9,qQo 
*Z°Z\ZP,9,q0 
‘ZZ ZP,9,QO 
°Z°Z\ZP94,0 
2° Z'ZP94,0 
1D Z\Z (P99,0 
°Z°Z"Z,P94,0 
*Z°Z\ZP 99,0 
{DZ ZP 4,0 
°Z°Z\ZP,99,0 
2° ZZ P90 
*Z°Z\ZPP,4,0 
°Z°Z" ZP,9,9,0 
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one output variable not complemented and that variable corresponding 
toalinthe table. Asan example, row 6 of Table 4-7 lists 0101 for the 
input values and 011 for the output values, and the two ¢ terms formed 
are a’be'dZ,Z2Z,, and a’be'dZ,Z1Z3. 

The intersection points of Table 4-10 are marked as follows: If a given 
c term along the absicissa subsumes an e» term lying along the ordinate, 
the intersection point is marked with an X. Since a’b’c’dZ,Z5Z;, sub- 
sumes —b’c'd—Z}-, an X is placed at the intersection point of these terms. 
If a given c term along the abscissa does not subsume a certain ¢, term 
along the ordinate, the intersection point is left blank. The problem is 


Table 4-11. Selection of Nonessential Terms 


ab--Z\-- x 
a-c-Z,Z5- x xX 
a--dZ,Z;- x x 
ab’-d-Zj- | X &X 
abc---— x 
a-cd-Z,- |X X X 
NN WS 
N NWN 
3 8 8 


now to select a minimal subset of the e, terms such that each of the c 
terms subsumes at least one of the selected e, terms. 

The first step consists of selecting from the table every ¢, term @ for 
which there exists a ¢ term 8 such that a is the only e, term subsumed 
by 6. An examination of the columns of Table 4-10 shows that the first, 
fourth, seventh, ninth, and thirteenth columns, counting from the left, 
each contain only one X, indicating that each of these c terms subsume 
only a single ¢, term; —be’-Z\--, a-cd'Z\-- , -be---Z4, and -b'c'd-Zy- 
are therefore necessary and will be used to form the final expressions. 
Further, all terms along the abscissa which contain an X lying in the 
same row as these necessary em terms may be removed from the table. 
This results in the removal of all terms along the abscissa except three. 
After this is done, the multiple-output prime implicants —-c'dZZ.- and 
-b—Z'-Z', will not be subsumed by any of the remaining canonical terms, 
and these need no longer be considered. The table may now be redraw 
as in Table 4-11. 

There will now generally be a choice as to which of the remaining ém 
terms are used. In Table 4-11, however, the choice is clear; the term 
a-cd-Z3- is subsumed by all three remaining ¢ terms and is selected. 
If the table indicates that choices are possible, the technique described 
in Sec, 4-4 may be used. In addition, if not all minimal sets of expres- 
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sions are required, em terms may be eliminated from the table using the 
rule: If a given é€m term a has a v section containing the same number or 
fewer literals than another em term B, and a is subsumed by every c term 
which subsumes B, then B may be eliminated from the table. 

The »v sections of the ¢, terms which are selected contain the product 
terms to be used in the final set of expressions, and the missing variables 
in the ¢ section indicate with which output expressions a given product 
term is associated. For instance, the term —be’~Z\—— indicates that be’ 
may be used in the expressions for Z, and Z;._ A first approximation can 
be obtained by logically adding together the » sections into the expressions 
indicated by the ¢ sections. Five multiple-output terms have been 
chosen for the problem started in Table 4-7 and the ¢ sections of these 
terms contain ten dashes indicating missing variables; so the list of 
expressions will contain ten terms and is as follows: 


Z, = be + b’c'd + acd 
Zz = be + be’ + acd’ 
Z; = acd + be’ + acd’ + b’c’d 


The expressions formed in this way will be minimal according to criteria 
land 2. In this case, Wr = 13, and the total number of different terms 
p is 5. 

For this particular problem the three expressions above may not be 
shortened, as none of the terms are superfluous. In some cases, however, 
one or more, but not all, of the occurrences of certain terms which are 
repeated in several expressions may be eliminated from the expressions 
formed from the e,, terms without changing the functions described; this 
will be illustrated in Sec. 4-16. Notice that removing a product term 
which occurs in several different expressions from less than all of the 
expressions does not change either p or Wz for minimality criteria 1 and 
2, although this will generally reduce the complexity of the expressions. 
After a given problem has been solved and the set of expressions derived 
for least number of literals or least number of different terms, each of the 
resulting expressions should be checked by listing the terms of each 
expression as prime implicants along the ordinate of a prime implicant 
table and listing the canonical expansion for the expression along the 
absicssa. The minimal subset of the terms in each expression may be 
selected using the prime implicant table described previously. It is also 
possible to test each term of the expression to see if the term is eliminable 
by checking to see if it implies the expression formed by logically adding 
the remaining terms in the expression. If several terms are eliminable, 
however, a prime implicant table should be made. 

4-15. Selection of Terms for Criterion 3. In order to synthesize a 
two-level expression and ensure that the minimum number of diodes is 
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used, additional calculation is required, although quite often the minimal xX XxX x XX X| *z*z"zpoqn 
expression will be the same as that obtained for the least number of literals x x x el Reet tants 
or least number of terms. In forming the prime implicant table when as 
criterion 3, Sec. 4-11, is used, the terms along the abscissa remain the x x x XX xX {zizZ'zpoqo 
same. Additional terms are added along the ordinate of the table, x x x x x x| 'z8z'z,poqn 
however. These terms are formed from the ¢, terms as follows: the 
¢ section of each e,, term indicates which expressions the » section implies % x XX) Z°Z)Z,P9q@ 
and in which it can be used. Notice, however, that if a ¢ section x x xX | *g*z"z,poqo 
indicates that a given term can be used in both expressions Z, and Z:, es 
the term might be used only in Z; or only in Z». Consequently, a set of Be NIE es *Z)Z ,ZP PQ 
expanded €,, terms is derived from each e,, term, with each » section the x xx °7°7°Zp oqo 
same, but with the ¢ section listing each possible combination of Z,’s in seas aes sors 
which the » section might be used. From the e, term ab’-d-Z;— we must i ZZ ZR 
therefore form the terms ab’-d-Z',Z}, ab’-dZZ;-, and ab’-d-Z,-, for the 3 xX x xX °7° 27 pogo 
y section of this e, term will imply and can be used in either the expression Ps xx x rae 
for Z;, or Zs, or both Z; and Z;. For each multiple-output prime impli- a * Agee 
cant formed there will be 2% — 1 prime implicants along the ordinate, 3 x *® X X *7*Z'Zpo,qo 
where g is the largest number of expressions in which the term may be : x x | tgtgtgp0qn 
used. Some of the terms formed in this way may be eliminated by use . Mae a4 
of the rule: If a term a has a »v section which subsumes the v section of 2 x X | $Z°Z)Z,P9,90 
another term B, and the ¢ sections of both terms are identical, a may be a x x xx ‘787 7p,9,q0 
eliminated. 5 

Table 4-12 is the multiple-output prime implicant table for the problem = xx x xX 12,2 ZP 9,9? 
in Table 4-7 with the e, terms expanded. First, the necessary terms, £ °7° 7" Zpoqn 
or core, will be selected as usual (in Table 4-12 there are no necessary 2 oe 

. . : . = ZZ Zp7q,9 

terms). A completely rigorous solution may now be obtained by using = ae : 
the Petrick algorithm explained in Sec. 4-7. To the left of each term a °Z° ZZ 99,0 
along the ordinate in Table 4-12, an o1 which will be used to represent the y t7tzt 7 p09,0 
expanded e¢, terms in the same row is listed. If a product-of-sums 2 nea 
expression which lists, symbolically, all the subsuming relations in the 3 *Z1Z,ZP 990 
table is formed, and then certain equivalence transformations are per- °7t 7" 7p 09,0 
formed on this expression, an expression in the expanded ¢,,’s, listing all ek 
the terms which may be used to form a set of expressions containing no *Z)Z LP 0 
redundant terms, may be derived; one of these sets of expressions will °75717,,p,09,0 
describe the minimal diode network. The expression describing Table ee 
4-12 may be formed by starting with the leftmost ¢ term and forming a ZZ LP? 
product term listing the o1’s which are subsumed by this c term. The °727'7p,0,9,0 


first sum term formed in this way is (a1: + a1s) and the term for the 
second column is (a; + ais). The complete expression for Table 4-12 
is of the form (a12 + 16) (ag*+ 16) Te te (a4 + a5 + Q7 -+ Q10 + 
a7 + cig + ayo). This expression may be shortened by the theorem 
(B+ 7+ 8)(8+ 7) = (8+ 7), following which the sum terms of the 
expression are multiplied together, converting the expression to sum-of 
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products form. If this expression is then shortened using the theorem 
By + Byé = By, each product term in the resulting expression will 
represent a solution of the problem, and by evaluating the sets of expres- 
sions according to criterion 3, a minimal set may be obtained. 

The process may be shortened, however, by assigning a weight to each 
of the ¢» terms, equal to the number of variables missing in the ¢ section 
plus zero if there is only one literal in the » section, or plus the number of 
literals in the » section. Now, if a given term 8 has a weight equal to or 
less than another term y, and 6 is subsumed by every c term which also 
subsumes 7, then y may be omitted. Use of this rule may serve to 
shorten problems considerably, and the sets of expressions derived in this 
way will be minimal except for certain cases in which one of the expres- 
sions for an output can consist of a single term; these cases are easily 
detected. 

When the problem in Table 4-12 is solved in this way, the set of 
expanded em terms describing the minimal set of expressions and having 
the lowest total weight will be —be’-Z,Z5-, -b--Z-Z3, a-cd’Z ‘--, a-cd-Z5-, 
—be--Z,Z',, and —b’c'd-Z;-. The minimal set of expressions is therefore 


Z, = be + b’c'd + acd 
Z, = b + acd’ 
Zz = acd + be’ + acd’ + b’e'd 


The network requires 22 diodes to construct, while the expressions 
which were minimal by criteria 1 and 2 require 23. Notice that Wx for 
the set of expressions above is 14 and p is 6, so the expressions derived in 
Sec. 4-14 are still minimal by criteria 1 and 2. 

4-16. Derivation of Minimal Product-of-sums Expressions. The 
procedure which has been described may be used to derive sum-of- 
products expressions which are minimal according to a criterion selected 
from the three described. Minimal product-of-sums expressions may 
also be derived using basically the same procedure. 

In order to derive product-of-sums expressions, all the values in the 
output (Z;) columns of the original table of combinations are com- 
plemented before the « terms are formed. The procedure is then identical 
to the one described, except that an additional step is required. The 
expressions formed will be the complements of the desired product-of-sums 


expressions and will be in sum-of-products form. If each expression is — 


complemented, the desired form will be obtained. 

For instance, if the problem iif Table 4-12 is approached in this way 
and a solution is desired which is minimal according to criteria 1 and 2, 
the ¢, terms which are selected according to the procedure in Sec, 4-14 
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will all be necessary terms and will be ; 

-b'c'd'--- 

a’-c-Z,Z5- 

-b'-dZ\-Z;, 

-b'-d'-Z5Z3 

-be'--252;, 

a’b'c--~— 


The first set of expressions formed will be 


Z! = died’ + bid’ + be! +.a'b'c (1) 
Z, = b'c'd' + O'd +-a'b'c (2) 
Z;, = b'e'd’ +a’'c + a’b'c (3) 


This set of expressions offers an example of the rule that certain terms 
may be eliminated from the expressions formed by the procedure in 
Sec. 4-14. 

The terms b’c’d’ and a’b’c in expressions (1) and (8), respectively, are 
clearly eliminable, as they subsume other terms in the same expression 
and hence imply the logical sum of the other terms. After these terms 
have been eliminated, the three expressions are each complemented, 
forming the desired minimal product-of-sums expressions 


Z1=(b+d)(b' +e)\(atb+c’) 
Z,=(b+ct+daj(b+d)\a+b+c’) 
Z3; = (b+c+d)(a+c’) 


If the technique described in Sec. 4-15 is used, the set of expanded 
e terms which will be selected is 


-b'c'd'Z\-- 
a’—c-Z}Z5- 
-b'-dZ'-Z', 
bd! 22, 
-be'--2Z;,Z; 
a’b'c---Z;, 


These terms detail a set of expressions with no redundant terms, a 
characteristic of the technique in Sec. 4-15. 

4-17. Unspecified Input and Output States. Unspecified input and 
output values are handled in the following manner: In the original table 
all possible input states are listed. If certain input conditions will never 
occur, each output in the corresponding rows is assumed to be a 1 when 
the table of combinations is written; similarly, 1’s are placed in the don’t 
care output values. When the ¢ terms are derived, they will contain ~’s 
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in the ¢ section for the don’t care conditions. The don’t care conditions * 


are noted, however, and when the abscissa of the prime implicant table is 
filled in, the c terms, which would ordinarily be made from the table-of- 
combinations entries in which outputs are unspecified, are omitted; the 
abscissa of the table lists only the c terms which come from do care 
conditions. The remainder of the procedure is unaltered. 


PROBLEMS 
4-1. For an expression in four variables let mo represent the product term Lilelglyy 
ma the product term 2iLyx4C4, Me the product term Tylot,t,, ... , and finally mis the 


product term 2:227324. Similarly, let Mo represent the sum term x, + 2, + 25 + 24; 
M;, the sum term 2, + 2, + 2, +24; etc. Find minimal two-level product-of-sums 
and sum-of-products expressions for the following, using the criterion of least terms 
to determine minimality: 


(a) f = mo + ms + ms + me: a problem in three variables 

(b) f = mi + ms + miu + mis + mis + mu: a problem in four variables 

(c) f = mo + mz: how many simplest product-of-sums expressions are there? 
(d) f = Mi-Ms-Ma:Ms-Me- Mi 

(e) f= Myo: Mi: Me: M3-M,i:- Ms: Mis: Mus 

(f= (Mo: Mi: M2) + (mp + m + ms) 

(g) f = mi + me +m 

4-2. With the notation of Prob. 4-1, simplify the expressions for the following 


multiple-output networks, using the criterion of least variables: 
(a) A network with three outputs y1, Y2, and ys, where 


y= zZmo, mi, M3, Ms 
Yo = Tm, Ms, Ma, Ms 
y= ZmMi, M5, Me, M7 


(b) A network with four outputs yi, yz, ys, and ys, where 


yi = M.:Ms-Ms: Mz 
yo = M;-Ms-M; 

ys = Mi-Ms- Mi: Ms 
ys = Mi: M2-M3- Ma 


4-8. Simplify the following expressions, allowing three-level logic in the network 
which realizes the expressions (the notation is that of Prob. 4-1): 


(a) f = mo + ms + me + m7 (b) f = me + ms + m 


(c) f = mi + me + mi 
4-4, Let mi, m2, ..., tn be defined as in Prob. 4-1. Minimize the following 
expressions for a multiple-output network, using all three criteria: 


mu + ms yo = ms + mu + ms 


Yi 
mo + mis + 15 = yg = mo + ms + mn + mM 


Ys 

4-5. Assume that the input combination z, = 0, 2 = 0, 23 = 1, and «4 = 0 never 
occurs for the network in Prob. 4-2a (mz is a don’t care), Minimize the expressions 
using this fact, 


Noll 
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4-6. Let ms, mus, ms, and m7 be don’t cares for the multiple-output network described 
in Prob. 4-4. Minimize the expressions using this fact. 

4-7. Let a, 8, and y be Boolean product terms. Show that a implies 6 + y if 
and only if 8 + ay is equivalent to 8 + a (Quine). 

4-8. Show that if & is the sum-of-products canonical expansion for a given function 
f and W is an irredundant sum-of-products expression equivalent to &, then any com- 
pletion of a product term of W is a term of &. [A completion of a product term a 
which is a term of an expression W is formed by adding to «@ all possible combinations 
of complemented and uncomplemented literals not in a but in ¥ (Quine)]. 

4-9. Show that the only irredundant normal-form expressions which always have 
the value 1 are of the form a + a’, b + 0’, etc. (Quine). 
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5 


Mathematical Foundations 


5-1. The Boolean Ring. Chapter 2 introduced the concept of registers 
and functions of registers. Chapters 3 and 4 showed how functions of an 
n-cell register lead naturally to the introduction of Boolean algebra as an 
algebraic means of expressing such functional relations. In this chapter 
we shall reinvestigate the properties of Boolean algebra, but this time as 
an abstract entity, and shall follow this more rigorous treatment of 
Boolean algebra with an introduction to some of the mathematical 
concepts underlying the symbolic design techniques in this book. 

We shall deviate considerably from the standard approach to Boolean 
algebra (which can be found elsewhere)! and introduce it via the concept 
of another equivalent entity, the Boolean ring.t Our reasons for this 
approach to the subject are twofold. Firstly, a minimal set of postulates 
for a ring sometimes appears more natural to one unacquainted with the 
subject than a minimal set of postulates for a Boolean algebra. Secondly, 
it is often useful to be able to think clearly in terms of a Boolean ring as 
well as in terms of the algebra. 

First consider the postulates of a general algebraic ring, which the 
Boolean ring ultimately will satisfy as well. One should keep in mind, 
in reading these postulates, that the most familiar example of a ring is the 
set of positive and negative integers with their associated rules of addition 
and multiplication. Specifically, a ring may be described as follows: 

A ring R is defined as a set of elements a, b, c, . . . such that for any 
two elements a and b in R, a sum a @ b and a product a- b, belonging to 
R, are uniquely defined.t These operations on R satisfy the following 
minimal set of postulates. 


| This approach to Boolean algebra was first taken by M. H. Stone? in 1935. 

{ This chapter will refer to the ® operation between variables as addition, a con- 
traction of mod @ addition as defined in preceding chapters. Later the logical 
addition operation + defined in preceding chapters will be introduced. Calling 
@® addition is in accordance with common usage in the field of modern algebra as is 
torming a @ b the sum of a and b. Electrical engineers, computer designers, pro- 
urammers, ete., use the term mod 2 addition, and we shall revert to this terminology 
after Chap, 5, 
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POSTULATES FOR A RING R 


1. Laws of addition 
a. Associative law:a @ (6 @c) = (a@b) Ge 
b. Commutative law:a @b =b @a 
c. Solvability of the equation a ® x = b: For all a and b in R there 
exists a solution z in R of the equationa ®@z = b. 
2. Law of multiplication 
Associativity: a(bc) = (ab)c 
3. Distributive laws 
a. a(b ® c) = ab © ac 
b. (6 @®c)a = ba © ca 


As we have already mentioned, the reader may readily verify that the 
set of positive and negative integers satisfies the above set of postulates 
for a ring. Other examples of rings include the set of all positive and 
negative even integers, the set of all rational numbers, all complex 
numbers, and finally the set of all n X n matrices, all with their usual 
rules for addition and multiplication. 

Each of the above examples of rings has a zero element and the property 
that every element of the ring has an additive inverse (or negative), i.e., 
if a is an element of the ring, there is an element ~a with the property 
a+ (—a) = 0. Consequently, we infer that it is possible to deduce the 
existence and uniqueness of a zero element and additive inverses from the 
above postulates for a ring. 

Lemma 5-1. There exists one and only one zero element 0 such that 
0 @a=aforallainR. For every element a in R there exists a unique 
additive inverse —a such that a ® (—a) = 0. 

Proof. For an element a in R there exists at least one element, which 
we denote by 0,, such that 

0.Ba=a 
We now show the equation 
0. €@b=b 


is true for all b in R. In other words, the particular element 0, is a zero 
element for all elements of the ring. To show this consider a solution 
a» in R of the equation 

a®w=b 


where a is the same element used above and 6 is an arbitrary element in 


R. Then . 
0. €8b=0. ® (a@ m) = (O. Ba) Pm = a®a=b 


for allb in R. For the uniqueness of 04, suppose 0 is another zero in R, 
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and substitute it for b in the above equation; then 
=0.60=000=0. 


so that a unique zero dambet which we denote by 0, exists in R. Thus 
the first part of the lemma is proved. 
For the second part let —a be an element in R which satisfies the 
equation 
a@®z=0 
To prove its uniqueness, let c be another element satisfying this equation; 


then 
a@(-a) =a@c=0 


If we add —a to both sides of this equation, 


(—a) @ [a ® (—a)] = (—a@) @ (a Ge) 
or by postulate la 


[(—a) ® a] ® (—a) = [(-a) ®a] Ge 
so that —a=c 


Thus the lemma is proved. 

In the following corollary the equation of postulate Ic is explicitly 
solved. 

Corollary. The equation a @ x = b has the unique solutionz = —a ®b 
for all a and b in R. 

Proof. If we add —b to both sides of the above equation, we have the 
equivalent equation 

—b@aegex=0 


That the above solution satisfies this equation is evident. The unique- 
ness of the solution follows from the lemma that the additive inverse of 
the element —b © a is unique. 

The next postulate, combined with the previous postulates for the 
general ring, defines a Boolean ring B. This ring will be shown later to 
be related to a Boolean algebra. 

POSTULATES FOR A BOOLEAN RING B. A Boolean ring B is a ring 
satisfying the preceding general postulates for a ring plus the following 
additional postulate: 


4. Idempotence law 
For all a contained in B, a: a = a. 


The next lemma is concerned with some of the elementary properties of 
B which are deducible from the above postulates. 

Lemma 5-2. The Boolean ring B is commutative with respect to 
multiplication; that is, ab = ba for all a and b in B. Each element of B 
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is its own additive inverse, ora ® a = OforallainB. Finally,0-a=0 
for all a in B. 
Proof. The idempotence law implies that for all a and b in B, 


a@®@b=(a@b\aGb)=a'aGa:'b @b-'aGb-b 
= (a @®b) ®ab @ ba 


If we add —(a @ b) to both sides of this equation, 
ab ® ba = 0 
or in particular, setting b = a, a ® a = 0, and 
ab = ab © 0 = ab © (ab @ ba) = (ab @ ab) © ba = ba 


for ab in B. Also a = —a for all a in B, and both the first and second 
parts of the lemma are proved. For the last part, 


0:-a = (6 @ b)a = ba @ ba = 0 


for all a in B, so that the lemma is proved. 

It should be noted here that nothing has been said as yet about a unity 
element} for multiplication. In a previous example of a general ring RF, 
the set of all positive and negative even integers, there evidently was no 
need for a unity element for multiplication in order for this set of objects 
to satisfy the postulates for a ring. Consequently, it would appear that 
it is not possible to deduce the existence of a unity element from the postu- 
lates for a general ring. In order to ensure the existence of a unity ele- 
ment for multiplication, it would be necessary either to postulate its 
existence directly or to impose a postulate or condition from which its 
existence is deducible. We shall show later by example that the imposi- 
tion of the idempotence law on the general ring is not in general sufficient 
to guarantee the existence of a unity element in the Boolean ring B. 
However, if the number of elements in the Boolean ring B is finite we 
shall be able to show that the law of idempotence alone enables one to 
deduce the existence of a unity element for multiplication in B. We 
shall return to this topic after we discuss some examples of a Boolean 
ring in the next two sections. 

5-2. Elementary Examples and the Boolean Field. Since the opera- 


tional rules for a Boolean ring, given in the postulates and lemmas, are | 


closely related to the rules of arithmetic and in fact are less complicated 
than arithmetic, one suspects that examples of Boolean rings can be 
formed in arithmetic or the algebra of complex numbers. The following 
elementary examples illustrate the plausibility of this inference. 


1 A unity element is an element 7 such that a/ « a for all a. 
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EXAMPLE 1. Let By = {0,1}, the integers zero and one. For 2 and y 

in B 0» let 
ary = zy 

and xO@y=arty — 2zy 
where the operations on the right are those of ordinary arithmetic. 
From this definition we readily obtain the addition and multiplication 
table shown in Table 5-1. The law of idempotence and the other ring 
postulates may be verified easily to show that Bo is an example of a 
Boolean ring. 


Table 5-1. Two Binary Operations in Bo 











a sy rey TOV) yay, Xru -2X*Y 
oo0!| 0 | o - 
01 0 1 

10 0 1 
yey 1 0 (\ 


The next three examples are again examples of two-element Boolean 
rings; they will differ from the above example only in the meanings of 
their elements. 

EXAMPLE 2. Let 


0 = {0, +2, +4, +6,..., +2m,...} 
T = {4+1, +3, +5, +7,..., +Qn+1),...} 


that is, 0 is the set of all positive and negative even integers, and 1 is the 
wet of all positive and negative odd integers. These two sets or classes of 
integers are usually called the residue classes of the even and odd integers, 
respectively. Let the sum of two such sets of integers be the total set of 
sums of integers in the respective sets; e.g., 


0el 


ll 


and 


set of integers of form 2m + 2n + 1 
set of integers of form 2(m + n) + 1 
=i 


since n and mare defined on all positive and negative integers. Similarly, 
lot the product of two such sets of integers be the total set of products of 
the integers in the respective sets. It is not difficult to show that the 
addition and multiplication table for these two elements is the same as 
that given in Table 5-1 if 0 is replaced by 0 and 1 is replaced by 1. 
WXAMPLE 3. Let a and b be two distinct complex numbers and let 
x -_ a 
xy & = shy — 4) a) +a 
_ (b — 2)(b — y) + (@ — a)(y — 2) 
—a 


eOeye=b 
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where the operations on the right are those of complex numbers. By a 
direct calculation it is easy to show that the two elements a and 6 satisfy 
Table 5-1 with 0 replaced by a and 1 replaced by 6, so that the two ele- 
ments a and b with the above operations again satisfy the postulates of 
a Boolean ring. 

EXAMPLE 4. Let 7 and F mean “‘true”’ and “‘false,”’ respectively. Let 
x and y be statements, and define 


x'y=xandy 
x ®y = x ory but not both (exclusive or) 


Since x « y is true only when both z and y are true and zx © y is true only 
when z is false and y is true or z is true and y is false, the two va'ues 7 and 
F satisfy the truth table of Table 5-1, with 0 replaced by F and 1 replaced 
by T. Thus if Bz consists of the two elements F and 7, it is a Boolean 
ring. 

It might have been noticed that the elementary Boolean rings in the 
above four examples satisfy a constraint that we did not impose in the 
general definition of a Boolean ring. This constraint has to do with the 
fact that a multiplicative inverse of the nonzero element exists in these 
examples; e.g., since 1: 1 = 1, the element 1 is a unity element for multi- 
plication as well as its own multiplicative inverse. More generally these 
rings satisfy the division law for multiplication. 


5. Division law 

For all a ##@£B not equal to zero in B, there exists a solution x in B 

of the equation ax = b. axcb 

nd axe Xx=0,a2F0 

"Tf a commutative ring R with multiplicative unity element satisfies this 
postulate, it is usually called a field. We see what happens if we impose 
this postulate on a Boolean ring B in the following theorem. 

Theorem 5-1. If the above division law is satisfied by a Boolean ring B, 
it will be called a Boolean field Br. Br has precisely two elements, a zero 
element 0 and a unity J. The addition and multiplication table of Br 
is given in Table 5-2. 





Table 5-2. Two Binary Operations in Br 


Uy a-y |x @Oy 











onNO 
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Proof. Let a and b be two nonzero elements in B. By the law of 
idempotence a is a solution of the equation az = a. Assume the division 
law; let c be a solution of az = b. Then 


ab = a(ac) = (a: a)c = ac = b 


If we replace b by a and a by b and again use the above argument, we 
obtain also ba = a, so that, by commutativity, a = 6 for all nonzero ele- 
ments a and b in B. Thus all the nonzero elements of B are the same 
element, which we denote by J. The addition and multiplication tables 
for the two elements of Br follow immediately from the law of idem- 
potence and lemma 5-2. Hence the theorem is proved. 

Since the addition and multiplication tables of Br and the Boolean 
fields of the preceding four examples are identical except for the meaning 
and labeling of their corresponding elements, we say that these fields are 
isomorphic to one another. Two rings, A and B, with elements a1, G2, 
a3, ... and bi, be, bs, . .., are isomorphic if there is a one-to-one 
function a(a;) = 0; from A onto B such that aa; ® aa; = a(a; ® aj) and 
(aa) « (ea;) = a(a; + a;) for all a; and a; in A. 

For this reason, unless one is interested in preserving the identity or the 
symbology of the elements, there would be no loss of information to speak 
only of Br when discussing Boolean fields. Since Br was obtained 
deductively from a set of operational constraints or postulates imposed on 
an arbitrary collection of elements, its two elements are arbitrary except 
for the operational tables which relate them. Consequently, Br is 
isomorphic to all Boolean fields which can be constructed with specified 
elements; it is the abstract Boolean field. 

Let us now illustrate isomorphism between fields more explicitly. In 


particular let us establish a one-to-one correspondence between By and 
By. This can be done letting a function (x) of the two values in By be 
the two corresponding values in Br. That is, 


¢(0) = 0 
and ¢(1) =1 


in By. By the operational equivalence of Tables 5-1 and 5-2 or by direct 
verification we can show that 


o(x ® y) = $(x) ® o[y) 
and d(ry) = (x) oly) 


no the fields are isomorphic, 

6-8. Vector-space Boolean Rings. The Boolean rings presented in the 
lant. section were the most elementary examples, except for the trivial 
example of a ring consisting only of a zero element. The next three 
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examples of Boolean rings will be more general in that their elements will 
be vectors with components in the abstract Boolean field Br. The first 
example of such a ring will be an n-dimensional vector space B,, over the 
field B P. 

EXAMPLE 5. Let B, consist of the set of vectors of the form 
(a1,d2, . . . dn), where a; for (¢ = 1, 2, , n) is either the element 0 
or the element J in the Boolean field Br. Evidently there are 2” different 


vectors in B,. Let the addition of two elements in B, be the usual addi- - 


tion of corresponding components of the vectors; that is, if 


a= (a1,d2, see fe and b= (b1,b2, a eae son) 
then a@b = (a1 @ bi, a2 @ be, . . . , Gn B bn) 
Similarly, for multiplication let 
a:b= (a1b1,d2b2, ae) sAnDn) 
Let a = (1,2, aw Jan ,Qn), b= (b1,be, ete sn); andc = (€1,C2, oe a sen} 
To show that postulate la of the postulates for a ring R is satisfied by B 
a® (b ®c) = (ai,a2, . ~~ ,An) @ [(di,de, - ~~ 5bn) @ (e1,€2, . . - ,€n)] 
os (41,d2, sone sn) ® (bi ® c1, bs PB ca, . . . , On ® Cn) 
= [a: ® (b1 © ¢1), a2 @ (b2 © co), . . . , Gn B (bn @ Cn)] 
= [(ay ® bi) @ C1, (a2 @ be) @ Coa, se ey (Qn ® ba) ®@ Cr] 
= (a1 @ bi, a2 @ be, . . . , An B bn) @ (C1,€2, . « - 4€n) 
= [(aidz, . . . jn) ® (bi,ba, . .  ybn)] @ (1,2, - - + s€n) 


=(a@b) @e 


so that the elements of B, are associative with respect to addition. The 
remainder of the postulates, except for postulate 1c, may be verified in a 
similar manner. 

For postulate le we know from the properties of the Boolean field Br 
that, for a, and bm» in By, each equation of the set 


Om B tm = dn 


for m = 1, 2,..., n is solvable. That is, for each a, and b,, in By 
there is a solution rm = dm ® bm in Br for m = 1, 2,...,n and the 
vector of solutions ‘ 


LX = (X1,%2, . ~~ ,An) = (G1 @ Di, G2 @ bo, . . . , An B Dn) 


is an element of B,. Now the solvability of this set of equations is . 


equivalent to the solvability of the equation 
+ Qn B® tn) = (dijbe, . . « sdn) 


componentwise for each x». But by the definition of addition in B, and 


(a; ® 21, dg PX, ... 
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the fact that the above vector of solutions z is an element of B,, the 
solvability of the latter equation is further equivalent to the solvability 
of the vector equation 


(a1,d2, oe i ;Qn) (<3) (x1,22, oy fan sta jitin) = (bi,b2, rae s0n) 
or finally equivalent to the solvability of 
a®@x=b 


for alla and b in B,. Hence postulate 1c is satisfied. 

It should be noted here that B, always has a unity for multiplication; 
the element (J = I,J, . . . ,J) is such that for any ain B,, al =a. In 
the next section we shall show that any Boolean ring with only a finite 
number of elements possesses a unity for multiplication and later on we 
shall show that any such ring always contains exactly 2” elements for some 
integer n. In fact, as one might suspect, it is possible to show that any 
Boolean ring with a finite number of elements is isomorphic to the Boolean 
ring B, for some n; B, is a prototype for all Boolean rings having only.a 
finite number of elements. 

In order to motivate the next examples, let us first show that Bn is 
equivalent to a ring of functions on By of a discrete variable m (where 
m= 1, 2,3, ..., ). Consider the set of all functions of the form 
a(m) where a(m) = 0 or 1 in By for each m. Define addition and 
multiplication between two such functions by 


(a ® b)(m) = a(m) @ b(m) 
and (ab)(m) = a(m)b(m) 


lividently a(m) for some integer m corresponds to the mth component a» 
of some n-dimensional vector a in B,; moreover, the sum a @ b and 
product ab, as defined above for functions a and b, are equivalent to the 
way in which addition and multiplication were defined between the 
vorresponding vectors a and b. We will now use the functional formalism 
to illustrate an example of a Boolean ring of vectors where each vector has 
4 countably infinite number of components. 
wXAMPLE 6. Let By consist of the set of all functions (or vectors) of the 
form_a(m), where _m_runs through the set of positive integers (1,2,3, 
.) and where. a(m) for a particular value of m is either the element 0 or 
the element J in the Boolean field Br. If a and b are two functions in B;, 
the operations of addition and multiplication are defined respectively by 


(a ® b)(m) = a(m) ® b(m) 
and (ab)(m) = a(m)b(m) 
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for (m = 1,2,3, ...). One can verify that B; satisfies the postulates of 
a Boolean ring in the same manner in which they were verified in the 
previous example. This ring has for unity element the function J(m) = I 
for (mn = 1,2, ...) and for zero element the function 0(m) = 0 for 
(m = 1, 2, 5, 

The elements of the above examples are two-valued functions of the 
positive integers. Let_us henceforth call such two-valued functions of 
some variable Boolean functions. Then we haye shown that By the set set of 
all Boolean functions of the discrete variable m, where (m = 1, 2,3, 5ce)5 
is a Boolean-ring. 

The next example will be very general in that it will be the ring of 
Boolean functions of an arbitrary variable \. The arbitrariness. of \ 
means that the domain S (or the set of objects), the elements of which 
assumes as it varies, can be chosen arbitrarily, though in any particular 
instance S must remain fixed and well defined when once it has been 
chosen. For example, our choice for domain S might have been the 
integers from 1 to n, all positive integers, or perhaps the set of all real 
numbers from — © to +. We already have examined two choices for 
S; these two choices gave rise to the Boolean rings B, and B; of Examples 
5 and 6, respectively. As a consequence our next example will include, as 
well as generalize, the preceding examples of this section. 

EXAMPLE 7. Let S be some set of objects (a,b, . . .) and let \ denote 
an arbitrary member of this set; \ is a variable with domain S. Let Bs 
be the set of all functions f(A), where f(\) for a particular value of \ in S is 
either the element 0 or the element J in the Boolean field Br. If f and g 
are two functions in Bg with domain S, the rules for the operations 
between the two functions are 


(f ® g)Q) =f) B gQ) 
and IDA) = FA)GO) 


for each value of \ in S. 

Evidently the zero element of Bs is a function 0(A) such that 0(A) = 0 
for all \ in S; a unity in Bg is the function (A) such that (A) = J for all 
Xin S. Let us show that the distributive law 3a is satisfied. Iff,g, andh 
are Boolean functions in Bs, then 


fg ® AMA) =fMLG GAA] = FUGA) AQ) 
= fg) BFA) = fg) ® fh) 
= (fg ® fh)(r) 
Thus this postulate is satisfied. "The remainder of the postulates, except 
1c, are satisfied in a similar manner. For postulate 1c, the equation 


LOA) ® x) = Gg) 
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for any f and g in Bs, is solvable for any ) in S, and the solution is an 
element of Bs. But. by the definition of addition in Bs, the solvability of 
this equation is equivalent to the solvability of the equation 


(f ® x)(X) = gQ) 


for any f and g in Bs, and postulate Ic is satisfied. Since the postulates 
for a Boolean ring are satisfied, Bs is an example of a very general Boolean 
ring. 

Further examples of Boolean rings will be introduced later. It suffices 
to say at this point that most of the rings introduced later will be spe- 
cializations of Bs or subrings of these specializations. In the next section 
we return to the postulates and consider the question of whether or not a 
unity element for multiplication exists in all abstract Boolean rings. 

5-4. The Unity Element for Multiplication. The questions that were 
raised in the latter part of Sec. 4-2, concerning the existence of a unity 
element for multiplication in the Boolean ring, will now be examined. 
We first show that a Boolean ring with a finite number of elements always 
has a unity element. In order to accomplish this, it will be convenient to 
introduce another operation in the Boolean ring, which for the present we 
shall call the join operation. As we shall see in the next section, the join 
of two elements in a Boolean ring will be equivalent to the logical addition 
operation between two elements in a Boolean algebra defined in Chap. 3. 

Definition 5-1. The.Join Operation. For any two elements a and b in a 
Boolean ring B, the join + is defined by 


a+b=a@b@ab 


‘The next lemma restates the rules given in Sec. 3-10, for the join operation. 
Lemma 5-3. If a, b, and ¢ are arbitrary elements in a Boolean ring B, 


the join between ¢ elements of B satisfies the following relations: 


. Idempotence law 


ata=a 
2, Commutative law 
a+tb=b+a 
8. Associative law 
a+ (b+c) = (a+b)+e 
4, Absorption laws 
a(a+b) =a 
a+ab=a 


b, Distributive laws 


a(b + c) = ab + ac and a+ be = (a+ b)(a +c) 
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Deductive Proofs. For the idempotence law: 
ata=a@a@a‘a=(a@a) Ga=-00a=a4 


The commutative law follows from an inspection of the definition of the 
join operation. For the associative law: 


at+(b+c)=a@ (b @c@ be) P alb Gc @ be) 
a@®b@c @ be @ ab @ ac © abe 
(a®b @ab) @cG @@b @ab)e = (a+b) +e 


Let us prove only the first absorption law; the other can be verified in a 
similar manner. 


ll 


i 


ll 


a(a + b) 


a(a @ b @ ab) 
=a:‘a@ab @a-ab 
a @ ab @ ab 
a@od=a 


Finally, for the same reason we verify only the first distributive law, as 
follows: 

a(b +c) = a(b @c @ be) 
ab ® ac @ abc 


ab ® ac ® (ab)(ac) = ab + ac 


i] 


i 


Thus the lemma is established. We are now in the position to prove the 
following theorem. 

Theorem 5-2. A Boolean ring B with only a finite number of elements 
has a unity element for multiplication ; that is, there exists in B an element 
T such that aI = a for all a in B. 

Proof. Consider the join of all elements of B, that is, the expression 
>b over all elements bin B. By definition 5-1 and the associative law for 
the join in the previous lemma, 2b is expressible as a finite sum of products 
of elements in B. Hence £b is an element of B. Let a be an element of 


B; then 





a(=b) = a(a + =*b) 


where the star on the summation sign means the join of all elements of B, 
except.a. The theorem clearly follows from the first absorption law, and 
xb is the unity Z for multiplication. 

Let us now give an example of a Boolean ring with an infinite number 


of elements which does not possess a unity for multiplication. This — 


example will show the necessity in general of postulating the existence of a 
unity element for multiplication in a Boolean ring if the need exists for a 
unity element in the ring. 

EXAMPLE 8. Let Bz be the set of all sequences of elements from the 


Boolean field Br such that no sequence has more than a finite number of 
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I’s. In other words By is the set of elements of the form 
(d1,@2, . . . ,An, - + -) 


where a; is either the element 0 or the element J from Br, and where each 
sequence is restricted to having only a finite number of J’s. Evidently 
the set By is included or contained in the Boolean ring By; of Example 6; 
that is, By isa subset of By. That By is a Boolean ring can be verified in 
a manner similar to that used for Example 6, so that By is a Boolean 
subring of Br. We now make the assumption that By has a unity element 
for multiplication and show that this assumption leads to a contradiction. 
Let the unity be the sequence 


Tx = (b1,b2,b3, Mie .) 


Since Iy is an element of By, only a finite number of b,’s of the sequence 
can be the element J of Br, so for some k, b, = 0. Let c be the nonzero 
element 


C = (€1,€2,€3, . . .) 
eee _ fo fori #k 
such that deel 8 for < «= Ek 


for (¢ = 1,2,8, .. .). Certainly c is an element of By. But 
cy =0 #e 


so that our assumption must have been wrong. Hence the Boolean ring 
By contains no unity element for multiplication. 

If a Boolean ring does contain a unity clement for multiplication, there 
still remains a question as to its uniqueness. In the next theorem this 
question is answered. 

Theorem 5-3. If a Boolean ring B has a unity element for multiplication, 
that is, if there exists an element J in B such that aJ = a for all a in B, 
then J is the only such element in B which has this property..The unity is 
unique. 

Proof. Suppose there is another element /* such that a/* = a for all 
ain B. Then 





POerl=I* @leI1Gr=0 


ao that J* = 7. Hence the theorem is proved. 

In the next section we will define a Boolean algebra and show that it 
is equivalent to a Boolean ring with unity element. 

6-5. The Boolean Ring as a Boolean Algebra. In Sec. 5-1, the Boolean 
ring B was defined to be a set of elements (a,b,c, . . .) such that for any 
(wo elements a sum a @ b and a product a:b, belonging to B, were 
uniquely defined. An operational structure was created by imposing the 
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postulates for a Boolean ring B in Sec. 5-1. These were the postulates for 
the algebraic ring plus the idempotence law. In the last section we 
showed that a Boolean ring did not contain, in general, a unity element for 
multiplication, but that if it did contain a unity, the unity was unique. 

This section will show that a Boolean ring with unity is equivalent 
algebraically to a Boolean algebra—in particular the algebra created in 
Secs. 3-2 to 3-4 to describe the functions or transformations of n-cell 
registers. We first show that the product operation, the join operation 
(introducted in the last section), and the complement operation (which 
we will presently define) give rise to certain relations in a Boolean ring 
with unity which are equivalent to the Boolean algebra theorems of Sec. 
3-4. It will then be shown that the postulates for a Boolean ring with. 
unity can be deduced from the postulates for a Boolean algebra. This will 
establish an equivalence between these two entities which will make it 
possible for one to use their languages interchangeably in further examples. 

Now we define the complement operation in a Boolean ring with unity. 
This operation will be operationally equivalent to the complement opera- 
tion defined in Sec. 3-2. 

Definition 5-2. Complement Operation. If a is any element in a 
Boolean ring with unity, the complement of a is 


a=aegl 


where J is the unity for multiplication. 
We can now prove the following lemma, which shows that the rules for 
a Boolean algebra are true in a Boolean ring with unity. F 


Lemma 5-4. If a, b, and ¢ are arbitrary elements in a Boolean ring B 
with unity J, the following set of relations between the product, join, and 


complement operations hold (where join and complement are defined, 
respectively, in definitions 5-1 and 5-2): 


1. Idempotence laws 
a:‘a=a and ata=a 
2. Commutative laws 
ab = ba and a+b=b+a 
3. Associative laws 
a(be) = (abe s and =at+(b+e)=(a+b) +e 
4. Distributive laws 


a(b +c) = ab + ac and a+ be = (a+ b)(a + ¢) 
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5. The zero and unity laws 


0-a=0 and la=a 
O+a=a and I+a=I 


6. The laws of complementation 


a. Complementarity: aa’ = 0 and at+a =I 
b. Dualization: (ab)’ = a’ + b’ and (a +b)’ = ad’ 
c. Involution: (a’)’ =a 


Proof. Rules 1 to 4 and the first part of rule 5 were either properties 
of the Boolean ring or were proved in lemma 5-3. To prove the latter 
part of rule 5, 

, O+ta=00a@00-a=a 
and It+ta=I1@aGla=I1G@aGa=-I1GO0H=!I 


The first law of complementation obtains as follows: 


aa’ =a(I @a) =a@a‘a=aPa=0 
at+ad’=a@GaGl@G@aGa=-l 


Let us show only the first dualization rule; the other follows similarly. 


a+b =a eb Gat’ =aGlOobGlGEeaOlb@l) 
a@b@® (ab @a@b G1) = ab OI = (ab)’ 
I'inally, (v’)' =a @l=aG1Ol=a 


xo that the rule for involution holds and the lemma is proved. 

Let us now define a Boolean algebra. 

Definition 5-3. A Boolean algebra is the set of objects 0, I, a, b, ¢, 
d,... ,such that for BBY , two elements a and b a product ab, a joina + b, 
und a complement a’, belonging to the algebra, are uniquely defined. 
‘These operations satiny rules 1 to 5 of lemma 5-4. 

The next lemma establishes the fact that a Boolean algebra, as defined 
above, is likewise a Boolean ring with unity. 

Lemma 5-5. If B is a Boolean algebra, as defined in definition 5-3, then 
B is a Boolean ring with unity with respect to the product ab and sum 


a@b=ab+ab’ 


where a and b are elements in B. 

Proof. The proof consists of a verification of the postulates for a 
Boolean ring with unity. First note that I’ = (I + I’)' = I'I = 0 80 
that for d in B, 


d@l=dI+d0=d' 
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Thus, for 1a of the postulates for a ring 
a@(b@c)=a(b Gc) +ab GJ) Pel 

a’(b’c + be’) + a(be + b’c’) 

, = a’b’c + a’be’ + abe + ab’c’ 

(ab + a’b’)c + (a’b + ab’)c’ = (a @b) Ge 

Proof of postulate 1b is elementary and 1c may be demonstrated by show- 

ing that a ® x = b, or its equivalent, 


u 


a’x + az’ =b 
has a solution. Let us try for x the quantity a’b + ab’ =a @b. First 


z’ =a' @b=a'b’ + ab 
so that a'x + av’ = a'(a’b + ab’) + a(a’b’ + ab) 
a'b + ab = (a’ + a)b =) 


by the rules of lemma 5-4. Hence postulate 1c is satisfied. Postulate 2 
is equivalent to rule 3 of lemma 5-4. Let us prove only the first dis- 
tributive law 3a, for 3b follows similarly. For this, 


ab ® ac = (ab)/ac + (ab) (ac)' 
(a’ + b’)ac + ab(a’ + c’) 
ab’c + abc’ = a(b @ c) 


The idempotence for multiplication is shown by rule 1 of lemma 5-4, and 
the rule for multiplication by a unity follows from rule 5; hence the 
postulates for a Boolean ring with unity are satisfied, and the lemma is 
proved. 

Let us now combine the previous two lemmas into the following, now 
evident, theorem: 

Theorem 5-4. A Boolean ring B with unity with respect to the opera- 
tions - and @ is likewise a, Boolean algebra B with respect to the opera- 
tions + and’, and conversely. The nonproduct operations between these 
two algebraic structures are related as follows: 


a=ael 
a+b=a@b@ab 
a®b=a’b+ab’ 


Henceforth it will be convenient to assume that a Boolean ring has a 


ll 


ll 


unity unless otherwise specified; consequently all further Boolean rings _ 


will be Boolean algebras as defined in definition 5-3. 

5-6. Boolean Algebra of Subsefs. Consider, now, Boolean algebras of 
the subsets of a set. Although set theory is discussed more fully else- 
where (e.g., see Feller,? Halmos'), for completeness we will briefly discuss 
set theory as another example of a Boolean algebra. 
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Definition 5-4. Sets and Notation. A set is an arbitrary collection of 
objects or elements (a,b,c, . . .). If ais an element of set A, the notation 


acA 


means that a belongs to A. Set A is called a subset of B if every element 
of A is an element of B; the notation 


ACB or BOA 


means that A is a subset of B. Two sets A and B are said to be equal if 
every element of A is in B and vice versa; that is, A = B if and only if 


ACB and BCA 


The set which contains no elements is called the empty set and is denoted 
by the symbol 0. A collection or set of subsets of some entire set Q is 
called a class Cg of subsets of 2. The entire set 2 is sometimes referred to 
as the space to which the class C'g refers, and elements of 2 are sometimes 
referred to as points of space Q. 

Let us now define the operations between the subsets of space 2. It 
will be with respect to these operations that a class Cg may be a Boolean 
algebra. , 

Definition 5-5. Set Operations. The common part of two sets A and B 
is denoted by A () B and is called the intersection of the two sets. All 
the elements of A, together with all the elements of B, comprise a set 
A U B, which is called the union of the two sets. If @is a space and set A 
is part of Q, then the set of elements (points) which belong to 2 but not to 
A is called the complement of A and is denoted by A. The symmetric 
difference of two sets A and B is the set of all elements of A together with 
all elements of B except for the part common to both A and B; this 
operation is denoted by A A B. 

The set operations just defined obey the following laws. Let A, B, 
und C be subsets of space &. 


1, Idempotence laws 
ANA=A and AUA#=A 
2, Commutative laws 
ANIV\B=BO°\A and AUB=BUA 


'\, Associative laws 


AN(BOC) =(ANB)NC 
and AU(BUC) =(AUB)UC 
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4. Distributive laws 

AN(BUCQ) =(ANB)UMANC) 
and AU(BNC) = (AUB) N(AYUC) 
5. Zero and unit laws 

OnA =0 and QHAH=A 

OUA=A and QUA H=2 
6. Laws of complementation 

a. Complementarity: 
At\A=0 and AUA= 


b. Dualization: 
ANB=AVUB and AUB=ANB 





c. Involution: 7 
(A) =A 
7. The laws relating symmetric differences with unions and complements 
AAB=(ANB)U(ANB) 
and AUB=AABA(ANB) 


Let us show the method of proof for the above set of rules by demon- 
strating the first distributive law of rule 4. The proofs for the remainder 
of the rules are similar. 

To prove the distributive law 


AN (BUC) =(ANB)U(ANC) 


suppose first that a is an element of the left-hand side of the identity ; that 


is, Suppose 
aE€AN(BUC) 


Then a is in both A and either of the sets B orf, or both, so that by 
definition 5-5 a is in set A B or set AC or both. Thus 


aE (ANB)U(ANC) 
and since a was arbitrary, 
AN(BUQ C(ANB)U(ANC) 


so that the left-hand side of the identity is contained in the right side of 


the identity. By the definition ‘of equality in definition 5-4, if we now 
show that the right side is contained in the left side, the proof will be 


finished. Suppose 
bE(ANB)U(ANC) 
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then b is in the common part of A and B or in the common part of A and 
C or in both of these common parts. Hence b must be in set A as well as 
in either of the sets B or C or both. Thus 


bEAN (BUC) 
and consequently 
AN(BUC)D(ANB)UANC) 


so that the rule is established. 

If we let intersection correspond to product, union correspond to join, 
and the complement of a set correspond to the complement of an element 
of a Boolean algebra, and let the empty set 0 correspond to 0 of a Boolean 
algebra and the space & correspond to the unity J, then the above rules 1 
to 6 correspond precisely to the set of relationships 1 to 6 of lemma 5-4. 
Thus, in accordance with definition 5-3, if Co is a class of subsets 0, 9, A, 
B, C, ... of space @ such that for any two elements A and B of Co, 
the intersection A (\ B, union A U B, and complement A also belong 
to class Co, then Co is a Boolean algebra. If unions and intersections 
and complements of elements of a class are likewise elements of the class, 
the class is said to be algebraically closed. We can now state the follow- 
ing theorem: 

Theorem 5-5. If Cg is a class of subsets of space 2 which includes the 
empty set 0 and set @ and if Cg is algebraically closed, then Co is a 
Boolean algebra with respect to the operations of intersection, union, and 
complement. With respect to the operations of intersection and sym- 


metric difference, Co is likewise a Boolean ring with unity ©. 

The latter statement of the above theorem follows clearly from rule 7 of 
this section and theorem 5-4. Evidently, if Cg is a class of subsets of a 
space Q which satisfies the hypotheses of the above theorem, Cp is the 
sixth example of a Boolean algebra in this chapter. 

5-7. The Concept of Mapping. In Secs. 2-5 and 5-2 and in Example 5 
of section 5-3, special cases of functions which map one set into another 
set have been discussed. Here we formalize the concept of a mapping and 
apply it to some examples. 

Let A and B be two sets of elements. If there corresponds to each 
clement a € A a unique element f(a) = b, where b € B, then f is called a 


wingle-valued function of set A into set B, and the element f(a) in B is 








termed the image or function value of the element a. Such a correspond- 
ence between sets A and B is often termed a mapping of set A into set B 
(since the set of all images of elements in A need not exhaust the set B). 
The set A over which the mapping is defined is called the domain of 
definition or domain, ‘The set of all images, usually denoted by f(A), is 
known as the range or image space of the mapping. If f(A) = B; that is, 
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if for each b € B, f(a) = b for some a in A, then the function f determines 
a mapping of the set A onto set B._| 

If f is a function which determines a mapping of set A into set B (that 
is, if f is a single-valued function of elements of set A with values in set B), 
then an element a which has image f(a) = 6 is called an inverse tmage of b. 
Generally there is more than one inverse image in domain A of an element 
in range B (in Fig. 5-1, a and a’ in set A are both inverse images of the 





= f(a) = f(a) 


Fia. 5-1. Images and inverse images. 


element b). The total set of inverse images of an element b in the image 
space is called the complete inverse image of b and is denoted by f—*(6). 
Another notation for f-1(b), which is more explicit, is the brace notation 


f(b) = {alf(z) = b} 


denoting that set of elements (points) z in A for which f(x) = b.. Evi- 
dently (see also Fig. 5-1) f-1(b) is a subset of domain A. 

If every complete inverse image contains only one element of set_A, 
then the sets A and f(A) are said to be in one-to-one correspondence under 
the mapping f (mapping determined by function f). ‘Tn this case f-! is a 
single-valued function of the original image space f(A) onto set A, so that 
an inverse mapping of set f(A) onto A is determined by f-. 

If each complete inverse image of a mapping f contains in general more 
than one element of the set A, then each complete inverse image of an 
element in f(A) C B is a unique subset of A, ant the set of all complete 
inverse images of elements in f(A) constitutes a subclass (which we 
denote by C,-:) of the class of all subsets of A. Hence, in this case f~' 
can be regarded as a single-valued function of f(A) with values in the 


class of all subsets of A, and C;-: is the range of this mapping. Since — 


originally f was a single-valued function of A into B, each element of class 
C;-: is a subset of A which corresponds to one and only one element of 
f(A). Hence each complete inverse image of the mapping f~’ of f(A) 
onto C,- can contain one and only one element of f(A). ‘Thus the set 
f(A) and the class C,-, of inverse images are in one-to-one correspondence. 
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In other words the class of all complete inverse images of a mapping is in 
one-to-one correspondence with the range of the mapping. Evidently 
C;-1is a disjoint class of subsets; that is, a class in which no two sets have 
elements in common. Such a class is sometimes called a partition of set 
A. Consider now some examples of mappings. 

EXAMPLE 1. For the first example we discuss the mappings of the 
space of n-cell registers into the space of m-cell registers. As defined in 
Set. 2-5, the function D = f(C) of an n-cell register C with values in the 
m-dimensional vector space V,,, is a single-valued function of the set V, of 
2" points into the set Vn of 2" points. Hence f determines a mapping of 
V, into Vm. Ifm <n, Vm can be regarded as a subset of V,, and f may 
be regarded as a mapping of V,, into itself. Finally, since f and m are 
arbitrary, the class of all dependent registers of V, illustrates a particular 
manner in which the class of all mappings of a set of 2” objects into itself 
can be realized. 

EXAMPLE 2. As we shall see, this example of a mapping is intimately 
related to Example 7 of Sec. 5-3. Let Co be a class of subsets of space , 
such that Cg is a Boolean algebra with respect to the set operations inter- 
section and symmetric difference. With each subset A € Ca, define the 
function o4(A) for all \ in Q by the relations 


(x) = I ifACA 
many ™ lo ifr Ed & (Aa) = F 
where 0 and J are the elements of the abstract Boolean field Br (see 
Sec. 5-2) and A is the complement of A. Since the function o4 is single- 
valued, it determines a mapping of Q onto Br. Evidently, 


A= {AleaQ) = 1} 
A = {AleaQ) = 0} 


“0 that the complete inverse images of the elements J and 0 in By are 
precisely the sets A and A, respectively, in Co. 

Now if the domain S of Example 7 in Sec. 5-3 is the set & above, then 
wa(d) clearly is a Boolean function of the variable > and an element of the 
Boolean ring (algebra) Bo of all Boolean functions of the variable \ in set 
0, Thuse4(d), when regarded as a function of A, where A is an arbitrary 
element of class Co, is a single-valued function of class C'e into the set Bo 
of all Boolean functions of 9. For each set A in class Co, there is a 
uniquely defined image o4(A) in Bo, and such a correspondence is a 
mapping of class Co into Ba. The range of this mapping is a subset of all 
oolean functions, which we denote by ecg. Since the complete inverse 
image of the element o4(A) is given by 


{Blon(d\) = oa(d)} = {Blon(d) = J if and only if’ © A} = A 


TANGO 2 'RO) 
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the single element A in class C9, the range ocg is in one-to-one correspond- 
ence with domain Cp under the mapping. 

We have demonstrated above how the function o4(A) can be interpreted 
as a function which determines at least two different mappings. If the 
set A is held fixed, o4(A) determines a mapping of space 2 onto By; if A is 
a variable in the class of sets Co, then o4(A) determines a one-to-one 


mapping of class Cg onto the subset oc, of all Boolean functions Bo. 


Since c4(A), we have shown, is a function of two variables (A with 
domain C’', and \ with domain Q), it is possible in a similar way to obtain 
three further mappings from o4(A). If variable ) is held fixed, oa(A) 
determines a mapping of class Cg onto By; if d is allowed to vary over 
space Q, then o4(A) may be regarded as determining a mapping of space 2 
onto a subset of the set Bc, of all Boolean functions, defined over the class 
of sets Co. Finally, since c4(A) takes on either the value 0 or the value I 
in By for each set A in Cog and each point d in Q, the function o4(d) 
determines a mapping of the product space (Co9,2) onto the Boolean 
field Br, where the product space (C9,Q) is the set of all ordered pairs 
(A,\) with A € Co and d in Q. Of the five possible mappings deter- 
mined by o4(A), the second mapping is of the most immediate interest. 

In the next chapter an important special application is shown for the 
function o,4(A). There it is shown how to use such functions to select one 
register from many registers. The selection of a particular register 
obtains if and only if the “state of the machine” ) is in a set A of possible 
states of the machine, and this is true if and only if o4(A) = J. For this 
reason one might call o4(A) a selector function, depending on set A. This 
function has also been termed the indicator or characteristic function of 
set A. : 

If A and B are two sets in class C9, then the following identities are true 
for the selector function: 
Selector identities 


oanB(A) = caon(A) 

gaaB(d) = (ca @ a5) (A) 

oauB(A) = (a + on) 
oa(A) = o4(d) 


Also for the empty set 0 and space Q, 


oo(A) =0 
oo(A) = I for all \ in Q 


Let us prove only the first identify; the others follow in a similar manner, 
To prove 


oar\p(\) = caon(d) 


consider separately the cases \ G A ()\ Band) G AS) B. 





Sec. 5-8] MATHEMATICAL FOUNDATIONS 107 
CaseI. If\ GC ACB, dis in both set A and set B. Hence 


o4nB(A) = oa(a) = op(A) = I 
Thus oa(A)on(A) = oaop(A) =I 


and the identity is true for this case. 
Case ll. If\X CANB = AUB, dissin either the set A or the set B 
or both. Hence either o4(d) or oz(A) has value 0. Thus 


oane(A) = caon(A) = 0 


and the identity is proved. 

The first and last two selector identities show that there is an isomor- 
phism between the class Cg and set oc of Boolean functions over the set ©. 
As a consequence, the set oc, is a Boolean algebra induced by the one-to- 
one mapping of class Cg ontoccg. Evidently ocgis a sub-Boolean algebra 
of the Boolean algebra Be of all Boolean functions with domain 2. 

It was pointed out in Sec. 5-2 that Br is the abstract representative of 
any Boolean field. In particular, Br could be any one of the four 
examples given in that section. It is of interest to interpret the meaning 
of selector o4(A) if Br is the Boolean field of Example 4. For this case it - 
is evident that c4(A) must be interpreted as the statement ‘‘d belongs to A ae 
This statement determines a mapping of the product space (2,Ce) onto 
the Boolean field consisting of the two elements 7 (true) and F (false). 
The Boolean algebra oc, corresponds to a Boolean algebra of statements 
of the form “A belongs to A,’’ where A is an arbitrary element of class Co. 
Clearly the Boolean algebra of statements is isomorphic to cg, as well as 
to the Boolean algebra C9. 

5-8. Boolean Time Functions and Combinational Switching Functions. 
In Sec. 2-2 real-valued Boolean functions of time (or simple Boolean time 
functions) were introduced, and in the next section examples of physical 
devices were introduced which approximated the postulated properties 
of the binary storage cell. Since physical limitations require one to dis- 
corn the state of a cell only during those intervals of time which do not 
overlap the switching time intervals, meaningful information can be 
stored physically in a cell only on a subset of all possible points in time. 
This fact supplies a motivation for defining Boolean time functions with 
respect to a subset of the time axis, rather than with respect to the set of 
all points in time. 

Definition 5-6.__Boolean Time Functions. Let R = {t] 0 <t< o}, 
the set of all points in time, and let 7 be a subset of R. Suppose Cr is a 
class of subsets of 7. Then the selector function (see Example 2, Sec. 5-7) 








SO) = or(t) 
in called a Boolean time function, depending on set F of class Cz, The 


roalevalued Boolean time function /(!), corresponding to F € Cr, is 
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defined by 
_{b iftEF 
fO=\a iter 


where a and 0 are real numbers such that a < 6. 

If class Cr in the above definition is a Boolean algebra, the set of 
Boolean time functions corresponding to class Cr is likewise a Boolean 
algebra Bc, isomorphic to Cr (refer to the argument in latter part of 
Example 2, Sec. 5-7). Let Bc, also designate (for simplicity in termi- 
nology) the Boolean algebra of real-valued Boolean time functions, cor- 
responding to C7. 

For the latter case Bc, consists of a set of functions f(t), g(¢), etc., where 
an element f(t) is either the real number a or the real number 6 for each 
t€T. Moreover, for all f(t) in Bc,, the collection of all sets of the form 


F = {if = b} = f(b) 


constitutes the class (and Boolean algebra) Cr of subsets of 7. The 
functions 

Ot) =a forallic T 
and I(t) =b foralltc T 


are respectively the zero and unity of Bc, O(¢) and J (t) are the only 
functions in Bc, which are constant for all t€ T. The operations 


between arbitrary elements of Bc, are defined as follows (see Example 5, 


Sec. 5-3, and Example 2, Sec. 5-7): For f and g in Be;, 


(f BONO =f/O Og 
(fa) =f -9@ 
(f+ 9) =fO0 + 9 
and FO = (OY 


for every value of t in 7’, where the operations on the right for particular 
values of t € T are defined in Fig. 5-2 (see also Example 7, Sec. 5-3). 


Table 5-3. Four Binary Operations in Bc, 





S(t) g(t) | Ft) @ gt} Fltolt) 


erore 8 


Since a < b, we have, by Table 5-3, 


fg(t) = S(Hg(t) = min [f%),9()] 
(+9) =f +g) = max [f(),9) 
and — (OQ) = (Ol = 1®sM = atb— fo 
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for all ¢€ 7, where min and max denote minimum and maximum, 
respectively, and where the operations + and — in the last expression 
for f’(é) are the ordinary addition and subtraction operations of arith- 
metic of real numbers. Although the physical implementation of the 
above operations was discussed in Sec. 3-3, it is appropriate here to 
reexamine realizability as a function of real time ¢. 

iy e? 


ai : 
E+ } “i G(t) 


7 A 
Min [F(t), G(t)] 


Max [F(t), G(t)] 


F(t) G(t) E- 


Fig. 5-2. Two gates. 


Suppose F(t) and G(t) are two arbitrary voltage signals (real-valued 
functions of bounded variation) such that 


E- < F(t) < E+ and E-— <G(t) < E+ 


for all ¢ € 7, where E— and E+ are two fixed voltages. Then if two 
ideal unidirectional current elements with zero forward resistance and 
infinite back resistance are connectedf as shown in Fig. 5-2, the output 
terminals of the two networks will have potentials min [/'(t),G(t)] and 
max [F(t),G@(é)], respectively, for all t@ 7. In particular, if F(t) and 
(/(t) are the real-valued Boolean time functions f(t) and g(t), respectively, 
where , 
E-<a<b< E+ 


ihe outputs of these two circuits are, respectively, the operations fg(¢) 
and (f + g)(@) for allt € T. Also, f’(¢) can be physically realized by an 
inverter circuit for all t € T (see Sec. 3-2). 

Circuits or combinations of circuits such as shown in Fig. 5-2, which 
physically realize such operations as complementation and logical multi- 
plication on Boolean time functions, aré called combinational circuits. 
I fi(O, fo), . . . , fy() are N Boolean time functions of Be;, a function 





Fifi), fe), Daag ifu(t)] 
which can be realized as a combinational switching circuit is termed a 


{ In Fig. 5-2 we assume current flows from plus to minus and that the diodes have 
sero forward resistance in the direction in which the arrowhead section of the diode 
symbol points, 
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combinational switching function of N variables. F{fi(t),fo(t), . - + tv@®] 
is an element of Bc, Our purpose will now be to investigate the funda- 
mental properties of combinational switching functions and in particular 
to determine that class of mappings of the product algebra 


Be, X Ber X are X Ber 


N times 


into Bc,t which can be realized by combinational switching circuits. 

Since the circuit elements of a combinational circuit do not vary with 
time, a switching function of N variables F[ filt), fo), . . . ,fw()] must 
have the following mathematical property: 


Property 1 

Fifi(t), fo), . - » fv] = FIG), fee"), - - - fv) 
if fi(t) = filt*), fo(t) = fo(t*), . . . , fv(t) = f(t*) for all t and ¢* in JT 
and fi(t), fet), . . . ,fw(t) in Be,. In other words, a switching function 
Fifi(t),fo(t), . . . ,fw(t)] changes its value at only those points in time ¢ 
for which at least one of the functions fi(¢), fe(é), . . . , fv(t) undergoes a 
change. 


Consider the switching function G[f(é)] of one variable, where f(/) is an 
element of Bc, Let 


F = {t\f@® =} 
be the set of all points of time in 7 for which f(t) = b. Suppose t © F 
and t: € F; then by property 1, if t € F, 


GUO] = GLC) 
Gf] = Gf). @ | 
Hence in general 


GSOl = GAFE)IO + GDILO ” 
= G@O+ GOO - 
= GOO’ ® + GUOIFO 


Thus the switching function G determines mapping of Be, into Bry, 
and G[f(é)] is a Boolean expression of one variable. Now Ot) and I(t) 
are functions which are constant for all t © 7, so by property 1, G[0()] 
and G[I(t)] are also functions which are constant for allt ET. Since 


and if t € F, 


O(t) and J(t) are the only such functions in Be, with this property, | 


G[0(t)] must be either O(é) or I(t) for all t € T, and similarly for G[I(t)]. 
Thus there are exactly four posstble combinational switching functions of 
+ Let Ai, Ao, ..., An be n sets; the Cartesian product of these sets is the set of 


all ordered n-tuples (or vectors) of the form (a1,a2, . - . yn), Where a; © Ay, for 
i= 1,2,...,n. This product is denoted by A: X As X + °° As. 
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one variable; they are the functions O(é), I(¢), f(£), and f’(¢) (compare with 
Table 3-1). Consequently, there exist only four distinguishable mappings 
of Bc, into Bc, that can be determined by a combinational switching 
function of one variable, 

Now let Br be the Boolean field with elements O(t) and J(t). That is, 


Br = {O(t),T(t)} = {a,b} 
If « € Br, the Boolean expressions over Br are determined by the formula 


F(a) = F(O@) 2’ + FU) 
= F(a)z’ + F(b)x 


Substitute f() © Be, for x; then the formula 
FUSO] = FOSFO + FOIO 


determines all four switching functions of one variable, namely, O(f), 
T(f), f{(, and f’(é. Let us express this: characterization of a switching 
function as: , 

Lemma. Let Br = {0(t),J({)}, and let F(x) be any one of the four 
Boolean expressions of one variable with domain Br. Then a combina- 
tional switching function of one variable with domain Bc, must be of the 
form F[f()], where f(t) € Ber. 

Theorem 5-6. Let Br = {0(t),J(H}, and let F(x1,22, . . . ,an) be any 
one of the 2?” Boolean functions of N variables, each with domain Br. 
Then any combinational switching function of N variables, each with 
domain Be,, must be of the form F[fi(é),fe(t), . . . ,fvw@®], where fi(é), 
fo(t), . . . ,fw(é) are elements in Be;. 

Proof. By the previous lemma the theorem is true for V = 1. Now 
assume, for purposes of mathematical induction, that the theorem is true 
for all N such that N < M. Let G[fi(t),fo(), . . . fu(O),fusi()] be a 
switching function of M + 1 variables, and let 


Fuyi = {| fae+1(t) om b} 
l'rom property 1, if t © Farsi, 
ANOS), .. . fu, faO] = GAO, . . . fu(t),6] 


= Gfi@), fol, . . « fu(t),6] fui 
and if ¢ © Pua, 


AAW So), .. . Sufi] = GAO LO, . . . Su, 
= GIfi(d),fe(d), a Su(t),a] Susilt) 
Hence for t € T, 


ANOS)... SuOfaaO) = AAO, .. . Sre(t)a) fra 
+ AAO SO, . . » sfu),b] fara 
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Since GA, f2@), oe § ,fu(2),a] and GA, fe), viele fu (t),b] are 


switching functions of only M variables, there exist by induction hypothe- 


sis two Boolean expressions of M variables H(a,r2, ... ,2m) and 
K(a1,%2, . . . ,€a), Where each variable has domain Br, with the property 
Gf), fot), . . - fu), a] 
= H(2xy,22, ... ,tu)|ti = fil), v2 = fot), . . . , ta = fu 
and G{[fi(),fe(), . - - .far,0] 
= K (21,22, Pee tm) |1 = fil, t2 = fe(t), ose 7 Oe ™ fu() 
Thus 
Gthilt),folt), . - - Sul), fusi()|) = Hey22, . . . tafierr 
+ K(aya2, ... ,tufuyi)|ar = fit), v2 = fot), . . . » te = fu) 
= H(x,%2, . . . tw) 2'u41 
+ K(ayt2, ... tu)tmsiler = fil), t2 = fold), . . . , Tass = Saar) 


Since H (2,0, . . . ,Um)Uuy, + K(arte, . . . ,t)ea41 


is a Boolean expression of M + 1 variables, each with domain Br, the 
induction is complete and the theorem is proved. 

In this chapter we have developed mathematically the concept of a 
Boolean algebra. In particular we have given attention to the concept 
of mapping one Boolean algebra into another, for, as we have already 
seen in Chaps. 2 and 3, this concept plays an important role in the nature 
and design of digital computers. In the next chapter the transfer (or 
substitution) of the results of a mapping (from an n-cell register into an 
m-cell register) into another m-bit register will be defined and illustrated. 


PROBLEMS 
5-1. Let R bearing. The single-valued mapping 
fiz) = a @ ar © asa? ®@ ++ Qaar” 


where a; € R and « € R for (i = 0, 1, 2, . . . , m), is called a polynomial mapping 
of R into R. ’ 

(a) Let B be a Boolean ring with unity. Proyg that the most general polynomial 
mapping of B into B is the linear polynomial 


F(z) =a @ be 


where z has domain B and a and bare fixed elements of B. 
(b) Show that F(z) = a © bz is expressible in the following two forms: 


F(x) = F(0) @ [F(0) ® F(z 
F(x) = F(O)z' ® F(D« 


The latter form is the canonical expansion of the Boolean expression F(«#) with 
coefficients in B. 
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(c) Show that the equation 


az =} 


for a and b in B has no solution unless ba = b and that if ba = b, the general solution is 


z=ab@z 
where za’ = z. de 
(d) Find the solution of the simultaneous linear equations 


az ® by =c 
dx @ey =f 
(See Ref. 7, Chap. 10.) 
(e) Using part c, show that the complete inverse image of f(x) = ax @ b is 


f-(ax ® b) = {ax @alza’ = 2} 
that is, f-'(az ® b) is the complete set of elements in B for which 


f(y) = az @b 
where y € B. 
(f) Let g(x) be the single-valued function 


I ifcr =c 
92) { 0 ifcr #c 
wherec #0. Show that this function determines a mapping of B into B which is not 
a polynomial mapping. 
(g) Prove that B is isomorphic to the Boolean field By if and only i y i 
0 y if every mapping 
of B into B is the polynomial mapping determined by the linear function 


F(z) =a ® bz 
where a, b € B. 
6-2. Let 21, 2, . . . , 2, be n variables with domain the Boolean ring B with unity. 
Let F(x1,%2, . ... , tn) be a single-valued n-variable polynomial with coefficients in B. 
Show that F(x1,22, . . . ,2%,) is a Boolean expression of n variables with coefficients 


in B by proving that it has the canonical expansion. 
(a) Show that a Boolean expression of two variables with coefficients in Boolean 
algebra B (see Example 7, Sec. 5-3) has the power series expansion 


F(z1,22) = F(0,0) @ ° F(0,0)a1 © A F(0,0)r2 @ A? F(0,0)riz2 
~ 2 = 1,2 


where the A’s are the partial differences: 
A (21,22) = F(x. ®1,z2) ® F(z1,22) 
& Pet) = F(x1,22 @ I) ® F(21,x2) 
“ F(x1,22) = AP layrs @1I)@e@ 4 F( 21,22) 
= Oia ® 1,22) ® A Plays) 


(b) Define the mth multiple partial difference 


Pai ohm Pete +++ tm) 
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where ki, ko, . . . , km are distinct integers from set (1,2, .. . yn) forl<m<n, 
inductively as follows: 


A F(a1,22, ... - :2n) = Fai, « «+ ,Ue=-1) Tk @ I, Ley, . - + 5En) 
k ; 
@ F(a, . . - yLky + + + hn) 
A™ F(a1,22, .- + j%n) =  A™?) F(a... jet, Te OT, Ter, - + + Zn) 
ki,ka,.. «km ki, ... Rp-1 
~ @® A™! F(x, .. . ,Lky ee Zn) 
Ai, ... Rp 

Show that the Boolean expression F(21,22, . . . ,%n) with coefficients in Boolean 


algebra B is the power series (interpolation formula) 


F(21,%2, .. . ,tn) = F(O,.. « 40) ici ... 0) ++ 
@BAF(O,... ,O)tn @ A? F(O,. . . O)tize O..- 
n 1,2 


® A* F(O,... )O)aite . . . Lm 
12) :5.0 98 


5-3. (a) Let S[/(t),g(t)] be a combinational switching function (see Sec. 5-8) of 
f(t) and g(t), elements of Bc,. Show that there exist particular f(t) and g(t) in Ber 
such that more than one Boolean expression obtains the same switching function, 
i.e., f(t) and g(t) may be such that there are two distinct Boolean expressions F,(x,y) 
and F,(z,y) such that 


Filf(t),g(t)] = Falf(t),g(t)] = SUf(2),9(4)] 


(b) Let the time points t, ta, ts, and ¢, exhaust all possible configurations (states) 
of the pair of functions [f(t),g(¢)]._ Show that any desired switching function S[f(t),g(t)] 
can be obtained by the truth-table (table of combinations) approach of Sec. 3-10, 
using only the above four configurations. 

(c) Generalize Parts a and b to N elements of Bc,. 

(d) To obtain a minimal combinational network, prove that only the allowable 
configurations of the N-tuples [fi(t),fo(t), . - - fw(d)], i.e., the specified states, need 
be considered in deriving the network (see Sec. 4-8). ; : 

, 6-4. Consider a set of elements S. 8S is called partially ordered if there is a binary 
relation z < y [x is less than (or contained in) y] which exists for all x and y in S. 

For all z, « < x (reflexive property). 

If z <yand y <2, then z = y (antisymmetric property). ~ 

Ifz <yandy <z, then z < z (transitive property). 

A partially ordered set S has an upper bound if there exists an element I such that 
x <I for allz CS. It has a lower bound if Bhere exists an element O such that 
0 < x for all z © S. If a partially ordered set S has both an upper and a lower 
bound, it is called a lattice (for further properties see Ref. 7). 7 

(a) If a partially ordered set has either an upper or a lower bound, show that it is 
unique. 


(b) In a Boolean ring B define x < y if and only if zy = 2. Show that B with. 


respect to this relation is a partially ordered set with a lower bound, the zero element 

of B. ; bf ‘ Ja 
(c) Show x < y (as defined above) if and only if z + y = y, where + is the join 

operation of definition 5-1. ' 

_ (d) Show that a Boolean ring with unity (Boolean algebra) is a lattice under the 

containing relation of part b. 
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(e) The lattice diagrams for B; and B2, where B, is the Boolean ring of Example 5. 
Sec. 5-3, are as follows: 


1 1 
<0 
0 


Construct the lattice diagrams for B; and By. 
5-5. Define the majority (or median) operation between any three elements of a 
Boolean algebra as 


(a,y,z) = cy + yz + 2x 


(a) Show (2,y,z) = zy @ yz @zx = (x + yy + 2z\z4+ 2). 

(0) Show (x,y,z) = (y,2,2) = (z,2,y), (2 + y) = (2,1,y), zy = (2,0,y), and (z,y,2)! = 
(x',y',2’). 

(c) Show [(a,b,c),d,e] = [(a,d,e),b,(c,d,e)]. 

(d) Develop a set of postulates, involving the majority operation only, which leads 
to a Boolean algebra (see Ref. 7). 

(e) Show (x ®a, y a, z Pa) = (2,y,z) Pa, the translation property of the 
majority operation. 

(f) Demonstrate that every Boolean expression F(21,%2, . . . ,tn) which is self- 
dual (products may be replaced by sums and vice versa), like the majority operation, 
has the translation property 


F(a: @ a1, 22 @a,... , Xn Ba) = F(xi,%, . . . en) Oa 
5-6. An ideal I in a commutative ring R is a subring of R with the property 


ayEl 
foralla € Randy EI. 


(a) If I is an ideal in a finite Boolean ring B, show that I must have the form 
(a) = {za € B} 


where a is some fixed element of B. Element a is the unit element of (a) as a subring 
of B. [An ideal of the form of (a) is called a principal ideal.| Hint: Show I is a 
finite Boolean subring of B. By theorems 5-2 and 5-3 there exists a unique unity 
element in I, say the element a. For z € B prove that za € J. Hence (a) CI. 
Next pick an element from J and show it is contained in (a). By the definition of 
wot equality, definition 5-4, the result follows. 

(b) Show that (1) = Band (0) = 0 where 1 is the unity and 0 is the zero of Boolean 
ring B. [(0) is called the zero ideal.] 

(c) Let (a) be an ideal of a finite Boolean ring B and let J be an ideal of (a); show 
that 7 is also an ideal of the total ring B. 

(d) Exhibit an ideal in an infinite Boolean ring which is not a principal ideal. 
Hint; See Example 6, Sec. 5-3. 

6-7. If an ideal in a ring contains no ideals other than itself and the zero ideal, it is 
ealled a minimal ideal. Certainly at least one minimal ideal must exist in every 
finite nonzero ring. 

(a) Show that a minimal ideal of a finite Boolean ring B always contains exactly 
two elements, 

(b) By 5-6a there is some finite number n of distinct minimal ideals, say (1), (e:), 
» » « y(@,), where (¢,;) consists of the two elements 0 and e,; of Bfor(j = 1,2,...,”). 
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Show 

ee; = 0 for j #1 
for (i,j = 1, 2,3, ... , 7); that is, {e;} is an orthogonal set of elements in B. 


(c) Let x; be a variable which can assume only the values 0 and 1 for (i = 1, 2, 3, 
. ,n). Show that the 2" possible sums of the form 


Ziei O Loe2 O Tse3 BW + * * nln 


form a Boolean ring B’ which is isomorphic to Bp, the Boolean ring of Example 5, 
Sec. 5-3. Show that B’ is a subring of B; that is, B’ C B. 
(d) Let y be some element of finite Boolean ring B. Let ye; = y; for (¢ = 1, 2, 
.,n). [Since y; € (es), ys is either 0 or e;.] Consider the sum 


G=y1 Oyz Bys 9+ ** Yn 
and show that the clement z = y @ g has the property 
ze; = 0 for (¢ = 1, 2,3,...-,7) 


that is, the difference in y and @ is orthogonal to the nonzero element of every minimal 
ideal of B. 

(e) Consider the ideal (z), generated byz = y ® gy. Assume (z) is a nonzero ideal; 
it must contain by 5-6a a minimal ideal, say (f), of two elements. Show by 5-5c that 
this assumption contradicts 5-6d, so that (z) = (0) = Oand that y = gfor ally CB. 
Hence B C B’, and by 5-6c we have finally that B = B’. Thus, every finite Boolean 
ring B has 2 elements for some integer n and is isomorphic to Boolean ring Bn of 
Example 5, Sec. 5-3. 

5-8. Assume that commutative ring F is a field (by Sec. 5-2 a field satisfies the 
general ring postulates: commutativity, zy = yz for all z and y in F, and the division 
law for multiplication). Also suppose F satisfies: 

1. F has a finite number of elements. 

2.2 @x=O0forallc EF. 

(a) Show that F must contain exactly 2” elements, where n is some positive integer 
(such a finite field is called a Galois Field; see Ref. 6). 

(b) Show that every nonzero element a € F satisfies the equation 


gel = | 
where I is the identity. 
(c) Consider the difference equation 


Qn = An-2 © An—3 


where addition is modulo 2. If initially ao = 0, ai = 0, and az = 1, show that the 
periodic sequence 
{00101110010111001 seed 


of period 7 is the unique solution of the above difference equation (this type of sequence 
can be generated by a linear sequential network; see Sec. 7-11). 
(d) Consider the set of three-bit translates of the above sequence 


(001), (010), (101), (011), (111), (110), (100) 


Let a = (001), a? = (010), a® = (101), af = (011), at = (111), a = (110), and 
I = (100); and finally let 0 = (000). If vector addition of these triples is assumed, 
show that these eight elements form a Galois field. 
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Register Operations 


6-1. Introduction. The previous chapters have defined, in a precise 
way, the concept of the independent register as a vector function of time. 
We have further defined dependent registers as vector functions of inde- 
pendent registers, and have shown how such functions are described 
naturally by the formalism of Boolean algebra. In this chapter we begin 
the discussion of operations between registers with a description of the 
elementary operation called the transfer. This will lead to a description 
of digital machines as sets of interacting registers in subsequent chapters. 

The transfer operation is essentially a simple operation, but it is the 
basic operation in the digital machine. The following chapters will show 
that the function of control primarily consists of the sequencing of the 
transfers between registers and that the various arithmetic and logical 
operations performed by digital machines can be implemented by means 
of transfers of the values of dependent and independent registers from 
register to register. 

This chapter will also introduce much of the symbology which will be 
used to describe digital machines in the following chapters. At this time 
it can be safely said that no standard symbology exists; the symbology 
which will be presented has been developed over the past ten years and* 
has been used in the design of a number of digital machines. Also, most 
of the symbology now in use can be easily learned, once one system has 
become familiar, for most of the differences between systems consist of 
variations in detail rather than in over-all structure. 

6-2. Interactions of Registers: Transfers. The basic operation within 
a machine is the transfer of information from one register to another. 
By a transfer of information we mean, roughly, the constraining of one 
register to assume a value which had previously been the value of another - 
register. To be more precise, let A and B be independent one-cell 
registers and let ¢ be a point of time at which a measurement of the state 
of register A is meaningful, ie., a time when A is not switching. Let 
(t, t+ e) be an interval of time. We say that the information in A, or 
the value of A, is transferred into B (in symbols, A —-B)if Bt + 6) =. A(t). 
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This statement simply says that the function B evaluated at time t + « is 
identical to the function A evaluated at time ¢. It is assumed by this 
relation that the transfer is initiated at time ¢ and that ¢ seconds later B 
has been completely switched to assume the value A(t). The function B 
is undefined during the interval (¢, +). In the idealized cell of Sec. 
2-2, « is very small, approaching zero. 

The statement of the transfer A — B requires, circuitwise, an output 
network associated with register A, and an input network associated with 
register B, to which the measured value of A can be directed. We shall 
call these circuits a transfer path between A and B. 

The foregoing definition of the transfer for one-cell independent 
registers is extended to n-cell independent registers by applying the one- 
cell definition to each cell of the n-cell register. Let A and B be n-cell 
independent registers with cells Ai, Ao, ..., Anand Bi, Be... , Bn, 
respectively. We say that the value of A is transferred into B, or in 
symbols 


A—>B 
if A;— B; te Lgiesagn 


By analogy with the previous definition, this statement implies that 


Bit + «) = A(t) 
whenever Bit+.) = A.(t) $21, 2 tag ht 


Certain properties of the transfer should be emphasized at this point. 
‘The statement of the transfer says nothing about any possible change in 
the value of register A. In particular, we assume, as in Chap. 2, that the 
measurement of the state of A implied by the transfer is nondestructive, 
i.e,, the measurement leaves A undisturbed. If the physical implementa- 
tion of A is such that the measurement is in reality a destructive one, then 
the change of state of A accompanying the measurement has to be stated 
explicitly. Also, the state of B before the transfer is lost, unless it is 
explicitly preserved by a transfer to some other register. Finally, we 
observe that the transfer is defined only between two registers of the 
sume dimension; this fact allows a relaxation of the labeling of the cells of 
register. It will be recalled that the independent register was originally 
defined as an ordered set of cells. For simplicity the cells have, until 
now, been labeled from 1 to  consecutively.. There is no reason why 
the cells of an n-cell register A cannot be labeled A:,, Ai... , Ain 
where each of the 7; is an integer with 


tra < th < tea 


It is often convenient to label the 7 cells of a register by means of a set of 
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indices other than the integers 1 through n. For example, if the last three 
cells of A are considered a three-cell subregister, it is most natural to 
label the cells of this register An—2, An—1, and An. Accordingly, it is 
convenient to take this into account in the definition of the transfer in the 
following way: If A = (Ai,Ai, - - - ,A;,) and B = (B;,Bj, .. - ,B;,); 
then 
A-B 
signifies that 
Ai, > Bi, k= 1,2, 65 6 90 


In other words the transfer preserves the ordering without demanding 
that the cells have identical labels. 

The definition of transfer extends simply to subregisters. Let B be an 
n-cell independent register with cells B,, Bs, ..., B,, and let the first 
m cells and the last_n — m cells define the subregisters /(B) and G(B), 
respectively. Let A be an m-cell independent register Ai, As, . . . , Am 
and C an (n — m)-cell register Ci, C2, .. - ; C,,-m. Then the transfers 


A— F(B) C— G(B) 


signify that at time ¢ + ¢, the first m cells of B assume the value of A at 
time ¢ and the rest of B assumes the value of C at time ¢. The transfers 


A— F(B) G(B) > G(B) 


state that F(B) is changed as above while G(B) remains unchanged; the 


transfers 
F(B)> F(B) = C—>G(B) 


assert that G(B) is changed but F(B) remains unchanged, while the 
transfers 
F(B) > F(B) G(B) > G(B) 


or equivalently 
BoB 


assert that B is unchanged during the interval (¢, ¢ + €). 

6-3. Transfers between Arbitrary Registers: The Shift Register. All 
the above transfers represent a very simple extension of the transfer 
concept to a particular kind of dependent register, namely a subregister. 
The extension holds for more general kinds of functions of registers. 
Let A be an arbitrary dependent or independent n-cell register and let B 
be an n-cell register, either independent or a subregister of an independent 
register. Then the transfer A — B is defined exactly as before when A 
was restricted to independent registers or subregisters. The register B 
into which the information is transferred must of course be independent 
in order for the transfer to be meaningful. As an example, consider the 
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function p of the n-cell independent register A = 
ee gister (Ay,Aa, . ~~ ,An) 
p(A) aw (p:(A), p2(A), ot | pr(A)] 
p(A) = Air t@=2,3,...,7 
pi(A) = A, 


The dependent register p(A) thus has the components (An,A1,A2, 


A,-1). It therefore represents the register A with the ordering oF the 





Initiate transfer (shift) input line 


1a. 6-1, Shift or cycle-right operation. Arectangle with a T inside is used to indicate 
" transfer gate. The function of the transfer gate connected to cell A; and the “initiate 
transfer line” is to transfer the contents of cell A; into cell A: only when an initiate or 
transfer signal occurs on the “‘initiate transfer line.’’ Notice that the transfer gate 
is symbolic as are the transfer lines. In actual practice a transfer gate might bs 
of two AND gates or perhaps an AND gate and an inverter, depending on the type of 
memory cell used. This points up the fact that the lines in the figure need not b 

actual wires, nor the blocks single components. . 


eolls changed so as to shift each value one place to the right and insert 
A, in the first position. Thus the transfer 


: p(A)— A 
signifies that 
Ait +e) = p{AQ@] @7=1,2,...,0 
Therefore, replacing the value of A by the value of p(A) has the effect of 


vycling the register one cell to the right. This operation can be iterated 
an follows: 


p*(A) ra plp(A)] na (An-1,An,A1,A2, sone »An—2) 
p*(A) = plo*-(A)] = (Ane+1,An—aege, - - » Ane) 


It evidently follows that 
p'(A) =A k=n,2n,... 


or that any multiple of n of these cycles restores the original ordering of 
reglater A. The operation of a shift register closed upon itself, as in 
lig. 6-1, is completely described by the transfer p(A) — A together with a 


| The operation performed by a shift register closed upon itself is sometimes referred 


tu He a cycle operation, 





122 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 6 


specification of the time interval (t, t + «) associated with the transfer. 
Suppose a time base is established by a clock which produces switching 
pulses att = 0,7, 27, .. . These points of time are then the instants 
at which transfers are initiated. Thus the transfer p(A) — A establishes 
that 

Ajr + ©) = Ain(jr) 4=2,3,...,% j 

Ai(jr + €) = An(jr) j 
Since the only switching pulses occur at the times jr, the functions Ai(t) 
are constant during the intervals [jr + ¢, (7 + 1)r], or the functions 


0, 1, 
0, 1, 


Register A 


—————_——— i 
Initiate transfer input line 





Fra. 6-2. Shift left and transfer operation. 


A,(t) are simply Boolean functions of time defined at all points of time 
except during the switching intervals (jr, jr + €)- 

An analogous function A, corresponding to a cycle of one cell to the left, 
may be defined in a similar fashion: 


(A) = (Az, As, soe yAn,A1) 
r*(A) = (Ang1,Ante; oe yAnyA1, wee Ax) 


By the same reasoning as above, the statement \(A) > A describes the 

cyclic shift register which shifts information one cell to the left at each 

clock pulse. 
A variation of the functions p and A can be used to describe a shift 

operation which is not cyclic. As before, let A be an n-cell independent 

register (A1,A2,.. + An). Let R(A) be the (n — 1)-cell subregister 

(Ao, ... An), and let L(A) be the (n — 1)-cell subregister (Ai, Aa, 

. ,An1). Let D be a one-cell register. The transfers 


D- A, L(A) > R(A) 


evidently describe a shift register similar to that of Fig. 6-1 (that is, the 
information in the register is shifted right by one cell at each clock pulse), 
but one in which a new bit is inserted in the cell A; at each pulse and the 
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bit A, is “dropped off” the end at each pulse. Similarly, the transfers 


R(A)> L(A) DA, 


describe the analogous “‘shift left”’ operation, which inserts new data at the 
rightmost end of the register with the oldest bits dropping off the left end. 
This shift register is shown in Fig. 6-2. 

6-4. Further Extensions of the Transfer: Arithmetic Operations. The 
transfer as defined in this chapter is a basic concept for describing the 
flow of information in a digital machine. Some notion of its usefulness is 
evident from the previous section, where a concise transfer statement 
was demonstrated which described precisely the operation of the shift 
register. The full power of this notation becomes clearer when we apply 
the transfer concept to more complex interactions involving functions of 
several registers. In this section we shall demonstrate some of these 
techniques by considering certain arithmetic functions of two registers. 

Let A and B designate two n-cell registers, and let the dependent 
register S¥(A,B) = A ® B be an n-cell function of A and B, where each 
component S,¥ = (A @ B); = Ai ® B;. The function S# can be called 
the half sum or partial sum of the registers A and B. If A and B are 
considered to be arbitrary vectors in the n-dimensional vector space V,, 
then S¥ = A @ B defines a vector called simply the mod 2 sum of the 
two vectors in the space V,. The transfer 


SIA 


represents the computation of the half sum or mod 2 sum of the registers 
A and B, with the result inserted in A. With this simple transfer state- 
ment we have described the operation of the rather complex circuit, shown 
in Fig. 6-3, consisting of the two registers with n mod 2 adder circuits 
between them. The mod 2 adder circuit can be called a half adder since 
\t computes a sum without carry. (It is often called a quarter adder.) 

A full binary addition may be described in a similar way. But before 
wuch a description becomes meaningful, a numerical representation for 
ihe register must be defined; then an addition operation may be specified 
oonsistent with this representation. The simplest example is that of the 
integer representation defined in Chap. 2. As above, let A and B be 
n-coll registers with integer representations 


8;(A) = >» Apr 


and 5,(B) = >» Bar 
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respectively. Let S(A,B) be a dependent (n + 1)-cell register with 
integer representation 


61(S) = 2 S8,2°-* 


such that 6;(S) = 6r(A) + 67(B), where the symbol + designates ordinary 
binary addition. Note that the additional cell So is required, since the 





Initiate transfer line 
Fic. 6-3. Transfer of half sum. 


sum of two n-bit numbers may have n + 1 bits. Let K(A,B) be an 


(n + 1)-cell dependent register defined by 
K; = AwiBar + Ken Aci + Kini Bin rg | feb Pare oak 
K, = 0 
where the plus signs indicate Boolean addition, 
0+0=0,0+1=1+0=1 
K; evidently represents the carry into the ith bit of the su 
function S is then given byt 


S=A+¢B=S*@K=AOBOK 
where S:;=A;,@B;:@ K; 42), 23 ee 
So = Ko \ 


ill be used to indicate conventional (as opposed to logical) addi- 
Ligon +A sh et will not be used for such expressions as 


tion between registers. The boldface + 
n+1,7r +46 ete. 


m. The sum 
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An addition operation consists of the generation of the sum function 
S(A,B) and its transfer into a register, say A. A little care is necessary 
in stating the transfer, since S contains n + 1 components and A is an 
n-cell register. To handle this we assume the existence of a one-cell 
register Ay which may be considered part of register A. Then the transfer 


SA 
which means Sim A; ae oy ee 
So— Ao 


inserts the (n + 1)-bit sum into the (n + 1)-cell register Ao,Ai,..., 
A,. If Ao does not exist, we define the transfer S— A to mean S:— A,, 
t= 1, 2,...n, with So being lost. In the latter case, the sum is 
modulo 2”; only the n least significant bits of the result are retained. In 
either case, the entire operation of the adder is specified by the simple 
statement S— A. The logical circuitry involved in the adder is no 
easier to design because of the compressed notation. It is the relation- 
ship of this adder to the other operations involved in a computing machine 
that is clarified by the notation. 

6-5. Scalar Functions: Conditional Transfers. A particularly impor- 
tant and useful class of dependent registers is that consisting of one-cell 
registers, both independent and dependent. It is natural to refer to 
these registers as scalars. Again using the vector space model, we may 
define a multiplication operation between a scalar function and a vector 
function. Let a be a scalar register and A an n-cell vector register. 
The product @A is an n-cell vector 


aA = (aA1,0Ao2, soe ,aA,) 


where aA; is the usual Boolean product. Hence, we obtain the simple 
but useful result 

aA=A a=] 

aA = 0 a=0 


The scalar multiplication just described provides a convenient method 
for designating conditional transfers. Let A, B, and C be n-cell registers, 
and let a and £ be scalar registers such that «8 = 0 anda+ 6 = l;iie., 
one and only one of the functions a and 8 has the value 1. The function 
wA + BB is then register A if a = 1 and is register B if 8 = 1. The 
(rinefer f « < 
aA + 6B-C 


then signifies that 
A-C a=l 
B=-C B=1 
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The most common such conditional transfer occurs when 6 = a’, or 
when the decision as to which transfer is to occur is based on the state of a 
single cell. For example, let A be an n-cell register and let A’ be its 
complement, i.e., the register (eee Aj). The transfer 


A\A+ A\A’> A 


states that register A is to be complemented if cell A: has value 0 and is 
to remain unchanged if A, has value 1. If we let f(a,8,A,B) designate 
aA + BB, then f is just a dependent register no different from any other 
dependent register that we have discussed, and the conditional transfer 
aA + BB Cis no different conceptually from an ordinary unconditional 
transfer. However, though nothing is added to the theoretical structure 
being developed by writing certain transfers explicitly as conditional 
transfers, the concept is still a useful one in practical design considera- 
tions. Whether one chooses to consider aA + BB as just another depend- 
ent register or as a logical statement describing a binary choice of 
register A or register B depending upon the functions a and 8 is deter- 
mined by the situation at hand. As we shall see in later chapters, rather 
complex decision situations may be written concisely using this formalism. 

In a conditional transfer situation, there is no need to restrict ourselves 
to binary decisions. The number of alternative functions to be trans- 
ferred is quite arbitrary. For example, let A, B, C, and D be n-cell 
registers, and let a, 8, and y be scalar functions, only one of which has the 
value 1. Then the transfer 


aA + BB+ yC— D 


where all but one of the functions a, 8, and y are 0, represents a selection 
of one of the three registers to be transferred to D, depending upon which 
of the scalar functions has the value 1. A particularly useful example of 
this notion occurs when.all the decision functions a, B, y, . - - are scalar 
functions of a single register, and the registers A, B, . . . are all inde- 
pendent registers belonging to a set of storage registers loosely called a 
memory. For convenience let M designate the set of 2* n-cell registers 
M°, M},..., M*~" and let C designate a register containing k cells, 
labeled Ci, Co, ...,Cx Lete,i=0,1,.-.- , 2* — 1, define a scalar 
function of C which has the value 1 if and only if C has integer value 7. 
Then the function 


CoM® + cM} +c: + Cor1M?* 


is a dependent register representing the selection of one of the registers 
Mi, depending upon the value of register C, and the transfer 


coM® + cM! + ae’e 8 +. coi! + N 
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designates the transfer of the value of the register M‘ to N if register C 
has the value 7. It is customary to call C an address or selection register 
of the memory M and to call the functions c; characteristic or selector 
functions of register C. For convenience we abbreviate the function 
coM® + eM! + +--+ + .¢x-1M*-! by M(C), which can be read as 
the memory register addressed or selected by the value of C. Obviously, 
a memory need not be restricted to contain 2* registers. If the memory 
M contains p: registers, then its address register C must have at least k 
cells, where k is the smallest. integer greater than or equal to logs p, or 


logs p < k < logs 2p 


6-6. Sequences of Transfers: Parallel and Serial Transfers. In any 
given computing system, not all possible transfer paths are usually 
available. Transfers between a pair of registers between which there is 
no transfer path can often be performed by making use of intermediate 
transfer paths which are available. For example, suppose it is desired to 
perform the transfer A > B when no path exists between registers A and 
B. The transfer can be accomplished if there is another register or sub- 
register C of the same dimension as A and B and connected to A and B 
by transfer paths such that the transfers A > C and C — B are available. 
Then the transfer A > B is implemented by the sequence of transfers 


A-C 
C-—B 


As shown in Sec. 6-2, in order to describe a transfer completely, it is 
necessary to specify the time interval (¢, t + ¢) during which the switch- 
ing occurs. Similarly, to describe a sequence of transfers, the switching 
intervals for each transfer in the sequence must be specified. If the 
sequence of transfers shown above is to represent the over-all transfer 
A — B, then the second transfer C > B must necessarily follow the first 
transfer. Let (t:, t: + e:) represent the switching interval for the trans- 
fer A > C and (ts, te + €) represent the interval for the transfer C > B. 
Then to > t: + e: assures that the second transfer will not occur too early. 

An additional complication occurs if the sequence of transfers under 
consideration is of the form 


A—-C 
F(C)—B 


which realizes the over-all transfer F(A) > B. F(A) is assumed to be a 
dependent register. Suppose the first transfer is initiated at time f, and is 
wompleted by t: + «1. If an additional \ seconds are required for the net- 
work realizing the function F(C) to come to equilibrium, then the second 
transfer may not be initiated until time 4, + 4 + A. 


ed 
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At this point we must point out one distinction that, for reasons of 
accuracy, must be made between so-called synchronous and asynchronous 
systems. In synchronous operation the timing intervals are specified 
completely by some external clock which generates a sequence of switch- 
ing pulses. Transfers occurring in sequence are initiated by these 
sequentially occurring clock pulses. In order for a sequence of the form 


A-C 
F(C) > B 


to be performed by successive clock pulses, the interval 7 between these 
pulses must exceed ¢ + 4, where ¢ and ) are, as above, the response times 
of the cell C and the network F(C), respectively. 

In an asynchronous system the sequences of transfers themselves 
define the timing intervals, thus eliminating the external clock. We 
include this in our formalism by requiring that a switching interval always 
begin at the instant the input function has reached its equilibrium value. 
Thus, in an asynchronous system the second transfer in the sequence 


A-C 
F(C)-> B 


is initiated at time ¢t + ¢ +d, where the first transfer is initiated at time 
t, and e and ) are as defined in the previous paragraph. In the following 
sections, when we write sequences of transfers, we shall assume that the 
timing intervals are consistent with the meanings of the transfers. The 
actual design of computer timing is a problem in the design of control 
units and will be discussed in Chap. 8. 

In the example of the transfer A — B in a system where an inter- 
mediate step via another register C is necessary, it obviously follows that 
if C is the only register in the machine that can provide this function, then 
writing A — B uniquely specifies the sequence A—-C,C—B. Thus, to 
relate the transfer A — B to other transfers describing some complex 
operation, it is necessary only to state this transfer, omitting the inter- 
mediate step. < 

Within the above framework we can now discuss an important class of 
transfers called serial transfers. If 4 and B are n-cell registers, then, as 
before, the transfer A — B designates the transfer of the value of A into 
B by the end of some time interval (t, t + €), which, of course, means that 
the value of each cell A; is transferred to the corresponding cell B; by the 
end of the same interval. When a transfer path is present between each 
pair of cells (A:,B,), then the transfer between each pair can be performed 
simultaneously, and the transfer is said to be parallel. When only one 
path exists between the cells of the registers, and the values of each cell of 
‘A must be transferred to B using this one path in sequence, the transfer is 
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called serial. We illustrate a typical serial transfer in Fig. 6-4. The 
only path between the registers is one between A, and B,. To preserve 
the original value of A in A, a path is shown from A, to A;. The serial 
transfer of the value of A into B is performed by a sequence of transfers 


initiated at times 7, 27, 37, .. . , nr. As in Sec. 6-3, let p(A) designate 
the n-cell cycled register (A,,A1, . . . ,An-1), let R(A) be the (n — 1)-cell 
register (As, . . . ,An), and let L(A) be the (n — 1)-cell register (Aj, 


. ,A,-1). Then the transfers 
p(A)-~ A A, By L(B) > R(B) 


all occurring during the interval (7, 7 + «), describe the shift of the regis- 
ters one digit to the right with the value of A, preserved in A, and the 


Register A Register B 
Fie. 6-4. Serial transfer. 


value of B, lost. Some slight simplification of notation can be achieved 
by letting (A,B) designate the 2n-cell compound register obtained by 
placing B to the right of A as in Fig. 6-4. The above transfers may then 
be described by 

L(A,B) > R(A,B) A, Ai 


Clearly a repetition of the above set of transfers during the succeeding 
awitching interval (27, 2r + ) results in another shift to the right by one 
digit. If the transfer is performed n times, then the desired transfer of 
the original value of A to B with the value of A preserved in A has been 
performed by the time t = nr + ¢, and the same over-all result as in the 
parallel transfer has been achieved. For circuits of a given speed a 
worial transfer will take a longer time than a parallel transfer but will 
require less equipment. 

In the example just described, the transfer was between two inde- 
pendent registers. Suppose now that instead of transferring the value of 
A to B, the value of some function F of registers A and B is to be trans- 
ferred to B. If the transfer is to be performed in parallel, then each 
component of F(A,B) must be generated and transferred to the corre- 
sponding cell of B. In the serial transfer of the value of F(A,B) to B, 


{In a serial machine the interval (t, t +7) is generally referred to as a bit time, 
the time required to transfer one binary digit. If the standard word length or 
roglator length for the machine is n, so that the basic register of the machine contains 
n colla, then the interval (t, ¢ + mr) is referred to as a word time. 
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it may be necessary to provide only a single function-generating network 
to be used sequentially during the transfer. As an example, we show in 
Fig. 6-5 the serial transfer of the half sum of A and B, S4(A,B), to B. 
The transfer is described by n performances of the transfers 


p(A)>A A, ®B,>B, L(B)— RB) 


A considerable saving in equipment may be accomplished here if degrada- 
tion in speed can be tolerated. 

Often some degree of compromise between serial and parallel implemen- 
tation of transfers is accomplished by breaking the registers into a number 





Fig. 6-5. Serial transfer of half sum. 


of subregisters and providing simultaneous serial transfers between the 
subregisters. Thus, for example, if the n-cell registers A and B are each 
divided into two n/2-cell subregisters F and G, then the transfer A — B 
can be accomplished by a sequence of n/2 repetitions of the serial transfer 
of F(A) > F(B) and G(A) > G(B). This method takes half the time 
of a completely serial transfer at the cost of another transfer path. Such 
schemes are called by the obvious name series-parallel. 

6-7. Transfer Properties of Cells. In all the preceding remarks in this 
chapter, certain properties of cells and registers were implied. In gen- 
eral, not all the physical representations of cells have all the assumed 
properties. It obviously follows that before a given transfer can be 
specified, it must be known whether such a transfer can be performed by 
the particular equipment at hand. Some limitations of different kinds 
of cells have already been described in the examples, presented in Chap. 2, 
of different physical representations df cells. 

The fixed cell is the most restricted type of cell since it stores a con- 
stant, and hence by its very definition cannot receive information via the 
transfer operation. Some cells are restricted in the class of functions that 
can be generated using the cells as the independent variables. The com- 
monly used magnetic-core storage most often consists of a set of 2" 
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registers constructed of magnetic cores together with a flip-flop buffer 
register. The only kind of interaction one of the core registers usually 
has is to transfer its value to the buffer an@ to receive a value from the 
buffer. If a function of a core register is required, a transfer must first be 
made to the buffer and the function must be generated at the buffer 
register. For example, suppose it is desired to compute the sum of the 
values of two registers A and M and store the result in A, where A is a 
flip-flop register and M is a magnetic-core register. This transfer requires 
computation of the sum function S(A,M) described in Sec. 6-4. This 
function cannot be generated with M as independent register; hence a 
buffer flip-flop register N is used and the desired result is obtained with 
the sequence 


M—N 
S(A,N) > A 


Most commonly the core register M is even further restricted in its 
operation in that the measurement of the value of M is destructive. 
Thus, if it is desired to preserve the original value of M, the above opera- 
tion must include restoration of the value of M. ‘The entire operation is 
thus described by 
MN 0—- M 

followed by 

S(A,N) ~~ A N- M 


If both M and A are flip-flop registers, then the transfer S(A,M) — A 
describes the entire operation. 

Some varieties of flip-flop registers also have restrictions on their 
operation. We have emphasized in many places that a measurement of 
the value of a cell is meaningless if the time of the measurement coincides 
with the time during which the cell changes state. This problem in cir- 
uit design is often called the “race problem.” The flip-flop designer 
must provide adequate circuit safeguards to assure that the measurement 
of the state of the flip-flop has concluded before the flip-flop is allowed to 
change state. Otherwise, a transfer of the form f(A) — A becomes 
unreliable. In certain types of circuitry, the race problem is bypassed as 
4 problem in circuit design and imposed as a constraint in logic design. 
With such flip-flops simultaneous transfers of the form 


f(A) B CoA 


are not allowed; the transfers must be performed in sequence. With 
such flip-flops shift register operation cannot be performed without the 
ald of an auxiliary register. Thus, to perform the shift operation 


p(A)> A 
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it is necessary to perform the sequence 
A-B 
p(B) A 


It is not our purpose to describe all limitations of all kinds of cells. 
The designer of digital machines must, of course, be aware of the limita- 
tions of the cells he has at his disposal. The point of emphasis is that, 
regardless of the kind of cells, the generalized transfer operations that we 
have described in this chapter may be used individually or in sequences to 
provide any desired result in data processing. There is, in general, no 
unique method of implementation of any operation. It is the function of 
the designer to specify a method consistent with both the operation to be 
performed and the class of circuitry available for implementation. 


PROBLEMS 


6-1. Suppose a register A stores numbers in a 2’s-complement fractional representa- 
tion (see Appendix). 

(a) Describe transfers to divide the value of A by 2. 

(b) Describe the transfers to multiply the number in A by 2. 
rs 6-2. Write down a sequence of transfers to cycle a six-cell register three places to 
the left, clear the right half of the register, and finally cycle it three places to the 
right. 

M4 6-8. Describe a transfer to implement the following statement: If register A 
contains a negative number, clear register B; if A contains a nonnegative number, 
transfer that number to B. 

6-4. Let A and B designate n-cell registers; let M = (M1,M:) bea two-cell register. 
Describe a transfer which implements the following statement: If M has binary 
value 2, insert the sum of A and B into B; if M has binary value 1, insert the differ- 
ence between B and A into B; if M, and Mz are alike, leave B unchanged. 

6-5. Let S designate a set of 15 registers, and let A bea four-cell register addressing 
S. Describe a transfer which implements the following statement: Add the selected 
register in S to register B and’store the sum in B; if A is zero, leave B unchanged. 

6-6. Let régisters A and B contain 12 cells each in a binary-coded decimal repre- 
sentation, with each decimal digit employing four cells. Write a sequence of transfers 
defining the storage of the sum of A and B in B, where one parallel four-bit adder is 
employed for the decimal digits in sequence. > 


\ \/ ) 
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Introduction to Sequential Networks 


7-1. Sequential Network Theory. In the years following the con- 
struction of the first successful large-scale digital computers, a significant 
body of theory was developed concerning what we have termed the 
sequential network, but which has been referred to by other authors under 
the titles, sequential machines, finite automata or simply automata, and 
sequential transducers. The particular set of terms used at some given 
time is generally determined by the particular emphasis desired or by the 
generality of the coverage. Authors of papers describing design pro- 
cedures for actual physical devices are prone to use the term sequential 
circuit, while papers which are more mathematically or philosophically 
oriented tend to use the term sequential machine or automaton. The 
present diversity of terminology probably arises from the heterogeneous 
backgrounds of the designers and research workers in this field; an 
unlikely mixture of engineers, logicians, mathematicians, and philosophers 
have contributed to the present-day state of the digital art. 

Let us therefore use the term sequential network, without further 
apology, to refer to a set of memory cells and gates which are inter- 
connected in some rational manner such that the states of the cells may 
change in time and such that the outputs from the network will be 
affected by these changes. The outputs are therefore time dependent, 
and in most cases will be input dependent also. 

It is possible to consider the sequential network as a set of dependent 
and independent registers, and to consider the operation of the network 
as consisting of the sequencing of the transfers of the values taken by 
these registers. From this viewpoint an entire machine can be considered 
to be a sequential network. We can also examine parts of a large machine 
from this viewpoint; for instance, the shift registers in the preceding 
chapter comprise examples of sequential networks. In this chapter we 
(iret introduce some of the basic concepts of sequential networks and 
follow them by a discussion of several of the more common types of net- 
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works. The stress in this chapter will be on gating configurations and the 
characteristics of some of the memory devices commonly used in present- 
day machines. Also, we shall primarily be concerned with sequential 
networks consisting of only a few components, rather than entire machines. 
These small networks, or parts of machines, can then be interconnected to 
form large machines, and following chapters will consider machines from 
this more general, or structural, viewpoint. 

7-2. Classes of Sequential Networks. Figure 7-1 illustrates four 
different classes of sequential networks. Sequential networks may be 
categorized in many ways; other criteria for classifying are often used, 


Zi 
22 x Zz 
Zm 


(a) (b) 





(c) (d) 


Fic. 7-1. Sequential networks. (a) Binary sequence generator; (b) sequential trans- 
ducer; (c) operation counter; (d) general sequential network. 


and some of these will be described in Chap. 11. The classification of 
sequential networks in Fig. 7-1 is based on the number of input lines and 
output lines to each network. For instance, the binary sequence genera- 
tor in Fig. 7-1a has output lines but no inputs, while the sequential trans- 
ducer in Fig. 7-1) has a single input line and a single output line. The 
networks have been classified in this way because each of these types of 
network has certain characteristics which are of interest, and because the 
design of a given network may be facilitated by considering other net- 
works of the same type. Also, more complex networks may be con- 
structed by interconnecting several simple networks. Actually, all the 
four classes of networks may be included in that of Fig. 7-1d, which shows 
the generalized network with n input lines and m output lines. Some 
preliminary remarks about the networks in Fig. 7-1 follow. The descrip- 
tions assume that the number of elements in a given network is finite and 
the structure of each network is fixed. 

The binary sequence generator, or autonomous network, has an output 
which is periodic in that after some initial finite time period has passed, the 
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sequence} of outputs generated by the network can always be partitioned 
into a set of identical subsequences of finite length. That is, the output 
of a binary sequence generator has the form af - - - where « consists 
of an ordered set of binary digits which constitute the initial response of 
the network and the @’s consist of identical sets of binary digits. If the 
number of digits p in each 8 is minimal, then p is the period of the net- 
work. While it is possible to construct networks which generate very 
complicated binary sequences, a most common type of binary sequence 
generator is the clock for a synchronous machine. The output of a clock 
often consists of a sequence of pulses, generally with some fixed interval of 
time between each pulse. This is not necessarily the case, however, for 
the clock may be designed so that pulses appear in subsequences of some 
fixed length, with identical intervals between corresponding signals in 
each subsequence but with different time intervals between members of a 
subsequence. 

The clock for a given machine may also have several output lines on 
which signals appear at certain intervals and with some fixed relation 
between the signals on the various lines. Machines have been designed 
with clocks where the outputs from the clock consist of several such output 
lines, each carrying sinusoidal signals with a fixed phase relation to the 
signals on the other lines. It may be seen that the basic function of most 
binary sequence generators is to provide either timing or reference signals. 

The sequential transducer has a single input and a single output line. 
If the input sequence to the sequential transducer is periodic, the output 
sequence from the network will also be periodic, and the periodicity of the 
Output will be determined by both the input sequence and the structure of 
the network. Therefore, the output signal from the sequential trans- 
ducer at time ¢ is determined by not only the structure of the network 
but also the history of the input signals, and often by the input at time ¢. 
Notice that if a clock or sequence generator is connected to the input of a 
sequential transducer, a sequence generator will be formed.{ The 
difference between the sequential transducer and the sequence generator 
is that given fixed initial states, the output Z at time t from the sequential 
transducer is a function of the input sequence which occurred prior to ¢, 


| A sequence A(0), A(1), ... , A(t), . . . is a function defined on the nonnegative 
integral variable ¢ = 0,1, 2, ... . An infinite sequence is the ordered set of values 
of the funetion when the function is defined for all values of t. A periodic sequence 
in an infinite sequence such that for all ¢ greater than some nonnegative integer m, 


A(t) = A(t+ p). If pis the smallest nonnegative integer for which A(t) = A(t + p) 
holds, then p is called the period of the sequence. 

{A particular class of sequential transducers and sequence generators has been 
studied in some detail; these are the linear sequential transducers. An introduction 
to this type of sequential network will appear in Sec. 7-11. 
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while the output Z at time ¢ of a sequence generator is a function of time 
only. 

Figure 7-1c shows an operation counter with a single input line and m 
output lines. The operation counter is generally used to measure and 
record the number of occurrences of machine operations (generally trans- 
fers) of a certain type, where the performing of an operation is indicated 
in the system by a specific signal at the input to the operation counter. 
(In Fig. 7-1c an operation is designated by the occurrence of a pulse or 
1 signal.) In order to count, the network must change its internal state 
each time a specified input signal occurs. Further, the internal states 
which the counter assumes must be distinguishable in order to be useful, 
and in Fig. 7-lc the values on the output lines Z;, Z2,.--; Zm are 
assumed to be functions of the previous input signals. Since the number 
of memory cells in a given counter is finite, the counter will have only a 
finite number of different internal states and will be capable of recording 
only some fixed number of inputs before the internal and output states 
become ambiguous. Therefore, a given counter will count modulo some 
fixed integral value, and we define this number to be the period of the 
counter, or sometimes the cycle length of the counter. A given counter 
generally has a reset line by means of which the internal memory cells of 
the counter can be reset to some fixed initial state. 


An operation counter does not necessarily count in some specified — 


number system but simply proceeds through some fixed sequence of 
internal states. A counter for which the values or states of the internal 
register generate a sequence which corresponds to the binary integers in a 
natural way is called a binary counter. 

The multi-input multi-output sequential network is the most general 
class of network, and all the previous classes are special cases of this 
particular class of network. The description of the networks which 
follow will progress from binary sequence generators up to multi-input 
multi-output networks, but the ordering will not be strict, as certain 
important networks fall into several of the classes. First, however, the 
concepts of internal state, input state, and output state will be discussed, 
and two fundamental network structures, which we shall call class A and 
class B networks, will be described. 

7-3. Class A and Class B Network Structures. Definitions for states 
or values of memory cells and states or values of registers were given in 
Sec. 2-2, and these will play important parts in the description which 
follows. Also, the definitions of synchronous and asynchronous in 
Secs. 6-6 and 6-7 will be used, as well as the assumptions on timing in 
those sections. 

Consider a sequential network such as that shown in Fig. 7-2a. This 
configuration consists of a combinational network (dependent register) 





Sec. 7-3] INTRODUCTION TO SEQUENTIAL NETWORKS 137 


and a set of m memory cells (an independent register) denoted as register 
Q and consisting of memory cells Q:1, Qo, . . - ,Qm. A feedback loop leads 
from the memory cells back into the combinational network. There are 
n input lines X1, x 2, - + + » Xn to the sequential network (each of which at 
any given time ¢ is assumed to carry a signal representing a binary value), 


Combinational 
network 


Register Q 





Z; Ze Zr 
(a) 


Combinational 
network 





"1a, 7-2. Two basic sequential network struct 
agli ures. (a) Class A network; (b) class 


n+ m inputs to the combinational network, and k + m outputs (also 
assumed to be binary) from the combinational network. 

When dealing with a network consisting of actual electronic compo- 
nents, it would be possible to make a set of physical measurements of the 
voltages, currents, direction of magnetization, etc., at various points in 
the circuit, and then to use these to specify the state of the network at the 
time of Measurement. Since the circuit elements and signals are assumed 
to be binary, each measurement would theoretically lie within one of two 
intervals, and a binary digit could be assigned to the result of each 
measurement. If a total of p measurements were made, the set of 
measurements could be denoted by a p-tuple which would have one of 
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2” values at each time of measurement t. Instead of describing the state 
of a sequential network by means of a single parameter of this sort, it is 
convenient to deal with sets of conditions such as the input signals and 
output signals. For instance, in analyzing the operation of a sequential 
circuit such as that in Fig. 7-2a, we will let 


denote the input state or input value at time é, where each X,(¢) is a 
Boolean function of time with value 0 or 1 at a given time ¢. Further, 
let Y(t) = [Yi(t), Yo, . . - ,Ym(t)] denote the set of signals from the 
combinational network to the m memory cells at time ¢; let 


QW) = (Qi), Q2, - - + ,Qm(2)] 


denote the state of register Q at time ¢; and finally, the k output signals at 
time t will be denoted by Z(t) = [Zi(t),Ze(t), . . . Ze]. 

The preceding chapters have assumed that signals pass through a 
combinational network without delay. For instance, the combinational 
network in Fig. 7-2b has inputs X(t) and Q(t) and output Y(t). Therefore 
we assume that Y(t) = »[Q(t),X(é], with » a constant function, so that if 
an input signal to the combinational network changes, any change in the 
output signals occurs instantaneously. In actual practice an attempt will 
generally be made to see that the response time of the network is non- 
critical, generally by seeing that the maximum time required for signals 
to propagate through a combinational network is much smaller than the 
interval between timing signals (refer to Sec. 6-6). 

It is important to notice that the memory elements Qi, Qe, - - - » Om 
comprising Q in Fig. 7-2a and b should not change states at the same 
instant in time as the output Y from the combinational net changes state, 
for this would cause a condition called the race problem, as described in 
Sec. 6-4. If Q changes states at the same time as Y, a change in X will 
cause a change in Y which will cause a change in Q and hence a change in 
the inputs to the combinational network, and perhaps another change in 
Y,etc. This problem always confronts the designer, and, ia synchronous 
systems, care must be taken to see that memory elements do not change 
states during clock pulses. (In asynchronous circuits, a type of circuit 
action similar to this takes place, greatly complicating design.) The 
solutions to the race problem vary with the system and components used. 
Figure 7-2a shows a set of delay elembnts, each with a delay of r seconds, 
inserted between the combinational network and the memory cells. Here 
7 is assumed to be greater than the duration of the clock pulses in the 
system, so the memory elements do not change states until after the trail- 
ing edges of the clock pulses. Sometimes memory cells are constructed 
with internal delays, and sometimes memory cells are constructed which 
change states only during the trailing edges of input pulses, For the 
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remainder of the chapter, all memory elements will be assumed to have 
some sort of delay built in, and we will omit this delay from the drawings, 
unless it is specifically stated otherwise. 

Since the memory cells in Fig. 7-2a do not change states until after 
some time e which is less than the time interval between clock pulses, the 
output Z from the network at time ¢ will be determined by the input X 
at time ¢ and the state of register Q at time ¢. ‘The state of register Q at 
time t will therefore be a function of the input state X at time ¢ — 1 and 
the state of Q at time ¢— 1., Therefore, given the transformations 
yielded by the combinational network, the state of register Q at some 
time t = A, and the input state X(t) fort = A,A+1,A+4+2,..., Wwe 
can calculate the corresponding output values Z(A), Z(A+1),... 
using recursion. 

The operation of the network can be expressed symbolically. Let 
Y(t) = r[Q(t),X(H] and Z(t) = ¢[Q(t),X()] represent the transformations 
for the combinational network. Also, assume that the input value Y;(¢) 
to cell Q; at time ¢ is taken by the cell by time ¢ + 1. Then each clock 
pulse initiates the transfer Y—Q, and the formula for the state of 
register Q at ¢ + 1 will then be 


Qé+ 1) = YO = 1AQ0,XO] 


This function » is called the next-state function, for it takes a given pair 
X(t) and Q(é) and maps them into a unique value which is the next-state 
value of register Q. 


Further, the output Z at time ¢ will be 
Z(t) = FQ — 1),X¢ — YX) 


The output at a given time ¢ can therefore be calculated using recursion, 
given Qat some timet — nand the input sequence X(é — n), X(({-— n+ 1), 
vee y XC). 

In many cases the register Q will always be started in some fixed initial 
state, say qo. We can then define the operation of the network as follows: 


Z(0) = ¢q0,X(0)] 
Z(t t+ 1) = $lQO,X(),XE + 1) 


The type B network in Fig. 7-2b can be seen to be a special case of the 
type A network in Fig. 7-la. Let the structure of the combinational 
network in Fig. 7-la be such that the output from cell Q; is directly 
connected to output Z;. The operation of the type A network will now 
be the same as that of the type B network.t Although the type B net- 








{ The outputs of a class B network might well consist of the outputs from only 
some subset of the m memory cells. In this case the number of output lines k would 
ho lows than the number of memory cells m, and only k connections from the cells to 
the output lines would be made, 


———— 
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work is a special case, the structure is quite common and there are certain 
characteristics which make this type of network especially easy to 
analyze and design. 

The output values from the network in Fig. 7-2b can be put in one-to- 
one correspondence [Q:(¢) = Z,(t)] with the values of the register Q. The 


recursion formula for the network is 
Qt + 1) = AQ, XO) 
or, since we can let Z(t) = QM), 
Z(t + 1) = AQW,XO) 
Again assuming the register Q is always started in some fixed state go at 
time ¢ = 0, 


Q(0) = w = 20) 
Q(t + 1) = AQW),X) = 24¢+ 1) 


defining the operation of the network recursively.t Notice that the out- 
put from a class B network is a function of the state of register Q at time 
{ only, and not of the input state at time f. 

7-4, Binary Sequence Generators. The operations performed by a 
synchronous digital machine are generally sequenced by a “master clock,” 
which is an example of a sequence generator. The output signals from 
the clock are quite often evenly spaced in time, and the intervals between 
signals are such that the electronic circuits may make the necessary 
transitions and stabilize before the next operation is initiated. Since the 
operating speed of the machine will be to a large part determined by the 
interval between clock pulses, it is desirable to keep this interval as short 
as possible. Nevertheless, ample time must be allowed for the transient 
response of the circuitry, and sufficient time must be allowed for all 
signals to propagate through the gating circuitry of the machine. 

Often the frequency of the clock is determined by some specific com- 
ponent. In most cases the type of internal memory used will be an 
important factor and will determine the clock frequency. Most machines 
which use magnetic-core memories have clock rates determined by the 
operating speeds of the core memory, and if a magnetic drum is used as — 
the basic internal storage device, the drum will not only determine the 
clock frequency but will probably be used to generate the clock signals. 

Figure 7-3a shows two schemes for generating clock signals; the first 
consists of a delay line and pulse-reshaping amplifier. Once a pulse is 
started around the loop it will continue circulating indefinitely, producing 
a sequence of output signals occurring at intervals of 4 seconds. A graph 

+ If the number of output lines k is less than the number of memory cells m, th 


the formulas above might be written Z(t) = g(Q()), oi a = i <k the number of 
output lines, and Z(0) tlqol) Qe + 1) = v(Q(t),X(t)}; and Z(t + 1) @ g(v(Q(t)I). 


—— 


Sec. 7-4] INTRODUCTION TO SEQUENTIAL NETWORKS 141 


of the output from this circuit is plotted versus time in Fig. 7-3a. The 
time axis is plotted so that the first output signal occurs at 0 the saned 
at 1, the third at 2, etc., thus placing the output pulses in one-to-one 
correspondence with the nonnegative integers. The memory cells of 
the machine are then sensed only when clock pulses occur, and machine 
operations are initiated by these same signals. We can thevefons assume 
arr passes in discrete intervals and examine the operation of the 
ae aud : a aaa aie - values of the registers at the unique 

A magnetic drum is also shown in Fig. 7-3a. This drum has a timin: 
track around which a set of timing signals has been recorded The 
reading head for the timing track produces a sequence of siganle which 
indicate the positions of the cells around the other tracks which are used 
as the registers of the machines. By using the output signals from the 
timing track as the clock signals, the operations of the machine can be 
sequenced in a natural way; placing the output signals from the timing 
track in correspondence with the nonnegative integers will facilitate the 
analysis and design of the machine. 

Figure 7-3b shows a scheme for generating a sequence of signals which 
occur in groups of four such that the interval between the first and second 
signal in each group is A; seconds, the interval between the second and 
third is As seconds, the interval between the third and fourth is A; seconds 
and an interval of A, seconds then occurs between the fourth nignét in a 
given group and the first signal in the next group. Sometimes it is 
convenient to use a clock of this sort. If speed of operation is ver 
important it may be possible to perform certain operations faster dan 
others, and a clock with unevenly spaced intervals may speed up the 
over-all operating time. In this case we can still place the clock signals 
in one-to-one correspondence with the nonnegative integers in a natural 
gah thus —— — design process, and later take into account 

© uneven spacing of clock ircui 
alleen — pulses only where actual problems of circuit 

let us now examine two other types of sequence generators. Figure 
7-8e shows a four-cell shift register with feedback constructed of four delay 
lines and an inverter. Let us assume that 0’s are represented in this 
ayatem by negative pulses and 1’s by positive pulses. If a O signal is 
inserted into each cell of the register at time ¢ = 0, the sequence of outputs 
will be as shown, and the binary sequence generated by the circuit will 
he 00001111000011/- - + , a sequence of period 8. If the inverter is 
eapable of restoring and reshaping the pulses in the system, this sequence 
wenorator will continue to cycle indefinitely. 

he shift register with feedback provides a means for generating an 
lesived sequence, Figure 7-3d shows a block diagram for a shift conetin 
with feedback constructed of magnetic cores, and Vig. 7-3e shows an 
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actual circuit. The sequence produced by this circuit will be the same 
as that produced by the delay-line shift register in Fig. 7-3c. We will 
analyze the operation of the circuit using Boolean functions of time. 
The input line X is assumed to carry a sequence of input pulses occurring 
at times ¢ = 0, 1, 2, 3, . . . , 80 the X input could be connected to the 
output of Fig. 7-3a. The feedback loop contains a single gate which 
complements the output signal from cell Q.; the complemented value of 
Q, at time ¢ is read into cell Q; by timet + 1. In the notation of Sec. 6-6, 
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Fig. 7-3. (Continued) 


reshaping 


amplifier this sequence generator are 


Z(t) = Qa) 
Q00) = qo  91(0) = Q2(0) = Q:(0) = Q.(0) = 0 
Qt + 1) = AQM,XO) 


where X = 1 when ¢ = 0, 1, 2, . . . and 0 at all other times. For this 
network, v is defined as 





Qué + 1) = XOAO 
Qo(t + 1) = XMQC) 
Q:(t + 1) = XQ) 
Qalt + 1) = XOQs(t) 


If X(t) = latt =0, 1, 2,3,4,..., then 
Atti =|QA0 Q(t+1)=Q(t) ete. 


Several remarks should be made about the expressions above and the 
physical characteristics of the magnetic-core memory cells in Fig. 7-3e. A 
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Fra. 7-3. Binary sequence generators. (a) Regular interval sequence generator; (b) 
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magnetic-core memory cell stores a binary value which is dependent upon 
the direction of residual magnetization of the core. Hence we can 
assume, for instance, that if the core is magnetized clockwise, it represents 
a 1; a counterclockwise magnetization would then represent a 0. Each 
core memory cell in Fig. 7-3e will retain its magnetization, and hence its 
state, unless an electric current inducing a magnetic field which tends to 
reverse the direction of magnetization of the core is passed through the 
winding on the core. The windings connected to the input X are 
arranged so that a positive current pulse on X will reset the cores Qs, 
. ,Qs to the 0 state. If a core Q; contains a 0 and a pulse input is 
applied at X, the direction of the magnetization of Q; will not change and 
no output current will be induced in the output winding of Qi. If, how- 
ever, core Q; contains a 1 when positive current passes through the X 
winding input, the direction of magnetization of Q; will be reversed, a 
current will be induced in the output winding, and a pulse output will 
result. (The read-out procedure is destructive in that the core is always 
reset to the 0 state when read.) An output signal from core Q;, 7 < 3, 
will be delayed by either capacitor Ci, C>, or C3, and then used to set the 
next core to the right (Qi;1) to the 1 state. The output from core Q; at 
time t = 1, 2, . . . is therefore equal to the value read into the core at 
time t — 1. Notice also that cores do not have continuous outputs, but 
only respond when pulsed. The core is therefore a single-input single- 
output memory cell such as appears in the block diagram, and the 
capacitor and resistor nets on the output winding of each core correspond 
to the delay elements which avoid a race situation. 
We have assumed that X, the input to the transducer, always has the 


value 1 when ¢ is an integral value; we therefore have a clock driving a 


sequential transducer or a binary sequence generator. Let us represent — 


the state of Q at time tas a binary number by simply adjoining the 
values taken by the Q,, so, that, for instance, Q(t) = 0001 when Q.(t) = 0, 
Q(t) = 0, Q(t) = 0, and Q(t) = 1. If Q is started in initial state 
qo = 0000 at time ¢ = 0, we can compute the values of Q and Z at time 
t= 0,1, 2, .. . as follows: 


m~ 


Q(0) = 0000 Z(0) = 90 
Q(1) = 1000 Z(i) = 90 | 


Q(2) = 1100 Z(2)=0 Ao \c 
Q(3) = 1110 =Z(3) = 0 1118 
Q(4)=1111 Z(4)=1 C 


Q(5) = 0111 Z(5) = 1 
Q(6) = 0011 Z(6) = 1 
Q(7) = 0001 Z(7) = 1 
Q(8) = 0000 Z(8) = O 
Q(9) = 1000, Z(9) = 0 
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The values of Z will form the sequence O000111100001111 ---,a 
periodic sequence with period 8. 

7-5. The Flip-flop. The preceding sections have described memory 
cells with a single input line and a single output line, as defined in Secs. 
2-2 and 2-3. A large number of digital machines utilize a memory 
element known as a flip-flop, a bistable memory cell generally having two 
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Via, 7-4. Tabular analysis of flip-fl i i ; i 
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output lines, each output line containing a signal which is the complement 
of the other line. Many different kinds of flip-flops have been designed 
and used ; the operating characteristics of a given flip-flop will present 
certain specific advantages and disadvantages to the system designer. 
Instead of a survey of all available types, the characteristics of three of 
the most common flip-flops will be described in this section, and the 
following section will analyze several circuits containing flip-flops. 

a he RS flip-flop in Fig. 7-4a has two input lines and two output lines. 
I'he state of the flip-flop is generally defined as the value of the signal on 
the Q, or 1, output line: if the signal at Q is a 0, the flip-flop is said to 
he in the 0 state and the Q’ output line will contain a 1; if the Q output 
line contains a 1, the flip-flop is in the 1 state and the Q’ line will contain 
i.0, Vigure 7-4a also shows a table of input and output states for this 
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flip-flop. The flip-flop is assumed to have an internal delay of ¢ seconds, 
so that if an input signal which will change the state of a flip-flop is 
applied at time t, the flip-flop will not change states_until time ¢ + «. 
Define Q(t) to be the value of the output signal at output Q at time ¢, 
let S(é) be the value of the signal at the S input at time ¢, and let R(t) be 
the value on the R input at time ¢. The general transfer relation for the 
RS flip-flop is given by 
S-1+R-0+R'S'-Q-Q SR =0 


with the transfer occurring during the time interval (t, +). The rela- 
tion states that if the se¢ input is 1, a 1 is inserted in Q, if the reset input is 
1, 2.0 is inserted in Q, and if neither input is 1, Q remains undisturbed. 
The new value of Q has meaning only at least ¢ seconds after the observa- 
tion of the old values of the functions. The transfer relation simplifies to 


S+S'R'-Q=S+R'-Q-0 
which, by the definition of the transfer, implies that 
Qt + «) = SO + FORO 


This equation may be verified by inspecting the table in Fig. 7-4a which 
states that the flip-flop will remain in its present state if both inputs are 
0’s. Further, if a 1 signal is applied at the S input, the flip-flop will be 
set to the 1 state, and if a 1 is applied at the R input, the flip-flop will be 
reset to the 0 state. Notice that_a_1 signal on both the R and S lines is 
prohibited; the state of the flip-flop after « seconds is then indeterminate. 
This input state, 1’s on both the R and S lines, is called a forbidden input 
state. 

The transfer of the value of a function P into an RS flip-flop Q is easily 
implemented. Letting 


S=P and R=FP' 


the transfer relation becomes 
P+P-Q=P>Q 


To establish the time interval (¢, t + ¢) at which the transfer occurs, we 
may introduce a clock pulse generator X which has value 1 at time ¢ and 
value 0 at other times. Then the functions X P and XP’ can be used a8 


inputs to R and S respectively. 


The C flip-flop (or complementing flip-flop) in Fig. 7-4b has a single 
input line and the usual two output. lines. Again the flip-flop is assumed 
to have a delay of « seconds from the time an input which will cause the 
flip-flop to change values is applied until the state of the flip-flop changes, 
The operation of the flip-flop is quite simple: the flip-flop always changes 
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states e seconds after a 1 signal isapplied. If C(é) is the value of the input 
at time tand Q(t) and Q’(¢) are as before, the characteristic equation for 
this flip-flop is a 

Qé+ «) = Q) BC 


which may be verified from the table. 
This is equivalent to the implementation of the transfer 


CeQ-Q 


The RCS flip-flop in Fig. 7-4c is simply a combination of the two flip- 
flops described above. ‘There are three inputs and two outputs; the table 
describing the circuit is in Fig. 7-4c (rows listing forbidden input states 
are omitted) and the characteristic equation for the circuit is 


Qt +6) = ROQWM + [RO GW] + SO 


7-6. Binary Counters and Operation Counters. Operation counters 
are used to record the number of occurrences of machine operations of a 
specific type. We assume that each time a specified operation occurs 
a one-input signal is applied to the counter. 

Let the counter consist of an m-cell register Q with cells Qi, Q2, . . . 
Qm and a combinational network. Assign the integer representation 


6(Q) = >, Q,2"-i to each value of Q. Let r be the number of operations 


i=1 

which have occurred, and Q(r) the state of Q after r inputs signify- 
ing operations. A binary counter is an operation counter for which 
8(Q(r + 1)] = 61Q(r)] + 1 (mod p), where p < 2” and p is the cycle 
length or period of the counter. 

There are also binary counters which decrease the number 6(Q) each 
(ime an input is applied, so that 6,[Q(r + 1)] = 6[Q(r)] — 1 (mod p); 
these are defined as reverse binary counters. 

Tet us now design a binary counter with 3 output lines using 3 RS 
flip-flops, and let this counter have a period p = 8. The sequence 
(Q(r)} will be 000, 001, 010, 011, 100, 101, 110, 111, 000, 001,.... In 


order to implement a three-cell class B binary counter using RS memory 
elements, a combinational network with six output lines will be required 
one for the R and one for the S input of each flip-flop. The inputs to the 
combinational network will be from the outputs of the flip-flops and the 


X or stepping input, so both complemented and uncomplemented values 


of each input variable except X will be present. The transitions listed 
above are to be initiated by means of the X input, which will contain a 
pulse or 1 signal each time the counter is to be stepped (incremented). 
Now the RS flip-flop has one characteristic which is often helpful in 
reducing the expressions for a given circuit; when the flip-flop is in the 1 


e 


att eenttta iil 
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state and is not required to change to the 0 state, it does not matter 
whether or not a 1 signal appears at the S input, so d’s or don’t cares may 
be entered in the table of combinations in the S column when this situa- 
tion exists. An analogous situation occurs at the R input when the 
flip-flop is in the 0 state and is not required to change toal. A tableof 
combinations for the combinational network for the modulo 8 binary 
counter follows, with d’s entered in the table where output values are 
don’t cares. The inputs to the network are from Q:, Qs, Qs, and X; the 
outputs are to the R and S inputs of Q:, Qz, and Qs, and each R and S 
carries a subscript designating the flip-flop to which it will be connected. 
Since all outputs from the network are to be 0 whenever X is a 0, we 
have omitted the rows corresponding to X = 0 inputs from the table. 


Inputs Outputs 
Qi: Q2 Qs: Ri Si R. S2 Rs Ss 
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A set of reduced expressions for the output lines from the combinational 
network is 


R; asl XQ; 

R, = XQ3Q2 
So = XQ:Q: 
Ri = XQ:Q:Q1 


S, = XQ:0:91 


A block diagram for a mod 8 binary counter may be found in Fig. 7-5a. 


The binary counter may also be designed using C flip-flops. In this 
case a 1 is entered in the table of combinations in column C; only when 


flip-flop Q; is to be complemented, that is, when the flip-flop is to change 


states. For instance, when Q:, Qe, and Qs; contain 101 and an X = 1 


signal occurs, then Q: and Q; are to be complemented, yielding 110 as th 
next state. Therefore, 1’s are placed in columns Cz and C; in the ro 
where the input value is X = 1, Qi = 1, Q: = 0, and Q; = 1 
expressions derived from the resulting table are sometimes referred to 
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(b) 
lia. 7-5. Binary counters. (a) RS flip-flop counter; (b) C flip-flop counter. 


c. 


change equations, for the expression for C; represents, in Boolean form 
the input states which are to cause Q; to change value. 
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The minimal expressions derived from the above table are 


C3 = x 
C2 = XQ3 
Ci = XQ:Q2 


A block diagram of a counter using C flip-flops may be found in Fig. 7-5b. 
Notice that fewer gates are required if C flip-flops are used than if RS 
flip-flops are used. However, RS flip-flops are liable to be less expensive 
than C flip-flops, so that the relative costs must be known before a 
decision can be made. 

The combinational networks used to realize a binary counter in Fig. 
7-5a and b are iterative networks.{ For instance, an m flip-flop counter 
which will count to 2" — 1 can be constructed using m C flip-flops and 
m — 1 AND gates, where flip-flop Q:, 7 # m, is connected as in Fig. 7-5b, 
stage 1 or stage 2, and flip-flop Qn is connected as in stage 3. The 
expression for output C; of the combinational network is therefore 
C, = XQmQm—1 antes Qi-1. 

In general there is no way of telling whether a given sequential network 
can be more inexpensively implemented using RS or C or even RCS 
flip-flops without designing networks for each. Often only one or two 
types will be available, however, and sometimes other factors such as 
speed of operation and output loading will prove the deciding factor. 

The most general class of counters we have designated as operation 
counters, and binary counters are members of this class. Many counters 
generate sequences in which the successive terms do not correspond to 
any number system. All that is required is that each internal state of 
the counter be unique within a given period; that is, the sequence of 
states {Q(r)}, where Q(r) = [Qo(r),Q:(7), . - - ,Qmn(r)] is the m-tuple of 
binary internal states, should not contain two identical m-tuples within 
any subsequence of length less than the period of the sequence. Given 
the sequence of internal states {Q(r)}, we can design a network which will 
realize this sequence. 

Let us design a counter which generates the output sequence 00, 01, 11, 
10 using C flip-flops and a class B network. First a table of combinations. 
is drawn up; there are three inputs to the combinational network (X, Qi: 
and Q2) and two outputs, C; to the input of Q: and C, to the input of Qs 


+ An iterative network is a network constructed of identical cells arranged so that 
the connections between adjacent cells are the same, except possibly for end ce’ 
If cell ¢ of an iterative network has inputs connected to only cell i — 1, the net wo’ 
is unilateral. If cell i receives inputs from both cell i — 1 and i + 1, the netwo 
is bilateral. 
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Again the rows where X = 0 have been omitted, for each contains only 
0’s in the output section. 


Inputs Outputs 
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Fia. 7-6. Operation counter. 
for the combinational network are 


Ci = X(Qi @ Qs) C2 = X(Qi © Q) 
or Cy = X(QiQ5 + Q1Q2) C, = X(Q1Q2 + Q19:) 


Ras Shift Registers with Feedback and Constant-weight Counters. 
I'he preceding sections have introduced the operation counter and 
described a systematic procedure for the design of certain counters. In 
the quest for simple, inexpensive counters, considerable interest has 
been directed toward a class of sequential circuits known as shift registers 
with feedback. In general, a shift register with feedback is of the con- 
figuration shown in Fig. 7-7a; the circuits in Fig. 7-3c to e are specific 
examples. This type of network comprises a shift register Q, consisting 
of a set of memory cells Q1, Qs, . . . , Qm, and a combinational network 
which yields a two-valued function \ of the contents of register Q and the 
input line X. Each time an input pulse, signifying an operation has 
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occurred, is applied on line X, the content of cell Q; is transferred into cell 
Qis1, fort = 1,2, ...,m— 1, and the value of A(Q) is read into cell Q:. 
The counter is assumed to be started in some fixed initial state go (the 
Q; not necessarily in the 0 state). Thus, when a binary input sequence 






X(Q1 .Qa,..-,Qm,X)| Combinational 


X input o 


X input 


Fic. 7-7. Shift registers with feedback. 


is applied at X, the register Q is stepped through a sequence of values 
with a cycle length or period p, where p is determined by the number of 
cells in the register, the initial state qo, and X. 3 
Section 7-3 described a circuit of this type, using a four-cell magneti 
core register where \(Q) = Q (refer to Fig. 7-3e). The period of th 
register was 8 when the initial state qo was Qi = 0; a check will indica 
it is 8, regardless of the initial state. 
A general procedure for designing a 
cycle length p can be based on the use of a 


shift register counter with a giv 
code ring, or binary chat 
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consisting of a closed sequence of p binary symbols. For instance, the 
code ring for the register in Fig. 7-3 is 11110000, where, by starting with 
the rightmost subsequence of length 4 (0000) and moving left one digit 
each time, the sequence of quadruples 0000, 1000, 1100, 1110, 1111, 0111, 
0011, 0001 may be generated; this is the sequence of states taken by 
register Q when the initial state is 0000. A code ring for a three-cell 
shift register counter with a p of 5 is 11000; subsequences of length 3 from 
this code ring contain five different combinations of binary values. 


Starting with the rightmost,subsequence and moving left, the sequence of 


triples generated is 000, 100, 110, 011, O01. 
Boolean expressions for each cell Q; of the register, we need derive only 
the expressions \(Q) for Qi, since the expressions for the other two cells 
are known to be Q2(¢ + 1) = Q,(t) and Q;(¢ + 1) = Q.(t). An examina- 
tion of the sequence of triples above shows that a 1 is read into cell Q; at 
time ¢ + 1 when register Q contains 000 or 100 at time t. The expression 
for \(Q) is therefore 


A(Q) = QiQ:Qs + 21020; + (QiQ205 + Q1Q1Qs + Q1029s)t 
which can be simplified to 
A\(Q) = Q29; 

We have assumed this circuit is to be used as a counter and always 
atarted in an initial state where Q; = 0. Notice that if the register Q is 
started in state 101, then the sequence generated will be 101, 010, 001, 000, 
100, 110, 011, 001, 000, . . . where the first three triples constitute an 
initial response of length 3 (refer to Sec. 7-2) and the remaining triples 
form a periodic sequence with period 5. 

One more example will suffice. A code ring for p = 10 is 0001111001, 
and the sequence of states generated is 1001, 1100, 1110, 1111, 0111, 0011, 
(001, 1000, 0100, 0010. The states of Q for which a 1 is to be read into 
(, are 1001, 1100, 1110, 0001, and 0010, so the expression for ) is 


MQ) = Q10:Q3Qs + Q10:050%4 
+ Q1Q2Q:04 + Q1Q50;0s + Q1050;01 
+ (Q1Q:05Q1 + Q1Q2020s + Q52:0:01 
+ Q1Q2Q4Q1 + 2:00:01, + Q10:030.) 


where the terms in parentheses are don’t cares. The simplified expres- 


sion is 
A= Q:0:0 =t QQ. + Q:0% 


The block diagram for a shift register with feedback using RS flip-flops 
tay be found in Fig. 7-7). 


{ The terms in parentheses are don’t, cares (see Sec. 4-8 for details). 


Instead’ of deriving the 
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A procedure for deriving binary chains of any length may be found in 
Ref. 23. (While the technique described in Ref. 23 will generate some 
chains of any given length p, at present there is no systematic technique 
for generating all binary chains of a given length.) Binary chains of 
length p = 2” are called complete chains, and Ref. 11 contains a proof 
that there are 22”"-" complete chains of length 2”. 

Counters are generally used to sequence the operations which occur in 
digital machines. If we set a binary counter such as that in Fig. 7-5a or b 
to the Q; = 0 state, the counter will then record unambiguously up to 8 
input signals signifying that a specified event has taken place. Suppose 
that a given machine operation is to take place simultaneously with the 
oceurrence of the fifth operation which the counter is monitoring. We 
can connect an AND gate which physically realizes the Boolean expression 
XQ.Q), Qi, to the outputs of the counter memory cells and the X input, 
and this aNnp gate will have a 1 output. at the time the fifth operation 
occurs after the counter has been cleared. Notice that the AnD gate 
“senses” the binary number 100 or decimal 4, for the memory cells have 
an inherent delay of ¢ seconds, which is less than the time between the 
operations being counted but longer than the duration of the input signal 
signifying an event, and therefore the fifth input signal signifying an 
operation will occur when the counter isin the 4 state. If the output line 
was to contain a 1 after the fifth operation, then the anp gate would 
realize the term Q:Q:Q3. 

The counter plus the anp gate comprise a class A network. Suppose 
that a sequential network with a single input X and with eight output 
lines, which we designate Zo, Z1,.-- 5 Zz, is required. Only one of 
these output lines is to contain a 1 at any given time, and that output 
line is to correspond to the number of operations which have occurred; 
that is, line Z, is to contain a 1 after two signals signifying an event, line 
Z; after 3 events, etc., This network could consist of the counter in 
Fig. 7-5a plus 8 aNp gates, one for each output line. The network would 
then be a class A network consisting of a counter and a many-to-one 
decoder nett as shown in Fig. 7-8a and b. 

A complete many-to-one decoder network is a combinational network 
with inputs from a register Q consisting of m memory cells Q:, Qe, . . om 


+ By logically adding together some subset of the output lines Z; in Fig. 7-8), one 
may form a sequential network which will realize any sequence of binary digits 
with period 8. For instance, the sequence 001100110011 - - - may be formed by 
logically adding lines Zo, Z:, Zs, and Z;. By an obvious extension, any periodic 
sequence of m-tuples with period 8 can be formed. Further, by designing a counter 
with period p and connecting a suitable network.to the outputs of the memory cells, 
any periodic sequence of period p may be formed, and since we can always design 
counter with period p using > log: p memory cells, a class A network with 2 logs p 
cells can always be designed which will generate any sequence of m-tuples of period p, 
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Qn and 2” output lines Zo, Zi, . . . , Zom—, such that (1) for each state of 
the register Q, one and only one of the output lines Z; will represent a 1 
and (2) for each state of Q a different line Z; will representa'l. We frome 
therefore establish a one-to-one correspondence between output lines and 
the states ot Q by assigning the value of the integer representation of Q, 


which is >» Q;:2"-*, as the index j of Z;, so that line Z; will represent a 1 


The register together with decoder is a special case of the selection 
register defined in Sec. 6-5, and the functions Z; are the selector or char- 
acteristic functions of the register Q. 

Figure 7-8a shows a complete decoder network connected to a 2-cell 
binary counter. The decoder network in Fig. 7-8a is called a diode matriz 
and the particular configuration in Fig. 7-8a is often called a rectangular 
matrix, while the decoder network in Fig. 7-80 is often called a pyramid 
for obvious reasons. Both the types of networks shown require 24 
diodes (elements) for a three-cell eight-output network, but for larger net- 
works the pyramid network will require fewer diodes (elements). f 

The choice of configuration will be quite heavily biased by the type of 
elements used in the decoder network. For instance the pyramid requires 
signals to pass through more than a single gating level for m greater than 
2, and if many levels are used, gain may be required. The various types 
of matrices have been studied in some detail, and descriptions of the most 
common types of decoder networks, physical characteristics, and other 
considerations may be found in Refs. 5, 22, 34, and 35. 

If an m-cell counter is connected to a decoder network and provision is 
made for AND gating the input pulses with each of the outputs from the 
decoder matrix, a time-pulse distributor or timing-pulse generator will be 
formed. A time-pulse distributor is a network with a single input line 
and p output lines Z1, Ze, . . . , Zp, where line Z; will carry a pulse 
signifying a 1 when the 7th (mod p) input pulse occurs. Several types of 
time-pulse distributors have been described in Refs. 4, 22, 34, and 35. 

A particular type of shift register can be used to realize a network of this 
sort. Figure 7-9a shows a ring counter which consists of an m-cell shift 
register. This counter is always started in an initial state qo in which cell 
(Jy) contains a 1 and all other cells a0. Notice that the content of cell Q; 
is transferred into Q;,;1 for i < m — 2, and the content of cell m — 1 is 


{ There are several other types of decoder networks, including one called a balanced 
decoder matrix which, for more than three binary input cells, requires fewer diodes 
than either the pyramid or rectangular matrices, and Burks’ has shown that balanced 
Mleoodor matrices require fewer diodes than any other type for m > 3. 
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transferred into cell Qo each time an input is applied at X. The shift 
register therefore circulates a single 1, and the location of the 1 in the 
memory cells designates the number of events which have taken place; 
that is, after 6 events only Qe will contain a 1. The counter constructed 
in this way counts modulo m, the number of cells in the register, and if an 
output line is connected to each cell, a network which externally corre- 
sponds to the counter-plus-decoder network can be realized. When a 
ring counter is used, the network requires more memory cells than the 
diode counter plus decoder, but fewer gates. The choice will again 
depend on the components available, etc. 

Ring counters are members of a larger class of counters referred to as 
constant-weight counters, so called because the number of 1’s (or 0’s) in 
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Fig. 7-8. (Continued) 


the memory cells remains constant. An example?! of a two-out-of-five 
counter with decoding net is shown in Fig. 7-9b.. The counter contains 
five memory cells and counts modulo 10, the sequence generated is 
01100 — 00110 — 00011 — 10001 — 11000 — 01010 — 00101 — 10010 — 
01001 — 10100, and the counter is always started in initial state 


qo = 01100 


‘he expressions for the counter are 


Quilt + 1) al Qs(6) 

Qeé +1) = Qi 

Qa(é + 1) = Qi(Q2(t) + QiQs(é) 
Qalt + 1) es Q1(4)Q3(t) + Q1(4)Q2(t) 
Qs(t + 1) = Qald) 


The counter in Fig. 7-9b requires fewer (half as many) memory cells 
than a pure ring counter but requires more gates; it also requires more 
memory cells than the counter in Fig. 7-8b but fewer gates. In general 
vonstant-weight counters can always be designed which will count 


o Input X 


o Input X 





Fie. 7-8. Many-to-one decoder networks. (a) Rectangular matrix; (b) pyram 
decoder, 
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modulo i) where m is the number of memory cells and w is the number 
w 


of 1’s in the counter, but the choice of w, complexity of the resulting 
circuitry, and desirability of this type of counter must be determined in 
each instance. Kautz?! presents considerable specific information includ- 
ing some comparison of cost for typical configurations. Notice also that 


Feedback loop 






X or shift input 
(a) 


01010 00101 10010 01001 10100 01100 00110 00011 10001 11000 


Q2Q4 Q3Q5 219, 2295 AQ Q2@3 O3@4 495 A145 Q, 9. 
Q2 Q, Q3 Q, Qs 


(b) 


Fig. 7-9. (a) Ring counter; (b) constant-weight counter. 














constant-weight counters are very similar to shift registers with feedback, 
except that some interstage logic is also used. 

7-8. The State Diagram. A state diagram is a directed linear graph 
which can be used to represent, in graphical form, the relations between 
internal states and input and output states. Figure 7-10 shows state 
diagrams for two networks, each of which has three internal states qi, qa, 
and q;, two input states 2, and 22, and two output states z: and 2s. The 
three nodes (vertices) of each graph, labeled qu, q2, and qs, represent the 
three internal states of the network, and the directed lines (arcs) show the 
transitions which may be made between the states. Each directed line is 
labeled with the input state which will cause the state transition qi to di 
indicated by the line. In Fig. 7-10a the input states which cause a given 
transition are written to the left of the /, and the output state corre= 
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sponding to this input to the right. Since two different input states may 
cause the same transition, a single transition arrow may carry several 
different labels; for instance, either 2, or x2 will cause a transition from 
qs to g2 on the two diagrams. 

The two types of state diagrams in Fig. 7-10 correspond to the two basic 
types of network described previously, the class A network being shown 
in Fig. 7-10a, and the class B network in Fig. 7-10b. The diagrams differ 
in the locations of the output signals in the diagram. Figure 7-10a has 


Next-state 
section section 
%1 Xp Xe 


q 

] j (a) Qo 

Xo 121 X,/25 

x, /2y Eas Q3 
Lam ey) X41 x2 
q 


Output 


Qy.2y | W221 
x, /zy ,x,/29 (b) Go| 93,22 | 1» 22 
(a) 43| Gar21 | G21 22 
“1, 
Next-states Outputs 


Xo 
x1 
a@ (ad) Qs!2) x, X2 
91) 91 
(c) Q2| 73 
(b) Q3| 92 


x, Xe 


Fra. 7-10. The state diagram. (a) Class 
A machine; (b) class B machine. 


Fia. 7-11. State tables. 


the output state located on the transition lines and to the right of the / 
following each input state. The outputs for the type B machines are 
located in the circles, which also contain the state designations, to the 
right of the qg;. The diagrams illustrate again that the output of a class A 
network is a function of its present input as well as its state, and the out- 
put of a class B network is a function of the state only. 

The state diagram represents the operation of a sequential network in a 
straightforward manner and is especially useful in preliminary design 
stages. Assume the network in Fig. 7-10a is started in state q at time 
t= 0. If the input sequence x2, 2, x1, r2 is applied at times? = 0, 1, 2,3 
respectively, the output sequence generated will be 21, 22, z1, 22, and at 
time ¢ = 4 the network will again be in state qu. 

7-9. The State Table. Another way to represent a sequential network 
abstractly consists of a state table. Thestate table contains the same infor- 
mation as the state diagram. Figure 7-11 shows three state tables; the 
tables in Fig. 7-1la and 6 correspond to the state diagram in Fig, 7-10a, 
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and Fig. 7-1lc corresponds to Fig. 7-10b. The state table in Fig. 7-lla 
is divided into two basic sections, one containing next-state information 
and the other the corresponding output data. These two sections can be 
combined as in Fig. 7-110, but we will adhere to the tabular structure of 
Fig. 7-11a. 

The rows of Fig. 7-lla correspond to the states of the network, and the 
columns to the input states. For instance, if the network is in state q2 
and an 2, input state is applied, the operating point will be in the first 
column and second row of both sections of the table, indicating that the 
next state will be qs and the output a ze. If the initial state or starting 
state of the machine is q2 and an input sequence of 22, 11, 22 is applied, the 
output sequence generated will be 22, 21, 21, and the terminal state will be qz. 
The terminal state is, therefore, not the state when the last input is 
applied, but the state to which the last input takes the network, and we 
assume the network will stay in that state until another input is applied. 
Notice that the sequence of outputs and terminal state will be determined 
by the initial state of the machine as well as the input sequence. 

Figure 7-11c shows a state table for the class B network in Fig. 7-10. 
Since the output state of a class B network is determined only by the 
internal state of the network, a single output state is associated with each 
row of the table, and the output value for each row can be placed either to 
the right of each state and separated by a comma, or in an additional 
column as in Fig. 7-11e. 

7-10. Analysis and Design of a Serial Binary Adder. A serial binary 
adder is a sequential circuit with two input lines, which we designate X1 
and X:, and a single output line S. The input signals of lines X1 and X 
consist of sequences of 0’s and 1’s represented by electrical signals, where 
each signal representing a binary digit occupies some finite fixed time 
interval. Further, the input signals on X1 and X, represent binary num- 
bers and arrive in sets, each containing some fixed number of digits; the 
least significant digits in the numbers represented arrive first. If the 
machine represents numbers as nonnegative integers, where each number 
in the basic machine word consists of, let us say, five digits, then integers 
from 0 to 31 can be represented. Let 11010 represent the decimal num- 
ber 26 (reading from right to left, the weights assigned to the digits 
increase as powers of 2), let this sequence of five digits be presented on 
line Xj, and let 00011 be presented on line X2; the output line S is then 
to carry the sequence 11101, denoting the decimal number 29. Since the 
binary digits arrive in sets or words, each set representing some number, 
it may be necessary, when adding, to reset the memory cell in the serial 
binary adder after each addition of two machine words. Also, each set of 
digits will probably carry a sign bit, as explained in Sec. 8-4. In this sec- 
tion, we shall ignore the problems associated with resetting the adder and 
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with sign digits. The system for representing negative numbers (whether 
the sign bit precedes or follows the digits representing a number) and 
other considerations enter into this problem. In this section we shall 
describe only the design of a conventional serial binary adder which adds 
together two positive binary numbers represented in serial form. In 
Chap. 8 a more general description of adders is presented with some di 

cussion of both serial and parallel adders. - 


11/0 Next states Output values 


00 01 10 11 00 01 10 11 

C Xa) (a2) 4/91) 9 91| % 0 1 1/0 

00/0, 01/1, 10/1 ss 44.91] Ga] 4a] ul ial ica 
(b) 











71 10/0, 01/0, 11/1 





(a) 


S = X,®X,_ © Q = sumdigits 
Fulladder |Q@ =X, Xo +X, Q+ Xo Q = carry value 
. l 
Q Delay line 4 


or memory cell 









A 
rH 


t=0 123 
(c) 


Kia, 7-12. The serial add i ; 
peared adder. (a) State diagram; (b) state table; (c) block diagram 


The sequence of signals representing the addend and augend are 
assumed to arrive at regular intervals of time; so let the signals arrive at 
times ¢ = 0, 1, 2, . . . , n, where n + 1 is the number of digits in each 
number to be added. The output from the circuit is to be a sequence of 
signals representing the sum, so that the sum digit on line S at time ¢ is 
equal to the sum of the two input digits on X; and X>» at time ¢ and an 
carry from the preceding digits. | : 

[he network can be represented by the state diagram in Fig. 7-12a 
und the state table in Fig. 7-12b, where q; is the state of the membr cell 
State ui corresponds to no carry, and state g. to a carry of 1. The net- 
work is always started in state q, at time¢ = 0. In Fig. 7-124 and b the 
input states are represented by actual binary values, with the value on 
line X, to the left of the value on X2, so that 01 feprcaente aQon X,;anda 
| on Xy. The S’s are also represented by the binary values 0 sais If 
we let the state q, correspond to a 0 in the memory cell, and q2 to v4 lin 
the memory cell, and also let Q represent the output of the memory cell 
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and @ the input, so that Q(@+ 1) = G(t), then the following table of 
combinations for the circuit may be derived: 
Sg Ee es 


Inputs 
Xe 


Outputs 
Ss 


> 
Ca) 








eee Ke OOC oO 
eBPeCcOoOrroOoSo 
KOorcorore 
KH OoOrCOrrFS 
eee orooce 





The combinational network must therefore realize the relations 


S=Xi0eX,.0Q0  _ 
Q = XiX.+ XQ + X2Q 


The network can be realized as in Fig. 7-12c. 

7-11. Linear Sequential Networks. The networks which have been 
described have been composed, for the most part, of AND gates, OR gates, 
memory cells, and inverters. Sequential networks which are constructed 
of only exclusive-or gates (or mod 2 adders) and memory cells are often re- 
ferred to as linear sequential networks. While linear sequential networks 
comprise only a small class of networks compared to the more general non- 
linear networks which have been described, a number of interesting char- 
acteristics of linear networks have been described in the literature. Also, 
applications of this type of network are of interest in the fields of radar, 
communication systems, and error-correction devices. Linear networks, 
when used as binary sequence generators, can be used to generate long 
strings of quasi-random numbers;‘® linear sequential networks may be 
used, in many cases, as economical counters. This type of network is of 
considerable interest in digital communication systems which employ 
error-correcting codes of certain types, and an excellent description of 
these codes may be found in Peterson.”® 

The analysis of linear sequential networks is facilitated by the use of 
linear algebra, and our approach will be algebraic. Figure 7-13 shows & 
four-cell linear sequential network consisting of a four-cell shift register 
with feedback. Let us assume that the four cells consist of perfect delay 
lines, each with a delay of A, so that every A seconds the contents of the 
register will be shifted one cell to the right and Q; ® Qs read into cell Qi. 
The network could, of course, be a clocked network with a clock pulse 
every A seconds, or could be implemented in any of the ways previously 
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mentioned. In this description we will assume ideal delay lines, mod 2 


adders, etc., so that if the network cells are started in some state Q° at 


A Aa 
Q Qs 


Qo (t +1) = Q,(HQ3(t + 1) =Q,(HQt + D= Qs (t) 
Q(t FI =Qz(t) @ Q,(t) 


Fig. 7-13. Linear sequential network. 


time ¢ = 0, then the register will continue to shift indefinitely, one shift 
each A seconds. The expressions for the memory cells are 


Qi(t + 1) = Qs(t) ® Qu(4) 
Q2(t + 1) = Qld) 
Qs(t + 1) = Q2(¢) 
Qs(¢ + 1) = Q:(4) 


Let Q;! be the state of Q; at time t, and Q;" the state of Q; at time ¢ +1; 
then we can represent these relations in matrix} form: 


Q" 00 1 14] Qi! 
Q}_ |1 0 0 0 Qo! 
Qs" 0 1 0 Of} Qs! 
Q.’ 0 0 1 OJLQs! 
Or, letting the square matrix be denoted as M, 
Q’ = MQ 


If Q° is a column vector representing the initial state of the register Q 
at time ¢ = 0, then the sequence of states the register will generate is 


Q°, MQ®, M?Q°, M*Q°, . . . , MQ° 
and the state of register Q at time ¢ will be Q(t) = M'Q°. Also, if the state 
of Q at time t is Q‘, then the state at time tm will be Q'" = MQ‘. 
If the matrix for a given sequential network M is nonsingular (that is, 
if its determinant || is not equal to 0), then each state will have a unique 
predecessor which may be calculated using the inverse matrix M~. The 


{ This section uses standard matrix notation as defined in Birkhoff and MacLane, 
for instance (seo Ref, 1 in Chap, 5), Addition of the M4jQij is mod 2. 
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matrix for the network in Fig. 7-13 is nonsingular, with an inverse 

0 

Mo = 


oO 
oo of 
ooro 
+ FH OO 


1 


which leads to the relation M—'Q! = Q*'. 

A series of calculations using the matrix M will indicate that M' = 7, 
so that if register Q at time 0 is in any state exceptQ;=0,i7=1,...,4 
(the zero state), the successive states of a given cell Q, of the network (or 
the states of register Q) will form an infinite sequence with period 15. 
This network falls into the category of maximal-period networks, which are 
linear sequential networks which generate sequences with a periodicity of 
m = 2" — 1, where 7 is the number of cells in the register. In order to 
discuss such networks, we first define the characteristic polynomial, which 
can be used to derive certain properties of a given matrix and hence a 
corresponding linear network, and then mention some of the properties 
of characteristic polynonials and the corresponding networks. 

The characteristic polynomial ¢(x) for a given matrix M is defined as 


o(x) = |M — al | 


¢(z) is therefore formed by subtracting an indeterminate x from the — 


diagonal elements of M and then taking the determinant of the resulting. 
matrix. For our example, t 


|= 2 @2@1 


® 


oooes8 
on O° 
Rk Oooo 


1 1 
100 0 
0 10 0 
001 0 

One of the theorems concerning matrices is that every matrix satisfies 
its own characteristic polynomial equation. Therefore 


¢(M) = M¢‘@eM*@l=0 


Now the period of the matrix and hence the period of the sequence 
generated by the corresponding linear sequential circuit will be equal to 
the smallest positive integer p for which Mp» = I, for then M 7Q° = @°, 
M?t+iQgo = Q', and in general M7+"Q° = Q" for all n, again letting Q* equal 
the state of Q at time k. 


+ Notice that subtraction in a two-element field (GF.) follows the same rules as 
sum mod 2 addition. 
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The following calculations may be performed: 


o(M) = M¢*OoMOerI=0 
M'(M1 ® M*@1)=0 
M5 @®M4@®M'=0 


which will simplify to 
M*@Il=0 or M' =] 


So the period p for the network in Fig. 7-13 is 15. The period p may 
also be calculated by finding the smallest integer p such that (zx) divides 
xz? — 1, for if g(x) A(z) = O and ¢(zx) A(x) = a? — 1, then 2? —-1=0 
and x? = 1. 

Zierler*”? has shown that a linear sequential network with a character- 
istic polynomial which is (1) irreducible and (2) does not divide 2"-! — 1 
for any m < p will always generate maximal-period sequences. 

Further results on linear sequential networks may be found in Zierler 
and in the paper of Weiss.‘® Solomon*® treats the problem in terms of 
finite difference equations, Elspas!? presents an excellent summary of 
much of the known theory, and Friedland!* contains interesting results. 
The application of linear sequential networks in the area of error-correct- 
ing codes may be found in Peterson,?* and a technique for analyzing these 
networks using operator polynomials and explained in terms of transfer 
ratio may be found in Huffman.'® 


PROBLEMS 


7-1. If the circuit in Fig. 7-3c is started in state 0110, describe the output sequence 
which will be generated. Not counting sequences which are translates (displace- 
ments) of other sequences, how many different sequences can be generated by the 
circuit in Fig. 7-3c? What is the period of each sequence? 

7-2. Design a clocked operation counter, using three RS flip-flops, which yields the 
sequence of internal states 000, 010, 011, 111, 110, 100, 000, 010, .... Derive the 
Boolean expressions and draw a block diagram for the circuit. 

7-3. Consider the RS flip-flop of Sec. 7-5. Let X(t) be a periodic clock pulse train 
with pulses at ¢ = nz; that is, 


1 nr St<nr +6 
x= {6 nr +8 <St<(n +1) 


for 0 <6 <rand(n = 0, +1, +2, +3,...). Let the flip-flop have inputs S(t) = 
S\(QX(t) and R(t) = Ri(t)X(t) such that R.(t)Si(t) = O for all ¢ and Ri(t) and S.(t) 
are constant in all intervals 


nmr +b St<(n+1yr +3 


/\(t) and S,(t) can change only at points nr. Designate the flip-flop as Q and then let 
the state of Q at time t be Q(t), 
3°. 
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iti ip- isfies the time-difference 

Under the above conditions show that flip-flop Q satis } 3 
fs Q(t +7) = Silt) + R,(t)Q(t) for all t and the discrete time-difference equa- 
tion Q(tna1) = Si(tn) + Ri(tn)Q(tn) for any periodic sequence of times th = nr +a, 
where 0 <a <7 and (n = 0, +1, +2,...). This is the equation for a clocked 


RS flip-flop. ; 
(b) Draw the state diagram for the clocked RS flip-flop. 
(c) We introduce the up (positive) change operator 


A Q(t) = Q"L)QE + 7) 
+ 


the down (negative) change operator 
A Q(t) = Q(HQ'(E + 7) 
the hold operator 
HQ(t)) = QQ +7) 
and the change operator 


AQ(L) = Q(t) ® QE +7) = 4 Q0) + 4 Q() 


Now let us agree to write Q(t) as simply Q, S(t) as simply S, etc. Show that for the 


RS flip-flop, 
AQ = SQ’ 
+ Ul , 
AQ =S8S,Rk,Q 
HQ = (Si + RQ = (Si © Ri)Q ; 
and AQ = S:Q! + SiRiQ = SQ’ © (S: @ Ri)'Q 
if SiR = 0 


(d) Derive the following equations from the identities in part c: 
AQ = (A Q)Q’ + (4Q)'Q = (490 + (HQ)Q 
+ - U7 
Q(r) = (A Q)Q’ + (4Q)Q = ¢ Q)Q’ + (HQ)'Q 
+ _ 


(t) = Q(r +2), ie., Q delayed by time r. 
aa ae - a Ms and q are desired up change, down change, hold, en cha 
functions of a clocked RS flip-flop. If Si = q4, Ri = q- and Ri = qu- - oo ‘ 
the delay equations for Q are Q; = q+Q' + ¢-Q = 44.Q' + qn Lap iaads ay a 
equations for Q are AQ = 9:Q' : oe ee + quQ. If Si = Q’q an 1 7 
nged equation for Q 1s = q. 
are ie re a roik of a river there is a traveler with his wolf, goat, and oobi 
The former wishes to reach the right bank with all his possessions 1n a boat which a , 
at most himself and one of his charges. His task is complicated by the fact that 1 _ : 
alone the goat will eat the cabbage and the wolf will eat the goat. ae 
wolf has no interest in the cabbage. (Due to Alcuin, a friend of Ro riree al 
(a) Show that the possible sequences of states of the objects on the left ne a 
banks of the river that the traveler may allow without loss, until he finally reaches _ 
right bank with all his possessions, are equivalent to the solutions of the three simu 
taneous equations , ' 
TG +W'c') + ™G+ wc) =1 
aT=W+G+C 
(AW)(AG) + (AW)(AC) + (AG)(AC) = 0 





INTRODUCTION TO SEQUENTIAL NETWORKS 167 


where 7’ = 1(7 = 0) = traveler on left (right) bank 
W = 1(W = 0) = wolf on left (right) bank 
G = 1(G = 0) = goat on left (right) bank 
C = 1(C = 0) = cabbage on left (right) bank 
7 = time between river crossings 


It is assumed without loss of generality that 7 is constant and that the crossing time is 
instantaneous. 

(b) Deduce all solutions of the above three simultaneous equations starting with 
initial condition (TWGC) = (1111) (the solution should not be unique). 

7-5. Design a shift register with feedback using the code ring 01001100010011000 

Connect an AND-to-or-gate network to the shift register so that if the register 
is started in state 0100, there will be an output in the interval between every third and 
fifth input pulse. Can the network be simplified by starting the counter in another 
state? 

7-6. Draw a block diagram of a complete pyramid many-to-one decoder for a four- 
cell register. How many diodes are required to construct the network? Can you 
derive a general rule to determine the number of diodes required for a complete 
pyramid decoder given the number n of cells to be decoded? Try to design a four-cell 
decoder using fewer diodes than required by the pyramid decoder. 

7-7. Draw a state table for the following machine: 





O/1 O/1 


7-8. Design a three-cell shift register with feedback which will generate the follow- 
ing sequence: 0101110101110 . . .. This is a linear recurring sequence of maximal 
period, so the circuit can be realized using only exclusive-or gates in the feedback loop. 
Derive the matrix M for the circuit and show that M* = M. 
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Elementary Machines 
























8-1. Introduction. This chapter begins the discussion of structural 
design. ‘The level of description will be that of the register and transfer. 
That is, a machine will be regarded as a set of independent and dependent 
registers communicating with one another by means of the transfer 
operation. 

"The term digital machine has been used throughout this book in quite 
a general way. A simple binary counter, for example, is a digital 
machine. A large, high-speed general-purpose computer is also a digital 
machine, The term structural design, as we shall employ it in this and 
succeeding chapters, will designate a description of digital machines at 
the register and transfer level. The operation of a machine is therefore 
described by a set of transfers. A binary counter may require one or two 
transfer relations to define its operation; a large general-purpose machine 
will, in general, require an extensive set of transfers. 

The principal advantage of this type of description is one of notation. 
The transfer is fundamentally a shorthand way of designating a poten- 
tially complex set of Boolean relations which may specify a complex 
electronic operation. Indeed, the Boolean relations defining the transfer 
need not even be unique. For example, the sum S (A,B) of two registers 
A and B may be computed in any of a number of different ways. The 
particular implementation used may be quite irrelevant to the problem of 
combining the transfer S(A,B) — A with other transfers to achieve a 
desired result. The transfer description then supplies just enough detail 
for the specification of the over-all machine. Once this description is 
available, the individual transfers may be implemented by translating the 
transfer relations into Boolean equations and then by realizing the equa- 
tions in electronic components. 

The design process is then divided into three phases: (1) the system 
design, which sketches in the general configuration of the machine an 
specifies the general class of hardware to be used, (2) the structural design 
which describes the system in terms of transfer relations, and (3) the lo 
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design, which realizes the transfer relations by means of Boolean equations, 
Practically speaking, of course, the three levels of design interact with one 
another. The Boolean equations make sense only if they are compatible 
with the electronic components. Hence a structural design which yields 
Boolean equations, which in turn indicate an awkward electronic con- 
figuration, must be modified as much as possible to produce as an end 
result a design consistent with both the available circuitry and the require- 
ments of the system design. 

In this chapter and in the two chapters which follow we develop the 
techniques of machine design in the sense of the previous paragraph. We 
begin with simple configurations of small numbers of independent and 
dependent registers and develop the notion of the control unit which 
specifies the transfers connecting the registers. Some fairly common- 
place arithmetic units are used as examples. Beginning with Sec. 8-8 a 
rather general description of more realistic machines is presented in 
preparation for Chaps. 9 and 10. In Chap. 9 the techniques of Chap. 8 
are expanded into a design of a simple general-purpose computer, and in 
Chap. 10 special-purpose computers are discussed. 

8-2. Elementary Systems: Control. Let us begin with the simplest 
kind of machine, one with a single repetitive operation, and then gen- 
eralize to more complex systems. Suppose, then, that the system con- 
tains two registers: an independent register A and a dependent register 
The operation of the system is simply to replace the value of A 
with the value of f(A) periodically. Symbolically, the machine is to 
perform the transfer f(A) —> A at certain instants of time. The function 


J(A) may be, for example, the cycled register p(A), as in Secs. 6-3 and 7-6. 


In this case, the machine performs the transfer p(A) — A, which cycles 
the register A one digit to the right whenever a switching impulse occurs. 
We assume that the switching pulses are provided by a clock pulse 
generator at the times t; = jr, 7 = 1, 2,.... If € is the switching 
interval of the cells in register A, the transfer f(A) — A initiated at time 
t; implies that 


A(t, + &) = f[AG)] 


The interval r between clock pulses must, of course, exceed € + A, where A 
is the time required for the dependent register f(A) to reach its equilibrium 
value once A has changed states. 

In Fig. 8-1 we show the instants of time 4; = jr,7 = 1, 2,... , at 
which the clock pulses begin, each followed by the interval € required for . 
the register to switch. Also shown in the figure are the intervals 71, 
T's, . . . of length 7, defined by 


Ty=itegr+e) g=l,2,... (1) 
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The r-second interval 7; therefore includes the point ¢, the beginning 
of the jth clock pulse, or, loosely speaking, T; contains the clock pulse 
beginning at t;. Since each interval 7; contains within it the start of one 
and only one clock pulse, we can say that the transfer initiated at time ¢; 
occurs during interval 77. 

Let o;(t) define a Boolean time function which has the value 1 during 7; 
and 0 at all other times. (In Chap. 5, the function ; is referred to as 


Tj | Ty; Ts; 


to ty ts ts t4 
t—> 


Fra. 8-1. Clock pulses and timing intervals. 


the characteristic function of the interval 7;.) We can therefore say that 
a transfer initiated at time ¢; is initiated during the interval in which 
o; has the value 1. From now on, when indicating transfers, instead of 
referring to the clock pulse that initiates the transfer, we shall specify the 
characteristic function o; of the interval 7; during which the pulse occurs. 
We represent this symbolically by 


o;| f(A)>A 


If the transfer is to be performed repetitively by each clock pulse, we 


specify canes 
a1 f —_ 
ox| f(A) >A 


If, on the other hand, the transfer is to be performed by, say, pulses 1, 
2, and 4, then we specify 


oi| f(A) 7A 
“ f(A) A 
o% 

o4| f(A) > A 


The absence of any transfer during interval 7’; is to be interpreted as 
transfer A > A, which leaves A unchanged. Another way of describi 
the above sequence of transfers makes use of the notation of the con 
tional transfer introduced in See. 6-7: 


(0, to. +04) f(A) to3: AA 


This conditional transfer, which applies to the first four clock pul 
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states explicitly that when the function a1 or o2 or o4 has value 1, f(A) is 
transferred into A, while when o; has value 1, A is left unchanged. 

We return once again to the example of the cyclic shift register; the 
continuous cycling of the register is specified by the sequence of transfers 


ai| p(A)>A 
o2| p(A) >A 


Another elementary computing system of this type is the binary 
counter described in detail in Chap. 7., As above, let A be an n-cell 
independent register and let 6; be the binary integer representation of A. 
We specify the operation of the counter by the transfer 


A+1-4 
initiated at time t, which designates that 
5[A(t + €)] = 5[A(é)] + 1 


or that the value of A is augmented by the integer I as a result of the 
transfer. The symbol +, used in the transfer statement (but not in the 
equation designating the representation), denotes addition modulo 2” 
unless otherwise specified. The function A + 1 is just another function 
/(A) of the type we have been considering in this section, and a machine 
consisting only of a counter operating continuously is completely described 
by the transfer sequence 


¢| AtFI>A f=1,2,... 


All the foregoing examples were of machines with the capability of 
executing a single transfer in a repetitive fashion. The next step in 
complexity is to consider a machine with two allowable transfers per- 
formed in sequence. Suppose we desire to design a binary counter as in 
the previous example, but one in which the components do not permit the 
operation f(A) > A. Instead, the counting is performed by the use of 
(wo registers A and B and the sequence of transfers 


A+1-B 
BoA 


to be executed on successive clock pulses. The desired operation of the 
system is therefore given by the sequence 


o1| A+1-B8B 


o| BoA 
o,| A+1—>B (2) 
a4 BoA 





———_ 
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The designer must therefore see to it that clock pulses occurring during 
odd-numbered time intervals initiate the transfer A + 1— B while clock 
pulses occurring during the even-numbered intervals initiate the transfer 
B— A. The two transfers occurring on alternate clock pulses may be 
distinguished by associating them with the two states of acell P. Sup- 
pose that initially P has the value 1 and that it operates according to the 
sequence 

o,| P'-P 

o,| PP (3) 


Then P is the time function shown in Fig. 8-2 which has the value 1 when 
odd-numbered clock pulses occur and 0 when even-numbered clock pulses 
originate. If the intervals 7; are defined as in Fig. 8-1, then, except for 


Aco a a a 


; ime oN fl n 
0 
to ty te _ ts ty 


ts 
t—_ 


Fia. 8-2. Operation of control flip-flop P for machine of Fig. 8-3. 


the ¢-second switching intervals at the end of each T interval, the func- 
tion P has value 1 during 7; for odd j and value 0 during 7; for even j. 
If follows that 

oitostc' t+ox-atct =P 
and peobep eee? Peak eee 


if we ignore the ¢-second switching interval. From this it is evident 
that the sequence of transfers (2) may be rewritten as 


P| A+t1—-B 
P'| BoA 


which is equivalent to the conditional transfer 


P-A+i1 +P: BOB 
P-A+P'-BoA 


These relations state that whenever a clock pulse occurs when Ph 
value 1, B assumes the value A + 1; every clock pulse occurring when 
has value 0 initiates the transfer B— A. Since P + P’ = 1, 
behavior of the machine for every clock pulse is uniquely defined, 
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What this formalism has accomplished is the substitution of the func- 
tions P and P’ for the characteristic functions of time o;. The register 
composed of the cell P together with the clock pulse generator is called 
the control unit of thiscomputing machine. The functionof P, onceagain 
is to associate its two values with the two transfers the idehing is ri 
implement by creating, in effect, the two sets of time characteristic func- 
tions which initiate the two transfers. The control unit must, of course 
iaebaninee eae it does this is clear from the sequence 3), hick 

emands tha e complemen i i 
pamenadaneier 3 a mo ted during each interval. The system as 





e Lis cise Sees counter. As in Chap. 6, transfer gates are used to indicate 
conditional transfer paths rather than physical gates, and transfer gates may consist 
of several actual gates. See Fig. 6-1 for additional details. 


Although the control unit necessary for the specification of this simple 
machine is elementary, it points the way to the description of control 
units for more complex systems. In general, a control unit is a set of 
independent and dependent registers (i.e., a sequential circuit), the states 
or values of which are placed in correspondence with itemsters or sets of 
transfers in the machine. Then, in order to generate a sequence of 
transfers, the control unit is constrained to take on a time sequence of 
values in correspondence with the desired sequence of transfers. Thus 
in order to specify that the transfer A — B is to occur during interval 1, 
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we say that the transfer A — B is to occur when control has value q, and 
then we demand that control assume the value q, during interval 7}. 

In the discussion of the control for the simple machine of Fig. 8-3, 
certain simplifications were made for the sake of clarity. First, it is 
clearly not essential that the instants t), &, ..., at which the clock 
pulses begin, be uniformly spaced. Second, the time intervals 71, 
T., . . . need not be defined precisely as in (1), but rather by 

T; = (bat uw 4 + 4] Osu<4§—-tu 

In other words, 7; need be required to contain only the point ¢;. Since 

T; is essentially defined for the computer by the control unit, this require 

ment reduces to the practical engineering statement that a control func- 

tion, say P, must assume its proper value at the time ¢; at which the 
transfer is initiated. The behavior of P at other times within the 
interval 7; is unimportant. By analogy with the simple machines of 

_ this section, every computing machine, however complex, will be described 
by two sets of transfers, the first set to perform the computation or 
operation that the machine is expected to do, and the second set to 
implement the control. It is certainly true that one need not divide the 
operation into two parts in this way; ie., one need not distinguish 
between the operation and its control. We shall see in later sections, 
however, that machines are conceptually easier to understand, hence 
easier to design, if this division is made. 

8-3. The Shift Register: Start-Stop Control. In the previous section 
we developed a method of describing systems and applied it to a few very 
simple examples. We continue this discussion by considering somewhat 
more complex examples. The approach that is taken is the same as i 
the examples of Sec. 8-2. Any operation, however complex, is descri 
by a set of trahfers time-ordered in a certain way. The transfers a 
initiated in the proper sequence by the control of the machine, which 
itself implemented by another set of transfers. é 

Consider a machine consisting of a single independent n-cell register 
and the dependent register p(A), the register cycled right by one digit. 
This machine is to cycle the digits of A to the right exactly n times an) 
then stop. The control of this computer must evidently contain 
counter, which can count at least as high as n, and a start-stop flip-flo 
To make things a little more concrete without decreasing the generali 
of the example, we specify the number of cells in register A as 6., Let 
be a three-cell counter which counts from 0 to 5 and then returns to 

Ne Q be a start-stop flip-flop with the value 0 indicating operation and 
indicating no operation. This configuration is shown in Fig. 8-4. ; 
p; be the characteristic functions of register P, ie., py = 1 if and only 


. 


cd ' 
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6x(P) = 7. The functions 7; will play the role of the functions P and.P’ 
of the last example of Sec, 8-2... Hence, p; represents the characteristic 
function of the time interval during which P has the binary value j 
Furthermore, the function p,Q’ includes the additional condition aa 


Q = 0. 


ELEMENTARY MACHINES 












Dependent register 
{(P) =P + 1 (mod 6) 


Ay Ag “"* Ag Pi’ Po Pg 


Fia. 8-4. Cycle right six operation. 


| The operation of the machine may then be defined by the following 
sequence of transfers [we assume that initially 6;(P) = 0 and Q = O: 


p(A)—> A 


Q'po| P+1—>P 
Q'p:| p(A) >A P+1>P 
Q'p:| p(A) >A P+1>P 
Q'p;| p(A) >A P+1>P 
Q'p.| p(A)>A P+1>P 
Q’ps| p(A)N>A O-P 1>Q 


e 


We again have two sequences of transfers, the-left sequence specifying 
six shifts of register A, the right sequence the incrementing of the control 
counter by 1 until the count of 5, at which point P is reset to 0 and the 
machine is halted by setting Q to 1. 

The initial specification of the system operation demanded that A be 
shifted six times, but said nothing about P. The sequence of transfers 
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above stops the operation of P as well as of A. Suppose that for some 
reason it is desired to continue to count P at the end of the operation. 
We then specify the sequences 


Q'po| p(A) 7A po| P+1—-P 
Q'’p:| pA) A pl P+1>P 
Q'ps| p(A) 7A pl) P+1—>P 
Q’n| (AD? A pl OPP 1-8 


Here we have explicitly stated that the operation of the machine proper 
(i.e., the register A) is controlled by P and Q while the operation of P is 
independent of Q. 

This example is hardly more complicated than those of Sec. 8-2. The 
only real difference is the fact that the control is a little more involved. 
In the first examples, the control consisted only of a clock. At the next 
level of complication, the control contained, in addition to the clock 
pulse generator, a single flip-flop. In the example we have just con- 
sidered, the control was expanded still more to include a counter and 
some rudimentary start-stop circuitry. As we shall see in later sections, 
the basic constituents of any machine control are a source of timing 
pulses, a generalized counter or sequential circuit, and some start-stop 
circuitry which may, if desired, be considered part of the generalized 
counter. The more complex the machine, the more complex the counter, 
but conceptually the operation is the same as in the elementary examples 
we have presented. 

8-4. Simple Arithmetic Operations. 
digital machines is arithmetic calculation. In fact, most of the so-called 
general-purpose computers are basically arithmetic machines. This 
section describes some properties of arithmetic operations and the control 
necessary to implement these operations. This will then lead us to the 
discussion of arithmetic computers in Chap. 9. , 

Define an arithmetic unit to be a set of independent registers together 
with sufficient dependent registers to perform one or more arithmeti¢ 
operations. An arithmetic unit plus its control may be an entire system 
in its own right or a part of a larger system. We consider first the simple 
example of a serial sum mod 2 adder, similar in many respects to the 
example of Sec. 8-3. This is shown in Fig. 8-5. The unit consists of 
the six-cell registers A and B together with the necessary dependent 
registers to describe the shift operation, i.e., the functions first introduced 
in Sec. 6-3, the cyclic shifted register . 


,As) 



















An important function of most 


p(A) = (Ag, Ai, (ae 
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and the subregisters A,, R(A), and L(A) defined by 
R(A) = (A2,A3, ay athe As) 
L(A) = (A1,A2, .. . ,As) 
Further, as in Sec. 6-4 define 
Se#(A,B) = As @ Bs 


The control for this computer is identical to that of Fig. 8-4, and con- 
sists of the clock pulse generator, the counter P, and start-stop flip-flop 
Q. The operation of the computer is then defined by the sequence 


Q'pol p(B) > B  L(A)> RA) 86 (A,B) > Ad 
Q'p:| p(B) >B  L(A)> RA) S6"(A,B) > Ad 
Q’ps| p(B) > B L(A) > R(A) | Se!"(4,B) o Ay 


The control is identical to that of Sec. 8-3. This operation consists in 
the successive shifting of each of the registers one place to the right with 






f(P)=P+1 
(mod 6) 


?(B) = Be, By, Bo,...5Bs5 





Fia. 8-5. Serial sum mod 2 adder. 


the insertion into A, of the sum mod 2 of As and Bs. After six such 
operations, the original value of B has been restored and the value of A 
has been replaced by the function S“(A,B) = A @ B. 


————— OOOO 
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Now suppose that the computer of Fig. 8-5 performs componentwise 
multiplication instead of addition modulo 2. The operation of the 
computer is identical to that of the above with the function As ® Bs 
replaced by Ac- Bs. Similarly, if the operation between registers A and 
B were the logical sum, the operation would again be identical, with 
Ag © Be replaced by As + Bo. For a little more complexity let us 
assume that the computer can perform all three operations, A @ B, 
A-B,and A+B. To specify which of the three operations is to be 
performed, an additional register F' is needed in control. Let F be a 
two-cell register with characteristic functions fo,..., fs Let us 
designate the operation to be performed by the values of F. In par- 
ticular, let the functions fi, fo, and f; signify, respectively, the operations 
®,:,and +. Thus, the three different sets of transfers representing the 
three different operations may be designated by Q’ fp, Q' * fapi, and 
Q’ -fsp;, respectively. In order to specify that the computer perform 
one of these operations, say A - B, it is necessary first to set the initial 
control conditions so that register P has the value 0, F has the value 2, 
and finally that Q has the value 0. , At this point, the desired sequence of 
transfers occurs and the computer halts its operation. 

The preceding operations are all arithmetic operations of a special 
kind (i.e., operations in which each component is independent of all 
other components), often called logical register operations. A discussion 
of more conventional arithmetic operations performed by digital com- 
puters is in the same spirit as for the logical operations, but with the 
added complexity inherent in such operations. Before one can speak o 
these operations is it necessary, as in previous chapters, to define : 
numerical representation for the register. For our first examples 
consider the 2’s-complement binary fraction representation described 
the Appendix. In this representation, we label the cells of a register, 
say A, aS Ao, Ai,.-- 5 A, and define the representation by 


ber(A) = —Ao + Y Aj 
j=l 
The range of 6:7(A) is from —1 to 1 — 2-", inclusive. Ao is referred 
as the sign digit; if Ao = 0, dr 2 0, while if Aj = 1, ber <0. As 
shown in the Appendix, the negative of b2p(A) is obtained by com 
plementing each digit and adding 1 in the least significant digit, or 


—8:7(A) = —Agp+ Y Aj24 + 2" 
j=l 
. 


We shall first consider an arithmetic unit which computes the a 
metic sum of two registers A and B. If, for the moment, we disreg 


Sea 
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questions of overflow, the operation computes the fractional part of the 
sum (the sole exception being the number —1). The sum of registers A 


and B in the above representation is a regi : 
2 gister S?2(A,B) with 
So?, Si2,.,.. . , Sn?, where ) components 


Ser(S?) = b2r(A) + bor(B) 


the sum designating addition in the sense of this i 
‘ this paragraph. It is sho 
in the Appendix that the 7th digit of S? is given by ii 


S? = A; ® B; ® K?(A,B) 


where K,?, the carry into the zth digit in the 2’s- : 
given by g s-complement system, is 


K? = Aw Bis + Ki,(Aiu + Biss) 1 = 0, 1, 


esate i 
Or equivalently we may write 
S°(A,B) = A @® B® K°(A,B) = S#(A,B) @ K2(A,B) 


The latter expression indicates immediately how the serial half adder of 
Fig. 8-5 may be modified to become a serial adder. We show this in 
Vig. 8-6, which differs from Fig. 8-5 in that an additional memory 
cell (carry flip-flop) C has been added. (Again the control is identical.) 
If we assume as an additional initial condition that C has value 0 the 
sequence of transfers for the addition becomes 


Q'po| p(B) 2B L(A)—> R(A) 


Ss4“(A,B) @C> A, ~=K;9(A,B,C) > C 
Onl Ss4(A,B) BC At 
Q'ps| S.4(A,B) @C> A, 


where K;?(A,B,C) = ABs + C(Ac¢+ Bs). Ateach step of the operation 
( stores the carry digit (compare with Sec. 7-10). 
With a slight modification, the serial adder may become a serial 


subtractor. As in the Appendix, let the difference function D(A,B) be 
register Do, Dy, . . . , Dr, where 


dop(D) rd bor(A) = bor(B) 
If we again neglect questions of overflow, the digits D; are given by 
D; = Ai ® Bi ® Ki(A,B’) 


Where R(A,B) = AiiBiy + Ri(Aua + Bly) 
im0,1...,n—-1 Kk, =1 
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Thus, subtraction in this representation is similar to addition hae “a 
digits of B replaced by their complements and the carry ene eas 
significant digit always a 1. This is, of course, equivalent to rst “a 
puting the negative of the representation of B and then adding the 


negative of B to A. 





Fia. 8-6. Serial 2’s-complement binary adder. 


Let us next consider the operations of addition and subtraction in th 
1’s-complement fractional representation which is also described in th 
Appendix. This representation 61r is defined by 


Sir(A) = —Ao(l — 2™) + »» A,2* 


or in terms of the 2’s-complement representation, 
5ir(A) = 5er(A) + Ao° " 


In this representation, the range is —(1 — 27") to (I — 2-") inclusiv 
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and the negative of a number is obtained by simply complementing the 
number. The number 0 has two representations, where A; = 0 for all 
t and A; = 1 for all 7. 






t(P)=P+1 
(mod 6) 





0(B)= Be ,Bi, Bo,...,Bs 


Fig. 8-7. Serial 1’s-complement binary adder. 


A 1’s-complement adder differs from a 2’s-complement adder only in 
the method of handling the carry into the least significant digit. The 
sum function S!(A,B) has components 


‘S;| = A; ® B; ® K;(A,B) 
with K;}(A,B) = Aji Bis 
+ KjylAgi t+ Bus) 7 =0,1,...,0-1 
K,\(A,B) = AoBo + Ko'(Ao + Bo) 
The function K,'(A,B) is the so-called end-around carry. A serial 1’s- 
complement adder requires, therefore, an additional cycle of the register 


A to add in any possible carries of this type. We show a serial 1’s-com- 
plement adder in lig. 8-7. Because of the extra cycle of operation an 
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i i i Let us assume the initial 
‘tional control flip-flop G@ is required. 
Saas P=0, Q=0, G=90, and C = 0. Then the computer 
proper operates according to the sequence 


— K;XA,B,C) > C 
'@’ —B L(A) > R(A) Ss#(A,B) BC Ai = 
nh ay op —B L(A) > R(A) S.4(A,B) @C—> Ar K;(A,B,C)— C 


Q’G'ps| p(B) > B L(A) > REA) cee . ee i oka A 
4 L(A) > R(A) As 7 Ai 


while simultaneously the control is following the sequence 
G'p| P+1-P 
Gps) P+1—-P 


G’p;| O—- P 1—-G 

Gpo| P+1i->P 

Gp) P+1i-P 

Gp;| 0— P 0-G 1-Q 





3 ; . — 
The first cycle of operation labeled G is identical obs ae = ie 
iti i le any end-aroun 
lement addition. During the second eye ca 
cod added into A. It follows immediately from the seliiion a 
1’s-complement representation that a subtractor in this system isi # > : 
to an adder, with B; replaced by B;. Thus a subtraction can be per 


formed by first complementing register B and then performing an additio 


as described above. Notice that the use of the Pe 
i i ired an extra cycle throug 

tation for negative numbers require | 

for each addition. If the 2’s-complement system is used, this extra cycle 


is not required. When the 2’s-complement system is wat bore 
2’s complement of a number cannot be formed by simply sac ae 
each binary value representing the number (see the piadhaa e Hs eee 
complement can be formed serially by a rather simple ja ere 
(see Ref. 3). For this reason, the 2’s-complement re eae par oa 
used in serial systems. This illustrates the effect of the c sf 
number representation on the over-all structure of the nee a 
We have shown in this section a few examples of palin " a 
operations typical of those performed Be pai gates eich ao . . 
with the control necessary to Implement | é 
with others to follow in this chapter, are clear y 
psn ee They do illustrate, however, the techniques 
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which a computer may be designed to implement one or more arithmetic 
algorithms in a relatively systematic way. 

8-5. Arithmetic Operations: Parallel Transfers. In the previous 
section we presented some simple arithmetic operations and showed how 
one might implement these with serial arithmetic units and associated 


control. Each example demonstrated a sequence of transfers providing 
as the ultimate result the transfer 


f(A,B) > A 


where the function f(A,B) was in the class of arithmetic or logical func- 
tions of registers A and B such as A @ B, A - B, and S?(A,B). As was 
pointed out in Chap. 6, transfers may be implemented in series, in parallel, 
or in some combination of the two. Consider an arithmetic unit per- 
forming the operation A @ B— A in parallel (refer to Fig. 6-3). If A 
and B are n-cell registers, there are n circuits computing the functions 
A, ®B,i=1,2,...,n;ie., the n components of the function A ®@ B 
are generated simultaneously. Furthermore, these n components are 
simultaneously transferred into register A. 


We next consider an adder performing the transfer 
S?(A,B) > A 


in parallel by generating the n components S,2(A,B) = A; ® B; ® K;,? in 
parallel. It is necessary here to be careful in using the word parallel, 
since the function 8;(A,B) depends in general on all the A; and B,, i > j. 
The carry function K?(A,B) may itself be generated in several ways 
within the parallel adder. To be more precise, let A and B be four-cell 


registers labeled by the subscripts 0 to 3. The least significant digit of 
the sum is given by 


S;? = A; ® B; 
and the carry from this stage is given by 
K,? = A3B; 
Similarly, the next digit is the function 
S.? = A, ® B, @ K,? 
which in terms of the operations + and - is given by 
So? = K2"(A2By + A5B2) + K2(A2B2 + AB) 
If both A, and By, are conventional flip-flops, Aj and. By are both - 


available as flip-flop outputs. Since K," is dependent, it does not 
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generated as an explicit function of Az and Bs, 


186 


exist directly. It may be 


i.e., by generating 
Ky = A,+B; 


or it may be obtained as a functio 
inverter with K,? as input. When 
K,” are simultaneously available. 
available slightly later than Ke se of 
The effect of these delays in operation is shown 
consider the more significant digits of this adder. 
by 

Ky? = A2B2 + Ke(A2 + B2) 


and the sum digit S,? is the function 


S2 = Ai ® Bi ® Ky? 


Finally, the carry into the sign digit is 
K, = A,Bi + Ky(Ai + B,) 


and the sign digit of the result is 
So? = Ay ® By ® Ko 


To generate each component 
choice of using a set of identica 
realize 


K?, = AB + K32(A;i + Bi) 


or of generating explicit functions of A; and B; for j > 4, for instance, 


Kt = A:Bi + A:A2B, + A2BiBs + A,A:AxBs + A1AsB2Bs 


obtained by combining the above equations. 
combinations of the two metho : 
each carry is formed from the previous one; hence 

the sum S,? are not available simultaneously. In the seco 
the digits S,? are available ess 


method the various componen 
take place as soon as the signals for S,? have been gener 


form of asynchronous operation mentioned in Chap. 6. If, on the ot 


hand, the time interval a t th er 
time "for generation of the most significant digit So? in the worst ¢ 


then all the components may be clocked in simultaneously. We 8 


— 


n of K22, that is, as the output of an 
the first method is used, both K.” and 
In the second method, however, K.?’ is 
because of the circuit delay in the inverter. 
more clearly when we 

The carry K,? is given 


K2 and its complement K’, one has the 
ladders with inputs Ai, Bi, and K,? which 


+ A.A3B,B3 + A;B,:B2By 


It is also quite evident that 
ds may be employed. In the first method 
he signals representing 
nd method all 
entially at the same time. If in the fi 


ts of the transfer S;?— Aj are caused ti 
ated, we have 





llowed for the transfer is long enough to all 
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refer to all the above types of transfers as parallel, even when some of the 
dependent registers are generated using an iterative circuit structure. 
This designation, of course, applies to functions other than arithmetic 
functions. The specification of the transfer 


pi|S*(A,B) > A 


during some interval of time for which p; is the characteristic function is, 
therefore, a concise notation for a basically complex operation involving 
the generation of the complex function S?(A,B) in one of a large variety 
of methods. 

The list of references at the end of the chapter includes several detailed 
examinations of both serial and parallel adders, the effects of the choice 
of number representation on system complexity and speed, and other 
considerations. Broad treatments of some of these matters may be 
found in Refs. 3, 6, 19, and 23, while detailed description in specific areas 
may be found in Refs. 7, 8, 12, 14, 15, 18, and 20. 

8-6. Arithmetic Operations: Complex Operations. As we have seen 
in the previous sections, the addition operation may be performed in a 
variety of ways. The method chosen for a given system depends upon 
such considerations as the speed with which the addition must be per- 
formed and the kind of electronic equipment available for the instru- 
mentation. For a given class of circuitry, the fastest method is the 
parallel adder, where all the carry functions are generated independently, 
and, of those considered, the slowest was the serial adder. There are, of 
course, no hard and fast rules for designing an adder or any other piece 
of data-processing equipment. In general, the more parallel the system, 
the faster the execution time for an operation, but the more equipment 
is required. ; 

Usually, an arithmetic unit consists of an adder of the kind we have 
been discussing plus a certain amount of additional equipment to imple- 
ment one or more additional operations. From the discussion in Sec. 
8-5, it is clear that subtraction differs from addition only trivially. Many 
computers, in fact, simply take the negative of the subtrahend and 
perform an addition. Multiplication, division, and still more complex 
arithmetic operations are most commonly implemented by appropriate 
sequences of additions or subtractions. It is not our purpose to describe 
the various algorithms which have been used in computers to implement 
arithmetic operations. (The interested reader is referred to the refer- 
ences.) Our purpose here is to show how an arithmetic unit can imple- 
ment an algorithm by means of a set of transfers. As an example of a 
complex operation, let us consider multiplication, using what is often 
called the add-shift algorithm. Let us assume the 1’s-complement 
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binary fraction representation is used. If either multiplier or multipli- 
cand is negative, we shall compute the negative of that number and 
adjust the sign of the product accordingly. To perform multiplication, 
we shall use an arithmetic unit consisting of three n-cell independent 
registers A, B, and Randa flip-flop C. Registers A and B are connected 
in tandem to form a 2n-cell shift register. This double-length register is 


required to store a complete product with no loss in precision, since ~ 


multiplication of two n-bit numbers may yield a 2n-bit result. The 
addition function S1(A,R) is provided with an associated transfer of this 
function into A. Let us assume that the control contains a clock pulse 
generator, & four-cell counter P, and the start-stop cell Q. We assume 
further that all transfers can be performed in a single pulse interval. 
Suppose that initially the multiplicand is in R, and the multiplier in A. 
For simplicity let n = 4. The sequence of transfers is then as follows: 


Pol Ap ® RC Ai: A+A,: A’ 7A R,-R+R- ROR 
pi| AB O-A 
p,| B,: A+ B:- S'\(A,R) 7 A 

p;|_ L(A,B) > R(A,B) — Ao Ao 

p,| By: A+ Bs: SYA,R) > A 

Pol L(A,B) = R(A,B) Ay Ao 

po| By- A + Bs: SU(A,R)— A 

pil L(A,B) —, R(A,B) Ay Ao 

pa| C’-A+C:A'OA C’B+C:-B'>B 


As in the previous examples Q and P initially have the values 0; P cycles 
through the count of 8 and then is reset to 0 as Q is set, stopping the 
operation. During the interval po the sign digit of the product is stored 
in C and the multiplier and multiplicand are complemented (negated) if 
they are negative. During the interval p: the multiplier is transferred 
to B and A is cleared. At this point, the initial bookkeeping has been 
completed and the algorithm may begin. During pz, cell B; contains 
the least significant digit of the multiplier, and, based upon that digit, 
register A is either left undisturbed or is added to the multiplicand, with 
the result stored in A (as before, we neglect questions of overflow). 
During p; the composite register A,B is shifted right by one digit. In 
this process the previous digit in B; is lost, and the second least significant 
digit of the multiplier is transferred to Bs. This process is repeated twice, 


and by the end of pz, the magnitude of the result is stored in registers A” 
and B. During the last interval, this result is either negated or not, 


according to the sign digit of the product stored in C. 
For a specific example, let the multiplicand be 1.001 (—34) and 
multiplier be 0,101 (+54). By the end of p, the registers have 
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values 
R[o1 10] [ajc 
a(oooo] [oroi]s 


Registers A and B : ' 
intervals assume the following values at the end of the specified 


Time Interval A B 
p2| 0110 0101 
pal 0011, 0010 
pal 0011 0010 
Ps| 0001 - 1001. 
Pel O111 1001 
pil 0011 1100 ° 
Ds| 1100 0011 


At the end of p7 register A,B contains the eight-digit number 0.0111100 
which in this representation is +1549, the magnitude of the rod é: 
By the end of ps this number is negated. oe 
Peas are a number of algorithms for multiplication and division, and 

e choice of algorithm obviously has a profound effect on system com- 
plexity and speed. A great many factors must be considered in this 
choice. References 12, 17, 21, and 22 give detailed accounts of so 
specific techniques and their advantages. a 

Thus far, all the arithmetic operations that we have described have 
employed fixed-point representations. In a more sophisticated arith- 
metic unit, the arithmetic operations often allow floating-point repre- 
sentations. To implement such operations, the pattern of transfers is 
much the same as for fixed-point operations, only somewhat more com- 
plex. We illustrate with the following example. Let A and A be 
registers of n and m cells, respectively. Let A have a binary fraction 
representation and A a binary integer representation. In order to be 
-aevee let numbers be stored in 2’s-complement form, and let 5» and 67 
: sees these representations respectively. Their ranges are evidently 

—-1< br <1 —2-@» 
—2"") J 6 < 2" - 1 


We define the representation 8(A,A) by 
B(A,A) = 5p(A) X 284) 


Let the floating-point adder consist of two register pairs A A and B,B 
where A and B are 15-cell registers and A and B are tunoell Sitahape. 
Also, a four-cell register C and a one-cell register D are provided for 
auxiliary storage. The first step that this adder must perform is to 
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compare the two exponents stored in A and B and then shift the binary 
point of the number with smaller exponent to the left a sufficient number 
of times to make the exponents equal. For example, if B(A,A) = 0.5 X 2? 
and 6(B,B) = 0.75 X 2', then 3(B,B) must be changed to 0.375 x 22 
before the addition is performed. One method of implementing this 
operation is first to perform the transfers 
A-B3A A-C 
If, at the conclusion of these transfers, A is negative, then A is to be 
shifted; if A is positive, then B is to be shifted. Thereupon we may 
perform the transfers 


which replace A by its absolute value, preserving the sign of A, in D. 
Finally, if at this point 5,(A) = n, the transfers 
D-[AyL(A)] + D’: A> A D’ -(Bo,L(B)] + D: B> B 


must be performed n times, shifting either A or B n times to the right, 
according to the value of D. Now the addition 


A+B-A 


A,-D 


may be performed together with the transfer 
D-B+D':c>A 












which inserts the correct exponent into A. 
The control necessary to implement this sequence of transfers illustrates 


a situation that we have not met previously. Let do be the 0’th charac- 
teristic function of A. For simplicity, let »(A) designate the 15-cell 
register Ao,L(A). Then the transfer 
Ddjj- w(A) + (Da)'A > A 

specifies that A is to be shifted right if and only if function D has the 
value 1 and register A does not have the value 0. This provides a 
mechanism for shifting register A or B the required number of times. 
If the shift is made conditional upon A not containing 0, then accompany 


ing each shift by the transfer 
4-1-4 


effectively counts the number of shifts. } 


+ If the magnitude of the difference in values in A and B exceeds 15, an error will 
occur when B is subtracted from A. This error is due to an overflow of A, and in this 
case, the number with the positive exponent should be simply stored in A and no 
addition performed. Techniques for dealing with an adder overflow will be treated 


in Chap. 9. 
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As in the previous examples, let p, designate the characteristic func- 
tions of the control register P. The floating-point addition operation 
may be specified by the sequence 


Pol A-B-A A-C 
p:| Ap-A + Ao (A +1) > A 
p2| &(A — 1) + 4A > A 


A,— D 

Déy: u(A) + (Da))’A > A 
D’'é- u(B Daly: 

p,| D-B+D':CH>A 


Evidently the register P must remain with p, = 1 long enough to com- 
plete the necessary number of shifts of A or B. Hence, the sequence 
describing control is 


pl P+1—-P 

pil P+1—P 

po| a: (P+1)+4:P>P 
p3} P+1—>P 

pal 0-—P 


where the advancing of P from p, to p; is made conditional upon the 
function Gp. 

8-7. Arithmetic Operation by Table Look-up. In the previous sections 
we have illustrated arithmetic operations with increasing degrees of 
complexity. All involved, however, the computation of some arithmetic 
function or functions. More specifically, in each case the operands were 
stored in independent registers, and the arithmetic functions were 
obtained as dependent registers before being stored in independent 
registers. An alternative method of obtaining functions, particularly of 
a single variable, is to store all the possible values of the function in 
memory cells and then to select the appropriate value of the function. 

For example, consider the generation of the function A? of the three-cell 
register A, where A has the binary integer representation 6;(A). Let M 
designate the set of 2% six-cell registers M°, M', ... , M’ with binary 
integer representations 


6r(M*) = 2? 
ma Scare the ith characteristic function of register A, then the 
ay*M°+a,°M!+-:--+a;M’= M(A)>B 
describes the insertion into B of the square of the number stored in A. 


An alternate way of obtaining this function is to multiply the number by 
itself using an algorithm similar to that of Sec, 8-6. The computational 
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method uses fewer independent registers but may be considerably slower. 
On the other hand the devices used to implement the registers M ‘can be 
quite simple, since they are storing constants. The number of registers in 
the set M evidently is 2', where k is the number of cells in register A. 
This number can be prohibitively large in most practical situations. Asa 
result, a combination of the two methods is often employed in which some 
fraction of the 2* possible values of the function is stored in the table 
with intermediate values obtained by interpolation. We illustrate this 
with the problem of obtaining the square of a six-bit number with a 
thirty-two-register table instead of a sixty-four-register table. The 
interpolation method is based upon the relationship 


= Met P+ @-DI-1 


As above, let A be a six-cell register with binary integer representation 
8(A) =j,7=9,1,--.- , 63, and let the table M contain the registers Ma 
i=0,1,..., 31, having binary integer representations 51(M‘) = (21). 
That is, the table stores the squares of the even integers between 0 and 63. 
The arithmetic unit then performs the transfers 


L(A) > R(A) 0— Ai As S 


having the effect of shifting A to the right by one digit and storing the 
least significant bit in an auxiliary cell S. At this point the transfer 


ao*M°+a°-M'+ eee + as:° M*! = M(A)> B 


inserts the desired result into B if the original number in A was even, and 
inserts the square of the original number minus one if this number was 


odd. The transfers 
S-A+tS-(AtF)D—-4 
S’-B+S-(M(A)+B)>B 


replace B with the sum of the squares of the previous and following 
integers if the original integer in S was odd. The final result is obtained 


by the transfers 
S’-B+S-[Bi,L(B)] — B 
s’-B+8-(B-)7-B 


In this particular example, the interpolation algorithm seems more 
complex than the addition of another thirty-two registers in the table M, 
In practical cases, the designer must decide between the size of the table 
and the complexity of the interpolation algorithm. Such decisions 
must always be based upon the available equipment and the speed and 
accuracy requirements of the machine. | 
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8-8. Computing Systems. In the preceding sections we described a 
number of simple idealized computing machines. These machines serve 
to introduce methods of machine design which are relatively straight- 
forward and systematic. They also serve as examples of the viewpoint 
stated in Sec. 8-1 that one may consider a digital system to be composed 
of a set of independent and dependent registers interacting through 
transfers specified by a control unit. 

The machines that we described are idealized from two points of view. 
First, almost all the independent registers referred to explicitly or other- 
wise are flip-flops, whereas in a real system most of the independent 
registers are realized by cells other than flip-flops. Also, no mention 
has been made of how information is introduced into a system and how 
results are obtained from the system. Considerations of these additional 
complexities lead to the viewpoint that a realistic computing system is 
best regarded as a set of interacting computing units. These units are 
composed of independent and dependent registers, and perhaps terminal 
devices. Some of the units may contain relatively few independent 
registers but a large number of dependent registers with a complex set of 
interactions. Some units may contain large numbers of independent 
registers with very few dependent registers and may have basically simple 
interactions. A terminal unit will in general contain both registers and 
the terminal equipment itself. For the remainder of this chapter, we 
shall expand the techniques used up to this point in describing relatively 
simple machines to introduce the design of realistic systems, which are 
nothing more than sets of these simple machines. 

8-9. Registers and Memories. When the cell and the register were 
defined in Chap. 2, several examples were described. These different 
realizations of the cell have widely varying properties. Indeed the only 
property common to all is the basic ability to store a binary value. A 
single computing system may very likely contain several different kinds 
of cells, each type being used for a different purpose. It is convenient to 
divide the different types of registers into two general classes, which we 
may call computational or operation registers and storage registers. Since 
any register, regardless of its construction, performs a storage function 
by its very definition, the designation computational implies, as an addi- 
tional property, the ability to drive combinational circuits or, equiva- 
lently, to generate dependent registers. In most of the preceding 
examples in this chapter, the independent registers were computational. 

There is no functional reason why all registers in computing systems 
cannot be constructed of high-speed flip-flops, except that in most 
machines thousands of registers of storage are required, and use of the 
flip-flop would make the machine large and prohibitively expensive. 
Consequently, for large-scale storage units, registers are used which can 
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+ which are physically small and inexpensive. 
tic cores and magnetic drums and tapes. 
the bulk of the independent registers in 
computing machines are of the storage variety, with only a saa 
small number of computational registers. Then, when computa ie 
are to be performed, the values in the selected registers of the re e 
memory must first be transferred into the computational rue oe 
For example, let M', M?, and M? be storage registers, and ih par . 
be flip-flop registers with the dependent register S(A,B) = A 
The transfer 


do little else but store, bu 
Familiar examples are magne 
Hence, in practice we find that 


M+? M 


cannot be performed directly, but rather through the use of intermediate 


transfers such as ah ahaa 
S(A,B)-~ A 
A- M3 


Thus, the small number of computational registers are time shay? by the 
large number of storage registers for the computation of ed j 
Storage registers are most often grouped together in so-calle : fi 
units or memories. We shall designate such units by a ee etter, 
say M, and the registers in the set M by M}, soa’ ia 
registers, like all other registers, may have either serial or para 
another and with other registers. Very often a memory 
is constructed in such a way that only a small number of its oo 
may communicate with registers external to the memory es Ane 7 _ 
time, and quite often information can be transferred from yas ; - 
memory register at a given time. In such a memory, an nara ‘_ 7 
C may be used to select the memory register from which informati 
to be read by a transfer, such as 


cM? +aMi+:-: +c,M" = M(C) > N 
N —> M(C) 


where N is an external register. This symbology describes a neon 
in which the selection process is electronic. In memories ana e q 
magnetic drums or magnetic tapes in which the selection depen 8 bh 

the position of the storage medium with respect to a sates o— 4 
device (write and read heads), there may be no need for t e exis a 
an address register. A memory is said to be vipa n i a 
memory registers interact with external registers in some xe order, 


i equential-access. A memo 
s and tapes are by their very nature § 
pat a “ h its registers communica 


is said to be random-access if the order in whic 
is arbitrary. An electronically addressed memory constructed of m 


actions with one 


or 
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netic cores, magnetic films, storage tubes, etc., may be either sequential- 
or random-access. 

It is worthwhile remarking at this point that flip-flop registers are 
often used simply for their storage property, although usually not in the 
large numbers in which other storage registers are employed. Such 
flip-flop storage registers may also be arranged in memory units in 
which only one or two registers communicate outside the memory 
simultaneously, as determined by one or more address registers. Simi- 
larly, fixed registers may be used as computational or storage registers. 
As demonstrated in Chap. 2, a fixed register behaves like an arbitrary 
register constrained to store a constant Boolean function. In particular, 
a set of fixed registers may be arranged in the form of a memory, with 
a particular register selected by an address register. 

Another property which, on occasion, distinguishes computational 
registers from storage registers is speed. In a given machine, the com- 
putational registers are usually faster than the storage registers. But 
this property too is generally governed by economic considerations, since 
speed and cost go hand in hand. One is usually willing to use fast, but 
costly, flip-flops provided the number required is not excessive. On the 
other hand, where the amount of storage is of prime importance, speed 
requirements are often relaxed in the interest of economy. 

8-10. Terminal Equipment. By terminal devices we mean equipment 
for communicating between a machine and its environment. Such 
devices are in reality divided into two classes: devices for communica- 
tion between the machine and other machines or sensing devices, and 
devices for communication between the computer and human operators. 
Devices of the first class are often registers of the kinds we have con- 
sidered previously, together with communications equipment if the 
computers under consideration are at remote locations. Devices of 
the second class include card punches and readers, paper tape punches 
and readers, printers, cathode-ray tube displays, electric typewriters, 
etc. These all consist of registers plus appropriate transducers. Some 
details of the many types of input-output equipments may be found in 
Refs. 3, 6, 13, 19, and 24. For the purposes of this chapter we assume 
that information can be stored in suitable media, such as paper tape or 
cards, and later read by some sensing device. An example of the design 
for a paper tape reader and punch may be found in Chap. 9. 

8-11. System Characteristics: Instructions and Programs. In the 
first sections of this chapter we described the design of computing units, 
giving independent and dependent registers as the elementary compo- 
nents. We now turn our attention to the next stage of design, i.e., the 
design of computing systems which are themselves made up of the 
arithmetic units, storage units, and terminal units previously described. 


——————— aA 


196 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 8 


In the description of the operation of arithmetic units it was not neces- 
sary to discuss the detailed logical statements applicable to each flip- 
flop. By the same token, in a discussion of system characteristics it is 
neither necessary nor desirable to use a description which is so detailed 
as to specify each register and transfer. 

Let us define a machine instruction as one of the elementary operations 
that can be specified to a machine from outside the machine. An instruc- 
tion must therefore consist of some set of transfers specified as a whole 
external to the machine to designate some over-all operation. Accord- 
ing to this definition, an instruction may consist of a single transfer or a 
large number of transfers; it may involve more than one unit. Suppose 
for example that the machine consists of two registers A and B, and the 
instruction specifies that the sum of the two registers with respect to 
some representation is to be inserted in A. As we have shown, this 
instruction may be implemented by a single parallel transfer or by a 
sequence of serial transfers. External to the computer it is irrelevant 
how the transfers are implemented, provided that the initial and final 
values of pertinent registers are specified. A program is a set of instruc- 
tions for the performance of an over-all data-processing problem. It is 
evident that a program is related to the instructions contained within it 
as an instruction is related to the transfers comprising it. Just as @ 
given instruction may be implemented by different sets of transfers, so 
a program may be implemented by different sets of instructions. 

Computers are categorized in several ways. One particular category 
is that of special-purpose computers. Roughly speaking, a special- 
purpose computer is a data-processing system designed to solve a single 
problem or a small number of related problems. Often a machine of 
this type contains a single instruction and executes a program by iterating 
that single instruction. Another designation for such a machine is 
fied-program, since only a single basic mode of operation exists. An other 
category is that of general-purpose computers. A general-purpose com= 
puter, as the name implies, can do a large variety of things. It usually 
has a number of instructions of various kinds which can be associated 
together into an enormous variety of programs. The most common 
method of specifying a program in such a machine is to store symbols 


designating the set of instructions comprising the program in the machine. — 


Thus, such machines are often called stored-program computers. 
It is evident that the most efficient machine for solving a particular 


problem is a machine designed specifically for the problem; such a machine 


can then solve only problems similar to the original problem. A general- 


purpose computer may be programmed to solve any problem. A general 
purpose machine is less efficient, given a problem, than a special-pur 


machine, but in a sense more versatile, In order to change the function 
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of a special-purpose machine, the internal electronics must be altered. 
Obviously, no such electronic modifications are needed to modify the 
program of a general-purpose machine. It turns out, however, that the 
problem of writing and modifying programs for general-purpose machines 
is by no means trivial. So-called automatic programming techniques 
have been devised, enabling the programmer to construct his program 
using pseudo-instructions which then refer to auxiliary programs or sub- 
routines made up of sets of machine instructions. Thus, another level is 
introduced to simplify the task of programming, and we arrive at the 
following hierarchy: 


Program — pseudo-instruction — instruction — transfer 


Still another method of adapting general-purpose machines to programs 
is to design the machine to be internally programmable, that is, to con- 
struct the machine in such a way that the sequence of transfers performed 
can be changed, thus making the internal structure of the machine 
adaptable to differing problems. Some consideration will be given to 
such machines in Chap. 9. In the following two chapters, we shall 
illustrate the methods of this chapter in the design of real data-processing 
systems. 

From the above discussion, it is clear that the designation of a given 
set of transfers as an instruction says nothing about the complexity of 
that set of transfers. The instructions simply define the elementary com- 
puter operations from the point of view of someone external to the com- 
puter. In a special-purpose computer where the entire operation may 


_ consist of a single instruction, that instruction may be very complex. It 


may include transfers involving several arithmetic units, memories, and 
terminal devices. Since a general-purpose computer is designed for 
versatility, its instructions are usually quite simple. Thus, a single com- 
plex instruction in a special-purpose computer may be represented by a 
program consisting of a large number of simple instructions in a general- 
purpose machine. Although the instructions of a general-purpose 
machine differ widely in detail from one computer to another, they may 
be categorized broadly as arithmetic instructions, program instructions, 
and in-out or terminal instructions. Loosely speaking, arithmetic in- 
structions involve the computation of functions of variables and the 
general manipulation of data. Program instructions are concerned with 
the sequencing of the instructions which comprise the program. In-out 
instructions implement the methods by which data are transferred 
between the computer proper and terminal equipment. From what we 
have said previously, a single instruction of a special-purpose machine 
may include all three of these functions. 

It is now clear that to “design” a digital system it is necessary to define 
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by sets of registers and by transfers the details of each instruction 
included in the system, the method for sequencing instructions, and the 
control necessary to initiate all transfers. In a special-purpose system the 
first two are combined in a single complex algorithm. The design proc- 
ess itself consists of three steps: (1) a statement of the desired sequence 
of operation of the system, (2) a translation of 1 into sets of registers 
and transfers together with the necessary control, and (3) the final 
detailed design which translates 2 into the Boolean equations governing 
each logical element. This particular division of the design process is, 
of course, somewhat arbitrary, but extremely useful. A more usual 
division is to group 1 and part of 2 together as ‘“‘system design’”’ and the 
rest of 2 together with 3 as “Jogical design.” This latter division can 
become unwieldy for very complicated systems where the over-all 
structure can be masked by consideration of logical details simultaneously 


with system problems. 


PROBLEMS 


8-1. Design a machine control which cycles a six-bit shift register three bits to the 
left in time 7, halts for time 7, and then cycles the shift register three bits to the 
right in time 7/2. 

8-2. A sequence of pulses is defined as follows: At time t; = jr,j = 1,2,... , 64 
a pulse is either present or not. Design a machine which behaves as follows: At: 
time t = 0 a counter is set to 0. Thereupon the counter is incremented by 1 at 
t = t; if a pulse is present, or decremented by 1 if no pulse is present. If the count 
reaches +16 by tes, a flip-flop F 1 is set; if the count reaches —16 by fea, a flip-flop Fy, 
is set; if neither bound is reached by tes, @ flip-flop F's is set. Fi, Fo, and F; are at 0 
initially. 

8-3. A 30-cell register Ao, Ai, . - - » Aas has an arbitrary value. Designa machine 
which shifts the register to the left preserving the original value of Ao until (1) the 
leftmost 1 is shifted into Ai when Ao = 0, or (2) the leftmost 0 is shifted into A1 
when Ay = 1. The machine tabulates the necessary number of shifts. 

8-4, Given two numbers z and y, stored in registers A and B respectively. Design 
an arithmetic unit which computes \xz| — |yl. 

8-5. Given an arithmetic unit with 1’s-complement fractional representation. 
Before two numbers may be divided, a test must be performed to determine whether 
the quotient (Q = N/D) isa representable number. 

(a) Show that the overflow condition is given by 


Dor = NoZozo + NoZo + Zozo 


where No = sign bit of the dividend 
wee : _ sini - (DI No = 9 
Zy = sign bit of Z = { 15) — iy wee 
a (i Z=0 
*"=10 Z#0 


Note: Assume that whenever an addition or subtraction gives a result, equal to 0, 


the negative-zero representation (1111) results. 
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(b) If N and D are stored in regi i 
M gisters, design a transfer sequence to impl 
ar : leme 
test for division overflow which leaves N and D stored as originally and sa a a ben 
flip-flop Fp if the alarm condition exists. cee 


8-6. Repeat Prob. 8-5 with 2’s-compl i i i i 
Mesos aires mplement fractional arithmetic unit. Here the 


Nor = NoZo( Do + 20) + NoLZozo + NoDoZ p20 
where Dp is the sign bit of the divisor. 
P nae A multiplication algorithm for numbers in 2’s-complement fractional form is 
efined as follows: Suppose the multiplier contains n + 1 bits bo, b b 
sa the multiplicand by a (see, for example, Ref. 47) es aac eis 
‘. n = 1, form the number —a; if b, = 0, f , 
2. Divide the result by 2. aaa aac 
3. If ba-1 = 1 and b, = 0, subt i 
Me = 0, ract a from the previous result. If bys = 
by = 1, add a to the previous result. If b,_1 and b, are alike, do nothi ee 
4. Divide the result by 2. 
5. Repeat step 3, substituting b i 
Pee ng bp_» and b,_1 for b,_1 and bn, respectively. 
Continue repeating steps 3 and 4. Th i 
: . e final o t 
bits, and the final division by 2 is omitted. Eee vere carne a ae 
(a) Prove the algorithm. 
(b) Design an arithmeti ‘uni ini i 
perc aie etic unit containing an adder-subtracter to implement the 


(c) What is th i fo 
of —1? is the machine result when both multiplicand and multiplier have values 
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General-purpose Computers 



















9-1. Introduction. This chapter begins the discussion of realistic 
computing machines, with Chap. 8 serving as the foundation. Sea 
describes general-purpose computers and Chap. 10 is devoted to specia ; 
purpose machines. As we have already pointed out, the only essentil 
difference between the two classes of machines is one of versatility : as 
the names imply, a general-purpose machine can solve a large variety 
of problems and a special-purpose machine a restricted class of problems. 
Other than that, the two classes are, in principle, the same, being comm 
posed of sets of independent and dependent registers. _ The general- 
purpose computer, however, has come to have a characteristic roca 
Although individual computers vary widely in size, speed, and oven 
capabilities, they all retain certain elements of this structure. a § 
this chapter is devoted to a design of a simple computer which mig t a 
called typical of the class of general-purpose computers ie, i : 
simplicity. That is to say, the computer designed here was ma F 7 
complex enough to illustrate many of the design problems associated wi 
modern computers. (By definition, no special-purpose compu 
be typical of anything.) The machines described in Chap. 10 have een 
chosen to illustrate the same design techniques in their application to 
machines which are not of the general-purpose class. 

Common to the design of all digital machines, elementary as in Chap. 8, 
general-purpose as in this chapter, and special-purpose as in Ca 
are the problems of system design, structural design, and logic a“ 
By way of repetition, system design involves the specification 0 ; 
general properties of the system; structural design defines the system 7 
the transfer level; finally, logic design translates the structural design in “4 
Boolean equations. In this chapter we assume @ system design & 
proceed from there to develop a complete machine design for so 
purpose computer. We then translate portions of this into a logic 7 
to demonstrate the general techniques involved. No cireuit minim 

tion, other than the most obvious, is attempted. 
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It should be emphasized that no attempt is made to present anything 
approaching an exhaustive description of general-purpose machines. The 
bibliography at the end of the chapter contains references to many varie- 
ties of computers. Our emphasis throughout is on machine-design 
techniques, with specific structures serving as examples. These tech- 
niques have been described in Refs. 4, 14, 20, and 21. 

9-2. The Basic Subdivisions of a Computer. The general-purpose 
computer was defined in Chap. 8 as a machine with a number of different 
instructions which could be arranged in arbitrary sequences to perform 
a large variety of computations. It will be recalled that an instruction 
was defined as an elementary machine operation, as specified external 
to the machine, and that a set of instructions realizing some computation 
is called a program. It was also noted in Chaps. 1 and 8 that when the 
instruction words comprising a program can be stored in a given com- 
puter’s memory, the machine is generally referred to as a stored-program 
computer. 

Let us now consider the constituent elements of a general-purpose 
stored-program computer. The machine will contain one or more sets 
of storage registers, one or more arithmetic units, a program unit, 
terminal equipment, and one or more control units. The sets of storage 
registers, or memories, are required to store both programs and data. 
It is not uncommon for a machine to have tens of thousands of registers 
in such memories. The arithmetic units are similar to those described 
in Chap. 8. They contain relatively small numbers of independent and 
dependent registers and are used for the computation of functions of the 
variables stored in the memories. The program unit is a specialized 
arithmetic unit which has as its function the initiation of each instruction 
at the proper time. The terminal devices, are, of course, the means by 
which information is directed to the machine by the operator and vice- 
versa. The control unit specifies the timing of the individual transfers 
in the machine, as described in Chap. 8. 

9-3. Instruction and Data Storage. Most of the memory capacity of a 
general-purpose computer is for the storage of the program and the data 
to be processed. Occasionally, separate memory units are provided for 
program and data storage. Most often, however, both instructions and 
data may be stored in the same set of registers. 

Whenever information is stored in a register, a representation must be 
defined by which a correspondence is established between the values to 
be stored and the values of the register. To represent an instruction, 
a register must be able to specify, first, which of the possible machine 
operations is required, and second, which register(s) contains the data to 
be operated upon. To clarify this: suppose that the computer contains a 
128-register memory and two computational registers A and B in an 



































—— OO =— Te 


204 THEORY AND DESIGN OF DIGITAL MACHINES [Chap. 9 


arithmetic unit. A typical instruction might require the transfer of the 
value of register X to register A, where X is one of the 128 memory 
registers. The register storing this instruction must specify the operation 
X— A, and it must also define which of the memory registers is repre- 
sented by X. Another instruction might specify the addition of the 
values of registers X and Y and the storage of the sum in register Z, where 
X, Y, and Z are all memory registers. To specify any one of the above 
instructions, a register is divided into several subregisters, one sub- 
register specifying the nature of the operation and the other subregisters 
designating the memory registers containing the operands. If the 
machine has the ability to perform & distinct operations, then at least 
logs k bits of information are necessary to specify each operation uniquely. 
Thus, the operation subregister must contain at least logs k cells. If the 
operand storage capacity is m registers, then log. m bits are needed to 
specify uniquely each operand, and at least log: m cells are needed to 
specify each operand in memory. Correspondingly, the instruction word 
itself contains an operation part and one or more address parts. Each of 
the subregisters specifying operand locations in memory is called an 
address subregister of the instruction. 

An instruction 1 specifying n registers in memory is called an n-address 
instruction. A computer in which the maximum number of addresses 
specified by any instruction is m_is called an_m-address computer. In 
an m-address computer all of the instructions need not specify m addresses. 
Thus, in the computer of the previous paragraph an instruction may 
require the adding of the values of arithmetic registers A and B and storing 
of the result in A. No memory registers are specified and the address 
parts of the instruction are ignored. Another instruction may specify, 
that register A be shifted j bits to the left. In this case, one of the address 


parts of the instruction stores the number j in some representation; the 


operation specification tells the computer to regard the value of the 
address part of the instruction as a number rather than as an address. 
The performance of an instruction by a computer involves two distinct 
phases: (1) reading the instruction from memory and interpreting it, 
and (2) the execution of the instruction. If the instruction is an n-address 
instruction, then n + 1 registers of memory must be referenced. In 
most computers, only a single memory register may be read from or 
written into at a given time; hence, + 1 accesses to memory in sequence 
are required in the performance of an n-address instruction. 
9-4, The Program Unit. A program is a set of instructions to the 
machine specifying the computation to be performed. The progr 
unit of the computer has as its function the selection from the mem 
of the correct set of instructions. In this sense, the program unit, as 
relates to the execution of instructions is analogous to the control u 
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carbines - sce of transfers in the proper sequence. From the 
mples of simple computing systems i 7 
| presented in Chap. 8 it b 
quite clear that there is often a de itrari eter abet seer 
gree of arbitrariness in th 
of the transfers. In some ca i a stant 
; ses, transfers which could havé be i 
. . sii ¥ 
ee Senor miad are indicated as occurring sequentially with 
nding increase in the execution time of is 
the operation. Con- 
espana 8 examples, the execution time can be aiiteaed 
g simultaneous transfers where i 
the same kind of “serial ver ie heen ae alice 
the s sus parallel”? arguments that 
in discussing simple transfers a eo 
pply to transfers within i i 
and to instructions within a eneea 
program. It follows that th 
lelism at any level of the i i a aeenere 
computing hierarch i i 
ae but the faster the operation. eg aan 
ne ae present-day computers, the execution of the program is 
6s : : ie the soci consists of a sequence of instructions which 
e ec xecutes one at a time. Here the functi f 
unit is to initiate the correct se i ie nea ese 
{ quence of instructions f 
Usually, the instructions ar cue Gr eae 
e selected for executi i 
built-in sequence, with deviati gine Po naa 
F eviations from the sequence speci 
: \ pecified b - 
sae phe ee as mentioned in Sec. 8-11. The most pial ae 
od of accomplishing this is to store the in ti 
structions of a pro i 
sequentially numbered regi i ”"Hhiae: the 
gisters in the computer memor H 
program unit sees to it that the instructi : ns 
ons are taken from memory in 
pressions a hay a nates instruction specifies an itsaunsive, 
in Chap. 8 that in describing transf h 
possible gradations between com i fea ee 
| pletely serial and completel. 
operation. Similarly, in describin ie ares 
g programs there are d 
of departure from i i rate denier 
purely serial operation. In a strictl i 
‘ urely . y sequential 
ie sna a ein is begun until the preceding Sa nictiea has 
; ; ere are many drawbacks to such strictl i 
! serial 
aye pea ot! these is the fact that the entire suashins is held 
speed of its slowest instruction, which lly i 
some terminal device. In i i ‘ihmee tahun 
. particular, a very fast arithmeti i 
be kept idle because of : Saerce inert 
a slow card punch. Th 
allow some degree of overl . re rags dk 
> ap among the instructions of 
: am s of a program. 
a are still sequential in the sense that the sgmiiieas are 
ae 26 oe some overlap is permitted in the execution of 
the ions. e overlap feature is not n i i 
terminal instructions, but it i See cia da 
F is here that the value of lapping i 
tions becomes most ap ili sire ta nor 
parent. For a familiar exampl i i 
directing the printing of a sin po Rate bee 
gle character on an electric t; i 
require a major fraction of a second. Duri is ti Asemetiee 
f ; uring this time, the computer 
may be performing thousands of arithmetic or program-type “ato 
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tions, or indeed any instructions in its repertoire, provided that the 
typewriter itself is not demanded before its previous operation has been 
completed. 

This brings us to the essential point in discussing any kind of instruc- 
tion overlap that a computer may have: the concurrent instructions 
cannot have any conflicting transfers. In the previous example, it is 
quite clear that an electric typewriter cannot print two characters con- 
currently. By the same token, any other part of the computer involved 
in the printing operation cannot be used simultaneously for another 
instruction. 

Another common kind of overlap allows an instruction to be inter- 
preted while the previous instruction is still being executed. The inter- 
pretation of an instruction obviously requires as a first step the receipt 
of the instruction word from memory. If the memory is such that only 
a single register may be referenced at any time, then the obtaining of 
an instruction from memory cannot overlap that part of a preceding 
instruction which itself requires a reference to memory. 

The examples cited above are all of basically sequential machines in 
the sense that a single program is executed by the performance of a 
sequence of instructions which are initiated one after another. The next 
step in program parallelism is to allow the simultaneous execution of 
more than one program. At this point, we are content to mention the 
existence of such computing structures and restrict our discussion in 
this chapter to sequential computers with, at best, some overlap in 
instruction execution. 

9-5. The Control Unit. The elements of the computer control were 
described in Chap. 8. The control was defined to be a set of registers 
which assumed certain states which in turn specified the transfers in the 
machine. What transfers must the control of a general-purpose machine 
specify? First of all, it must designate the transfers needed to imple- 
ment each instruction in the repertory of the machine. Second, it 
must specify the program transfers. Finally, it must control itself. 

In the remainder of this chapter, we shall design a simple general- 
purpose computer. We shall proceed in a manner similar to that of the 
previous chapter. The sample computer will have a small number of 
instructions, each of which will be described by a set of transfers con= 
necting independent and dependent registers in various parts of the 
computer. As in Chap. 8, a control statement will be necessary to 
initiate each of these transfers. The transfers defining the program 


operation of the computer will be stated together with the control for 
initiating them. The machine is complete with the specification of how 


the control specifies its own transfers and hence its own operation. 
Sec, 9-17 some general statements about control units will be presen 
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9-6. An Example: Basic Elements. In order to illustrate the desi 
procedure for a general-purpose machine we shall choose a rather : bi 
neds hie mee with a number of component specifications a 

istic. e machine will have a small list of in i 
cigs for the most part, to illustrate the operation of ae 
ions. It is clearly not our attempt to design a complete machine, but 
rather to demonstrate with this example some basic principles, ea 
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Fig. 9-1. Register structure for a small general-purpose computer. 


to Sa design of all machines, which may be employed for any specific 
pat however complex. Figure 9-1 shows the basic register struc- 
i: bay ames and will be used as a reference during the description. 
a , us assume the machine will have a memory unit containing 
; eighteen-cell registers. Thes@ numbers are, of course, arbitrary, 
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i h 
but are fairly typical for small machines. We further assume ane dp 
memory unit is constructed of ferrite cores = is eg er 

i d for both program and ata storage. * 
a diall eee memory as M and to its individual registers as M’, 
ve ey a : 212 — 1. We shall denote the register used to select 
J = ’ FF oe Qe? 


one of the registers M? as the memory-address register C. Following the 


notation of Chap. 6, we shall denote by M(C) the memory register 


lected by C. That is, M (C) = Mi where j is the value of C. Finally, 
se ‘ : 


we let N denote the 18-cell memory-buffer register used to transmit 


information between M and the rest of the computer. 


eee ea 


Read Write 
(a) 


1 
E Po Ps Py Ps Pol Pi 


(b) 
5 imi int rvals, 

Fra. 9-2. Fundamental timing intervals. (a) Memory cycle; (b) timing inte 
of M by the timing diagram in Fig. 9- 


t us specify the operation 
ae aay aale of operation contains two equal parts devo 


ively, to reading out t alue é 
potted into M(C). The read operation 1s destructive by its v 


nature; hence, if it is desired to preserve the ongeel ee a 5 ( 
then this value must be rewritten during the write = ris. a 
summarize this operation with two pairs of transfers. hap 
function which, when 1, signifies that a new me oi — 
M(C) during the write interval, and, when 0, ca es ne 

is to be preserved. We then have for the read interval 1+, 


T,| wM(Cc)+9X>N 0>M(C) 


where X designates some register external to M whose value is to 









he current value of M(C) and to writitl 
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stored in M. During the write interval 7,, we have, 
T.| N— MC) Y-C 


where Y designates a register external to M storing the next address 
in M to be referenced. The function Q is specified by control, and its 
value for each cycle must be specified prior to the beginning of the 
cycle. Another way of expressing the transfers which will be used in 
the description of the computer treats @ explicitly as a control function: 


YT.| N>M(C) YoC Pre aad 
oT,| XN 0— M(C) ae? courte 
OT,,| N- MC) YC fh - prec ov 


The arithmetic unit of the computer consists of two independent 
registers N and A, each containing 18 cells, and the one-cell register 
Ag. WN is, of course, the memory-buffer register, and A is an accumulator. 
Several dependent registers, functions of N and A, will allow parallel 
arithmetic operations to be performed between the two registers. 

The program unit contains the independent registers C and D, each 


12 cells in length. C is, of course, the memory-address register, and D 
is the program counter. ina 

"Wie conteol unit sontati a six-cell register F, a three-cell register P, 
and_a five-cell register 7’. These registers and the remainder of the 
control unit will be specified later. 

For terminal equipment our computer will contain a paper tape punch 
and a tape reader with a buffer register H. 

9-7. Fundamental Timing. For simplicity, the computer (except for 
the terminal devices) will operate completely synchronously, with the 
memory cycle divided into six basic intervals as defined by Fig. 9-2b. 
The memory will operate continuously, alternating its read and write 
intervals T, and T,. The memory cycle is synchronized to the period 
of a clock pulse generator and timing counter in such a way that 7’, and 
T'» each contain exactly three clock intervals. More precisely, a three- 
cell timing counter P continuously cycles through the values 1 through 6 
with the characteristic functions p: + p2 + p; and ps + ps + pe defining 
T, and T'», respectively. Thus, a memory cycle time and a cycle time 
of P are equivalent. Following the notation of Chap. 8, we assume that 
all transfers are gated by one of the functions p; (j = 1, ... , 6), or 
the logical sum of several p;. Typically, the duration of each p interval 
might be 1 usec, with a corresponding memory cycle time of 6 usec. 

‘ach instruction will require an integral number of memory cycles for 
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its execution. During each cycle, the memory operation will be defined 
by the set of transfers of Sec. 9-6, which in the new timing notation are 


written as 





pi| WM(C)+ OX > N 0— M(C) 
pol | | 

ps| 

pal N- M(C) 


ps| 
pe 70 


where the vertical arrows indicate that the transfers occur at some —— 
during the interval. For instance, 0 > M(C) occurs during the interva 
from p; to ps. 
pa Rapeiet Representations. The 18-cell registers in the ee 

and arithmetic unit will store both data and instructions. According y; 
two representations must be defined, one for data and one for ae 
In all cases, we shall label the cells of a register with the subscripts 0 to 
from left to right. 

: Numbers will be stored in the 1’s-complement fractional representation 
defined in the Appendix by 


17 


8,(X) = —Xo(l — 2-7) + »> x24 


=1 


The range of 5,(X) is from re: - ee Wh - 2-41, ps 5,(X) = 0 for 
of X: X; = Oand Xi = 1,7=9,1,--- 54° 
ee Sere ait instructions, we divide the register X into two -— 
ters: Op (X) = (XoX1,-- - Xs) and Ad (X) = (X6,X7, - vs He 
The six-cell subregister Op (X) will be referred to as the operalias a 
register_of X and will define one of up to 64 instructions by si a 
a correspondence between each instruction and a unique value ; Me 3 
The 12-cell register Ad (X) is called the address subregister t sal 
single-address instructions {i.e., when Op (X) specifies a e-a oy 
instruction] the values of Ad (X) are in one-to-one correspon dence i. 
the 2! registers in M. In particular, when Ad (X) has t : " 
representation j it will refer to register M i, In zero-address int ruc — 
the value of Ad (X) has a special meaning defined by each ae ins mt 
tion.t As indicated in the previous section, the 12-cell address reg 
C and program counter D refer to memory locations and hence use 
same representation as Ad (X ), where X is any 18-cell register. 


+ A zero-address instruction is one in which the address part does not refer to 
address in memory. 
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9-9. Arithmetic Instructions. The arithmetic unit of the computer 
was defined in Sec. 9-6 as consisting of two 18-cell independent registers 
Aand N. To perform addition we assume the dependent register} 


which computes the sum of the numbers (in 1’s-complement fractional 
representation) stored in registers A and N. In order to store the result 
of the addition, we assume the transfer S(A,N) — A. The fact that a 
clock pulse generator and an interval counter P have been defined to 
operate at a fixed rate (say 1 M pulse/sec) does not in any sense imply 
that all transfers must be accomplished between successive clock pulses. 
In fact, in Sec. 9-7, the transfers defining the read and write operations 
of the core memory required three intervals for execution. Clearly 
the transfer of a complex function such as S(A,N), which may involve 
many cascaded logic levels in its carry network, will result in more delay 
than the transfer of a simple function. In this machine, we shall assume 
that simple transfers (e.g., MN — A) may be accomplished in a single 
pulse interval, but the transfer S(A,N) — A requires two pulse intervals. 
Thus, we shall always demand that A and N receive their values at least 
two intervals prior to the transfer (that is, by the end of pu). 

A typical addition instruction reads as follows: add the number in 
memory register X to that in register A, storing the sum in A. If an_ 
overflow occurs as the result of the addition (i.e., the sum of the two 
numbers has magnitude 1 or greater), store a 1 in flip-flop Au. Other- 
wise store a 0 in Av. We shall abbreviate this instruction by ad X 
and assign to it the integer 1 as its representation in the operation sub- 
register. Hence, when a memory register stores the instruction ad X, 
its operation subregister has the value 1 and its address subregister the 
value X (0 < X < 4,095). 

The execution of the instruction ad X will take two memory cycle 
intervals, the first to obtain and interpret the instruction itself and the 
second to perform the actual addition. If we assume that the instruc- 
tion is stored in register Y, then clearly the address register C must have 
the value Y during the cycle in which the instruction is obtained from 
the memory. The method by which this is accomplished will be deferred 
to Sec. 9-10, where program transfers are discussed. Furthermore, this 
instruction interpretation cycle is one in which information is obtained 
from memory and not transferred to memory; hence, the function 2 has 
the value 0 during this cycle. A discussion of how this is accomplished 
will be deferred to Sec. 9-11, where the control is discussed. 

Some of the transfers necessary to the instruction interpretation cycle 


{ Since only 1's complements will be used in this chapter, we shorten S! to S, 
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are: 

ap,| M(C)>N 0-M(C) 

aps| 

aps| 

apa| N —> MC) 

aps| 

aps| | Ad(N)>C  Op(N)>F 


These transfers define a memory access in which the instruction is trans- 
ferred to N by p; and is restored in memory by ps. During pe, the Value 
designating the particular operation (in the case of ad X, the yatue 1) is 
transferred to control register F; also during ps the address X is trans- 
ferred from Ad (N) to C. Hence, during the next cycle of the machine, 
the control “knows” that an addition is to be performed next, and the 
is accessed at address X. 
ae dare list of transfers is incomplete in that the control is only 
partially defined. The control function _a has the value 1, identifying 
the fact that this is an instruction interpretation. _cycle;_among other 
things it_ must guarantee that @ = 0. We shall assume for now that the 
presence of the value 1 in control register F is sufficient to cause the 
control function fi to have the value 1 during the following cycle of 
operation, specifying uniquely that an addition is to be performed, 
This next cycle then contains the set of transfers: 


fip:i| M(C) ON 
fips| 
Fps| 
fipal 
Sips| 
fipel 


Since C contains the address X, the value of register X is transfe 
to N by the end of ps, and the addition is complete by the end of the 
interval. ‘The function \(N,A) is the overflow function defined for t 
1’s-complement fractional representation by 





0— M(C) 


N— MC) 


S(N,A) > A (N,A) > Aot 


MN, A) = NoAoky + NoAcKo 


aren | which states that an overflow exists if initially N_and_A have negati 


\ values and there is no carry into the sign digit, or if N and A are positiy 
and there is a carry into the sign digit. 

A subtraction instruction is almost exactly the same. 
precisely by: subtract the number in memory register X from the 7 ) 
in A, storing the difference in A. If an overflow occurs, store a lin 
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We abbreviate the instruction by su X and designate it by the number 2 
as its operation representation. Its instruction interpretation cycle is 
identical to that described for ad X. The transfer Op (N) — F inserts 
the value 2 in F, which in turn assures that the control function fe is 1 
during the execution cycle. The latter is defined by 


fopi| M(C)-N 0— MC) 

fepe| 

Sops| 

fyps| N— MC) N'>N 

Sops| 

Sop S(N,A)— A \(N,A) — Aor 


This cycle is identical with that for addition except for the additional 
transfer N’ — N during ps, which negates the number in N and which, 
when combined with the addition, produces the desired subtraction. 

For a final example of an arithmetic-type instruction, we describe the 
instruction ‘“‘store in X,” defined by: transfer the value of A to memory 
register X, preserving the value of A. We abbreviate this instruction by 
st X and assign to it the representation 3. The instruction acquisition 


cycle of st X is again identical to that previously described, and the 
execution cycle is defined by 


Ssp1| 0— M(C) 
Sspo| | 
Ssps| A +N 

fsps| N— M(C) 

Ssps| | 

fspel 


Since, during this latter cycle a new value is being transferred to M(C), 
the control function f; must imply the function Q. 

f~9-10. Program Operation. The computer will execute a program by 
taking consecutive instructions from consecutive memory registers unless 
told otherwise by a program-type instruction. The transfers needed 
to realize this mode of operation are rather simple. For example, dur- 
ing the execution of an instruction interpretation cycle, the address 
register C contains the location of the current instruction. This address 
is advanced by 1 and stored in program register D. Thus, by the end 
of this cycle, the D register contains the address of the next instruction 
in the absence of a program instruction which breaks the sequence. 
With these modifications, the instruction interpretation cycle now 
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becomes: 

ap,| M(C) > N 0—- MC) C—D 

ape| D+1—-D 

aps| 


aps| N— M(C) 


aps| | 
aps| Ad(N)—~C Op(N)->F 


The two new transfers were located arbitrarily at p, and po. They could 
have been located during any pair of time intervals which would have 
provided the desired result by the end of the cycle. 

During the execution cycle of any instruction in which the normal 
program sequence is not broken, the transfer D — C is performed, thus 
readying the memory for its next instruction interpretation cycle. Thus, 
the ad X instruction is modified to provide: 


fipi| M{C) > N 0— MCC) 


fips \ 

fips| 

as N— M(C) 

fips 

fips | S(N,A) > A A(N, A) > Act D-C 


The transfer D—C is, of course, constrained by the basic memory 
operation to occur during pe. 

A rather common class of program instructions is that of the conditional 
jump. In an instruction of this kind, a binary decision is made which is 
based upon a specified Boolean function. This decision specifies that 
the program is to continue in its normal consecutive sequence if the 
function has one value, or it is to jump elsewhere in memory for the next 
instruction if the function has the other value. A typical example is 
the instruction “jump, if negative, to X,’’ abbreviated jn X an 
defined by the statement: if the sign digit of the A register is 1, take the 


next instruction from register X; if it is 0, follow the normal sequence, 
We designate jn X by the representation 4. The execution cycle is 


made up of the transfer sequence: 
fap:| 


faps| 
fips) N— M(C) 


faps| 
fap} AC + A,\D—-C 


The conditional transfer at ps leaves C unchanged (with value X) 
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Ao = 1 or inserts the value of D (the address of the next instruction in 
sequence) if 49 = 0. Again, this transfer is constrained to occur during 
pe by the basic memory operation. The normal memory read-write 
operation is indicated even though no use is made at this time of the 
output of the memory. It is interesting to observe that the value of N 
during the last half of the cycle is that of the next instruction to be 
executed if Ag = 1. We could have taken advantage of this fact to 
shorten the execution time of the instruction when Ay = 1. This, 
of course, would only have been at the cost of more equipment and 
complexity. 

A jump instruction, conditional or otherwise, is a perfectly general way 
of causing a program to depart from a sequence of consecutive registers. 
It is often desirable for a program to jump out of a sequence to some sub- 
program located elsewhere in memory and then to return to the original 
sequence at the point of departure. Moreover, it is often desirable to 
jump to the subprogram from an arbitrary point in the main sequence 
and always return to the sequence from the point of departure. Sub- 
programs having this property are often used. To obtain the desired 
operation, an additional transfer may be included in the jump instruc- 
tions. This transfer, D— Ad (A), preserves in the address subregister 
of A the address of the next instruction in the main program. The 
subprogram itself will begin with a special program-type instruction 
called “return to the main program-from X” (abbreviation rf X) where 
X is the address of the jump instruction concluding the subroutine. The 
instruction rf X transfers the value of Ad (A) to Ad (X). Hence, the 
final instruction of the subprogram is a jump instruction referring back 
to the proper point of the main program. 

The instruction rf X requires the modification of the address sub- 
register X while leaving the remainder of the register intact. In order 
to accomplish this, the function Q is replaced by two functions Q and 
Qaa referring respectively to cells 0 to 6 and 7 to 18. In all the instruc- 
tions considered thus far, 2 = 1 implies Qo@Qa.q = 1 and Q = 0 implies 
62,4 = 1. In the instruction rf X, the control function f; must imply 
2 = Qsaa = 1. The execution cycle of this instruction then becomes: 


be Op (M(C)) > Op (NY) 0 > MCC) 

6P2 

Seps| Ad (A) > Ad (N) 
Sopal N— MC) 

Sops| 

Sope| DC 


Included in the list of instructions of this computer are two additional 
jump instructions. The first of these, “jump on overflow to X,” is 
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designed to follow an addition or subtraction instruction to provide an 
alternative computation if an overflow exists. It is identical to the 
jn X instruction with the one obvious exception that the cell Act 
rather than A» determines the decision of the instruction. The transfer 
sequence is as follows: 


fepil M(C)-> N 
fope| 
fops| 
fop,s| N— M(C) 


te Aa C+ Ay DC 


0>M(C) D-Ad (A) 


The final jump instruction will be to illustrate one of ; ane types of 
instruction overlap discussed in Sec. 9-4. This instruction, “jump uncon- 
ditionally to X” (abbreviated ju X), requires the following transfer 
sequence for its execution: 


fim| MC)>N 0>MC) 
Sips | 


fips! 
fips| N- MC) 


Sips | 
Sipe 


D-— Ad (A) 


It is readily observed that the only transfer required specifically for this 
instruction is D — Ad (A), which prepares for a possible subroutine to 
follow. All the other transfers pertain to the memory read and “a 
operations which continue automatically. In this case, however, t . 
value of C during the cycle is the address X, which is the address of t. 
next instruction to be executed. We take advantage of this fact and 
interpret the next instruction during this cycle of operation. - 
precisely, by demanding that a = 1 during the cycle, all neve ers 
occurring during an instruction interpretation cycle will occur; the con= 
dition f; = 1 causes the additional transfer D > Ad (A). ' call 
9-11. Control Operation. We have reached a point in the discussion 
the computer where the general structure of the control unit can be 
described. It will be recalled that the control unit must establish states 
or characteristic functions in one-to-one correspondence with the vee 
to be performed in the machine, and that it is these functions which 
initi he transfers. 
perme of the general features of the control have already been esta 
lished: each instruction takes an integral number of cycles for its e 
tion, where the cycle is defined to be the memory read-write time, 
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cycle is subdivided into six intervals which define the clock periods at 
which all transfers occur. 

We define an instruction interval to begin just when the instruction 
is about to be implemented (i.e., just after the interpretation cycle has 
been completed) and to conclude at the end of the nezt interpretation 
cycle. Clearly, the final cycle of each instruction interval is the interpre- 
tation cycle for the next instruction of the program. Consider, for 
example, the program consisting of the sequence 


ad X 

suY —adA 
| ha 

ju Z 


The final instruction (halt, abbreviated ha) will be described later. It 
will be seen to require two cycles for its operation. 


This program is 
performed in time according to Fig. 9-3. 


The lower line divides the time 


fo te fo f, fo fy fe. A fe i, 


interpret perform interpret perform interpret perform perform interpret perform interpret 


ad X ad X suY suY’ juz juz ad A ha ha next instruction 
and 
interpret 
ad A 
tH ht Ht 
Starting” ad X suY juZ ad A ha 
condition 


Fig. 9-3. Timing intervals for a short program. 


into instruction intervals. Since the first instruction of a program is 
defined to begin with the execution of that instruction, the interpretation 
of the instruction must be performed during the starting period as an 
initial condition. 

The functions which initiate each transfer are characteristic functions 
of the form f,p;, where f; = 1 implies that the control is in its 7th state, and 
p; = 1 corresponds to the pulse counter P having value 7. The control 
function f; will never change more rapidly than once per cycle. On the 
upper line of Fig. 9-3 the cycles are labeled by the control functions 
with which they are in correspondence. We have designated by: fo 
those cycles during which an instruction is interpreted and nothing else 
happens. It then follows that the function a, defined in Sec. 9-9 to 
designate the instruction interpretation cycle, is given by 


a=fotfi 


The functions f; are, of course, the characteristic functions of the con- 
trol register F, Since these functions correspond in time to cycles, any 
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transfers to F must be performed during the ps intervals. Hence, to 
describe completely the operation of the register F, we need only specify 
appropriate inputs during each ps interval. One such input has already 
been stated: during each instruction interpretation cycle (a = 1), the 
value k of the operation itself is transferred to F, thus giving F the value 
k, or, equivalently, requiring the function f; to have the value 1 during 
the next cycle. All that remains to be done for all the instructions 
defined thus far is to perform the transfer 0 > F during the execution 
cycles. 

There will be some departures from this simple mode of operation of 
control necessitated by more complex instructions to be described sub- 
sequently. These departures will be, however, only by way of introduc- 
ing new inputs to F. The basic structure will not be changed. 

9-12. A Shifting Instruction. We consider now an example of an 
instruction which demands a slightly more complex control. This 
instruction, ‘cycle the A register to the right n times,” is abbreviated 
cr n and is assigned the value 8. Unlike the previous instructions, 
cr n is a zero-address instruction; the address subregister represents the 
integer n instead of an address. Since n is a variable, the number 
of shifts required by the instruction, and hence the execution time of 
the instruction, will be variable. An additional control register T will 
be used to keep track of the number of shifts performed. Since A con- 
tains only 18 cells, no shift need be larger than that number. Accord- 
ingly, T is a five-cell register into which n is transferred. Upon execution 
of each shift, 7 is decremented by 1; when T reaches 0, the shifting is 
terminated. 

For convenience, we introduce the transfer of the number n to T 
during the instruction interpretation cycle. To do this, let o(X) be 
the rightmost five cells of register X [or of Ad (X)]; we shall assume the 
transfer o(N) — T to occur always during pe of the interpretation cycle 
(whenever a = 1), ie., at the same time as the transfers Op (NV) > F and 
Ad(N)—C. The instruction is then executed according to the sequence: 


for| te Att p(AOA to TH+H(T-1NOT 

fopo| to A+: p(A)OA to T+ (T-1I9T 

feps| te Ath: p(ADPOA to T+h°-(T-1I-T 

feps| to’ A+ t-p(A) 7A i T+h°(T-)NoT 

feps| tr: A+t%:p(A)>A ti T+h°(T-1)-T 

fepe| th A+t%-p(A) 7A oo T+4°(T-1-T DC 
(to + th)’ -F+ (+h) :0-F 


The function to is, of course, the characteristic function of 7’, which has 
the value 1 if 7 = 0. A 1 is subtracted from the 7’ register each time A 
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is cycled right one place. The function p(A) was defined in Chap. 6 
to be the dependent register with cells (A1;,Ao, . . . ,A1s), and hence 
p(A) — A represents the cycle-right operation. During pe the value of F 
is preserved at 8 if more cycling is required (i.e., if T has value 2 or greater 
at the beginning of ps) and is cleared if the cycling is complete, thus 
placing the control in state fo. Note that the second term of the input 
to F, (to + t:) -0, need not be included. The explicit statement is 
included for clarity. 

9-13. Start-Stop Control: Initial Conditions. In Sec. 9-11 the control 
of the operating computer was described. In particular, the various 
ways in which the control register F could change its state were defined. 
The remaining gap in the general picture of control operation is the 
implementation of the start-stop control, ie., the transition between 
operating and nonoperating conditions. 

We use a flip-flop Q to distinguish between the two conditions: Q = 0 
implies operation, Q = 1 implies inactivity. Thus, many of the trans- 
fers already described must be conditioned by the function Q’. Some 
transfers need not be conditioned in this way. The P register, which 
establishes the timing within each cycle, is most conveniently allowed 
to operate regardless of the value of Q. This assures a synchronous time 
base regardless of the mode of computer operation. It may also be 
convenient, from an equipment point of view, to allow the memory to 
operate continuously. If this is done, it is mandatory that Q = 0 
whenever @ = 1, so that the memory keeps reading and writing the same 
value. We shall assume that P and M operate continuously, but with 
the restrictions noted. All other transfers will be considered as con- 
ditioned by the function Q’. 

The instruction interval was defined to begin with the execution cycle 
of that instruction. Thus, the first instruction of a program must itself 
be interpreted during a cycle initiated by start-stop control. We shall 
make the restriction that the first instruction of every program will be 
located in register M°. This restriction is not serious, however, since 
if a program begins at register X the instruction ju X inserted in M/° 
will meet the requirements of the computer. Let W, be a function 
which has value 1 when a “start program’ button is depressed. The 
start-stop control operation then has the form: 


Qp,| 
Qpa| 
Qps| 
Qpal 
Qps| 
Ql Wi,>-Q WiC+W,09C WF+W,:0>F 
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The three transfers occurring during ps are sufficient to establish the 
initial conditions. When the button is depressed, F is set to value 0, 
ensuring that the following cycle will be an instruction interpretation 
cycle, C is set to value 0, requiring that this instruction be taken from 
register M°, and Q is set to 0, thus starting the computer. 

The halt instruction itself, referred to in Sec. 9-11, is now easily defined 


by: 


fopr| 
fope| 
fopas| 
Sopa| 


Sops| 
fope) 17> Q D-C 0O-F 


The transfers D—C and 0—F prepare for a following instruction 
interpretation cycle as in many other instructions (for example, ad X). 
The transfer 1 > Q places the computer in its inactivity state. 

The halt instruction is another example of a zero-address instruction. 
Here the address subregister is not used. If a number, say Z, is stored 
in the address subregister, the memory reads and rewrites the value of 
register M% during the execution cycle. 

It is often desirable to start the computer from a stopping point, i.e., to 
start at the address following that of a halt instruction. To do this, 
another start button, labeled “restart,” is provided. This initiates the 
following sequence: 


Qpil 
Qp2| 
Qps| 
Qp,| 
Qps| 
Qp| Wr 


We is a function having value 1 when the “restart” button is depressed, 
Unlike the “start program’’ condition, the “restart”? condition needs 
only to set Q = 0; all other initial conditions are correct. 

9-14, Terminal Instructions. The final two instructions are terminal 
instructions which employ the tape reader and the tape punch. We 
shall not describe these instructions in complete detail, since to do 
would involve a discussion of the detailed properties of two comp 
electromechanical devices. Both the instructions illustrate instruct 


overlap. 
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Information is placed on tape in rows of six digits each. A 1 is repre- 
sented by a hole and a 0 by the absence of a hole. The value of a com- 
puter register, for example, could be stored in three rows of tape. A row 
of tape is, of course, a register in the general sense. 

The photoelectric tape reader contains six photosensitive devices, each 
of which emits a pulse when it ‘“‘sees’’ a hole (1) and no pulse when it 
sees no hole (0). These pulses are applied to a six-cell register H. If 
the row of tape under the photosensitive detectors is designated by Y 
then the reading operation may be represented by Y — H. 

The rt instruction starts the tape unit by clearing the tape-reader 
start-stop flip-flop Jr. Thereupon it performs the transfer H — Op (A) 
which represents the value of the row of tape read previously. The 
computer continues with the rest of its program, and some time later 
another rt instruction is given. While the program is being executed 
the tape is advanced until the next row of information reaches the geiecen: 
At this time, the transfer Y— H occurs (under the direction of the 
reader), and a 1 is inserted in Jr, stopping the motion. If the second rt 
instruction occurs before this operation is complete, the computer 
ys ake to halt and wait for its completion. The transfers are as 
ollows: 


fiopi| Jr>Q 0O- Je 

Sropa| 

ropa 

fropal 

fiops| 

fips] Q°-F +Q’-0—-F Q-Op (A) + Q’:H—- Op (A) 
Q:C+97-D—-C 


As remarked in the previous section, all control functions f;p, up until 
now have implied Q = 0. The functions fiop; are independent of Q 
since the dependence on Q is given explicitly in the transfers themselves. 

When the instruction is executed, J: is first tested: if Jp = 0, the fave 
reader is busy; if Jz = 1, it has completed its previous inatraetion: If 
Jr = 0, the computer is halted, thus inhibiting the transfers at pe. 
Once the reader is idle, the computer restarts and the tape reader is 
restarted. During pe, the information transfer is performed and control 
is advanced to fo, thus continuing with the program. 

The punch tape instruction, abbreviated pt, is treated in very much 
the same manner as the rt instruction. The punch has its own start-stop 
flip-flop Jp, which is set to 0 by the computer when a punch operation is 
initiated and set to 1 by the punch when the operation is complete. The 
data are transferred to the punch by the transfer Op (A) H, The 
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transfer sequence is as follows: 


firpal 0—- Jp Jp = Q 

firpo! Q’ - Op (A) + Q-H= 
fips! 

Supa 

Sirs 
















fup| Q@-O0+Q: FOF QY-D+Q-C>C 


‘As in the rt instruction, the control functions fi1p; do not imply Q = 0. 

9-15. Implementation of the Computer: Logic Design. The computer 
is now completely defined on the transfer level. A summary of the 
transfers is presented in Table 9-1. The value of this method of descrip- 
tion is shown by the fact that the entire machine is described with a 
relatively small amount of symbology. To complete the design, it is 
necessary only to collect the input transfer relations for each register 
and translate these into flip-flop input equations. This translation is, of 
course, dependent upon the nature of the flip-flop and gating circuitry 
to be used for the machine. Up to now, the assumptions that have been 
made about the machine have been rather general. We have assumed, 
for example, that the machine is synchronous with six clock pulses per 
memory cycle. 

We shall assume further that the flip-flop is a set-reset (RS) flip-flop, _ 
as defined in Sec. 7-5, which operates according to the relation 


S+xXR’-xX 


where S and R represent pulses at the set and reset inputs respectively. 
Let us assume that each flip-flop in the computer will be preceded by a 
so-called steering circuit, consisting of an inverter and two AND gates. 
The inputs to the particular steering circuit we shall use are the clock 
pulse train EZ and the functions G and K. The outputs are the functions 


S = KGE and R = K@’E 


That is to say, a clock pulse appears at S whenever both K and G are 1, 
at R when K = 1 and G = 0, and nowhere when K = 0. The transfer 
relation satisfied by the flip-flop X then becomes 
KG + X(KG@’)' ~ X 
which reduces to 
K@G+ K'x-xX 


The steering circuit, therefore, causes the transfer of the function @ into 
whenever K =1 and leaves X undisturbed whenever K = 0._ 
simplicity, we shall refer to the RS flip-flop combined with the ab 
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steering circuit as a GK flip-flop, and shall use the notation G(X) and 
K(X) to refer to the G and K inputs of flip-flop X. 

Let us consider first the implementation of the control register F with 
GK flip-flops. In Table 9-1, two functions are indicated as being trans- 
ferred into F under various conditions. These functions are Op (N) and 
0. Thus, the general transfer equation defining the inputs to F may be 
written in the form 


A Op WY) gO Oia) Po 


where ) is a scalar function including all control functions which specify 
Op (N) — F, and uy is a similar function specifying the transfer 0 > F 
The final term states explicitly that whenever a transfer is anspesited: 
F is to remain undisturbed. This transfer may be realized by setting 


K(F;)) =A +4 
G(Fj) = AN; 


The functions \ and » are obtained immediately from Table 9-1: 


A= Q' aps = Q'pe(fo + fr) 
B= QVpelfi the tfstfatfs + fot fot fe(to + tr) +f10 + fil 


It follows that + Qps(W, + W,) 


A+ u = pol QWr + We) + QTfs + (to + t1)’]} 


The above translation of transfer equations into flip-flop equations 
may be generalized quite simply. Let Bi,i = 1,2, ...,n, be asetof 
functions to be transferred into a register A. Further, let \; be the con- 
trol function selecting B‘. It then follows that the general input transfer 
equation for register A is 


AB! + AB? AB + Ar tarts ++ tay AOA 
Then if A is realized with GK flip-flops, we have 


K(A) = th heh EM 
G(A)) = \1B;} + A2B;? + ot ey + AnB;* 


The functions Ai (@ = 1, 2, . . . , m) need be generated only once for an 
entire register and then used as the inputs to the combinational networks 
realizing G(A;) for each j. 

The realization of the F register with GK flip-flops is, of course, just one 
of the many possible alternatives. We present it to illustrate the general 
method of translating transfer relations into flip-flop equations. The 
procedures using other kinds of flip-flops are quite similar, 
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Table 9-1. Summary of Computer Transfer Relations (Continued) 
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; Another example, exhibiting somewhat more complexity, occurs in the 
D realization of the A register. Collecting together all of the transfers 
° into A, we obtain the sequence: 
= Qpil (fet fe+hi)-D>Ad (A) — falo(A) > A 
: a oe Op fatip(A)—> A 
° a Q'ps| fatop(A) —> A 
2 ee * Q'psl fotgo(A) > A 
; if Or, falgo(A) > A 
= < ° Q'ps| (fr +f) S(N,A) > A fetto(A)—> A fro > Op (A) 
ef rd & 5 Since the transfers into A are partially dependent upon breaking A into 
“a wy = subregisters, it is most convenient in deriving the flip-flop equations to 
3 treat A as the subregisters Op (A) and Ad (A). Considering Op (A), 
4 eeecce we obtain 
= 4G46E46 
Ss ST di + Op [o(A)] + Az: Op [S(N,A)] + Ass H + (Ar + Ao + As)’ + Op (A) 
© I — Op (A) 
A * ; Similarly, for Ad (A) we obtain 
v : Ai * Ad [p(A)] + Az + Ad [S(N,A)] + a> D + (Ar + de + Aa)! + Ad (A) 
RRRRRR al rs — Ad (A) 
rttttt = where Ar = fatyQ’ 
cu. ° 5 a 
As = fiop6Q 
eee : < Ae = (fa + fo + fr) p19’ 
ice aj ay ay Seaces é It therefore follows that if A is realized in GK flip-flops, the input equa- 
a ee 2223232 js tions are: 
ee! S K(A) = datas +s Orin d bok 
dtdadauxz jo) G(A;) = Ar* Aj-1 + AdS)(N,A) + A3° A; j = 0, 1, « ,5 
TT TT TT t ° A..= Ay 
Sasscs # and K(Aj) =i +2 tM j=6,7,...,17 
~3~353-3-3-3 a G(A;) = \1Aj-1 + A2S(N,A) + D> 7 =6,7,...,17 
+t+++4+4++ ro ee _ 
wef et efi te To complete the logic design of the computer, it is necessary only to 
Sees. Bue ke ° * combine the input relations for each register in a similar fashion. Once 
Ean enal: i" I this step has been completed, the equations may be translated into hard- 
SSSSes s : ware. If a particular logical expression yields electronic circuitry which 
Ssssaq rf is awkward or excessively complex, an alternate method of arranging the 
noes 7 transfers may be attempted, in order to find a simpler circuit configura- 
o 


tion. In this way, hardware considerations usually strongly influence 
the logic and machine design. In fact a system design parameter which 
results in an excessively complex implementation is often relaxed or 
eliminated to yield a more reasonable circuit realization. 


fu pl Q°F +Q' 
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9-16. Program Units. The discussion of the preceding sections has 
been concerned with the design of a rather simple machine. The 
machine chosen as the example was kept simple to illustrate design tech- 
niques. There are, however, certain features of general-purpose sen 
puters, alluded to at the beginning of the chapter but omitted’ from t ‘ 
example, which are important enough to warrant further discussion: 
These relate to the program and control units. 

First, let us introduce the notion of indexing and index registers. 
Almost all modern computers have index registers because their use 
greatly facilitates the writing of iterative programs. Suppose that 
computer in the preceding sections of this chapter were to be used toa 
100 numbers stored in registers 1001 through 1100. The simplest 
program consists of the sequence : 


st 1000 
su 1000 
ad 1001 
ad 1002 


While this program is straightforward, it is lengthy. f Another sequence 
performing the same computation is as follows: 


t 1000 
ay < 1000 600 temporary storage (initial value 0.000-0) 
502 ad 600 601 0.00---1 
503 ad 1001 602 ad 1100 
504 st 600 
505 su 600 
506 ad 503 
507 ad 601 ‘ 
508 st 503 
509 su 602 
510 jn 500 
511 ha 


This program requires 12 instructions stored in registers 500 to 5il and 
three constants as opposed to the preceding program requiring 103 
instructions and no constants. The program, while shorter, is considers 
ably more complex. Register 600 is used to store the sum. Register 503 


is modified by the program to contain successively ad 1001, ad 1008 


. , ad 1100, thus performing the iterated program. 


+ Note the awkward method of clearing the A register. See Prob. 9-1 for a} 
convenient method. 
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The use of an index register allows the iteration of a program without 
modifying an instruction in memory as was done in the above program. 
Suppose the computer contains an additional 12-cell register S, which we 
refer to as an index register. We define two new instructions which 
make use of S: “set index to n” (inn), and “jump on index to X” 
(ji X). The first instruction simply inserts the integer n into S. The 
second instruction is a conditional jump; S is first counted down by 1, 
and then the jump occurs if the value of S after the subtraction is not 0. 

Any machine instruction which defines an operation involving register 
X is indexed by referring the operation, not to X, but rather to X minus 
the value m of register S. Thus “indexed ad X” means add the value 
of register X — m to A and store the result in A. With the index 
register, the sample program simplifies to seven instructions. 


500 in 100 

501 st 1000 
502 su 1000 
503 ad(index) 1101 


504 st 600 
505 ji 503 
506 ha 


The first time the program is performed, the indexed instruction iginter- 
preted as ad (1101 — 100) = ad 1001; the 100th time, S has vahie 1, 
the indexed instruction is interpreted as ad 1100, the jump on index 
instruction counts S from 1 to 0, and the program halts. 

In order to implement the indexing of an instruction, an additional bit 
is necessary in the instruction format. Let B(X) designate the fact that 
the instruction stored in register X is to be indexed. Then during pe 
of the instruction interpretation cycle, the transfer Ad (VN) —>C is 
replaced by 


B'(N) Ad (N) + B(N){Ad (N) — 8S} 9 € 


The original transfer remains if B(N) has the value 0; if B(N ) = 1 the 
indicated subtraction is performed. 

The simplification of the sample program, made possible by the 
incorporation in the machine of an index register, was quite dramatic. 
Index registers have, in general, been found to be so useful that several 
are provided in most computers. Here the index subregister of an 
instruction register must, of course, be large enough to address the set of 
index registers. Further, it is often convenient to change the value 
of an index register by integers other than 1, the value used above, and 
some machines provide such variability. 

9-17. Generalized Control Centers. In Secs. 8-1 and 9-5 the control 
unit was defined in a general way. We have seen examples of control 
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units in the elementary machines of Chap. 8 and in the general-purpose 
computer of this chapter. Further examples will be shown in the special- 
purpose computers described in Chap. 10. In this section, we shall 
expand the discussion of control units to include more general structures. 
The starting point of this discussion will be the computer of this chapter. 
Many of the remarks, however, are applicable to special-purpose as well 
as to general-purpose computers. 

As we have pointed out previously, the control unit assumes a sequence 
of states which are in correspondence with transfers or sets of transfers 
in the computer. One class of transfers determines the operation of the 
machine proper, and another class defines the operation of the control 
itself. ‘Thus in the computer of this chapter, the F and P registers form 
the control unit, and all the remaining registers the machine proper. 
The states of F and P define the transfers for the rest of the machine 
and for themselves. The machine, however, is quite simple, and the 
control unit is correspondingly simple. In more complex machines, it 
may be desirable to build more flexible control units, units which permit 
additions and changes to be incorporated more readily. We shall exam- 
ine methods of achieving this by expanding our discussion of the control 
of the computer of this chapter. 

The implementation chosen for the control unit of the computer was 
simple and straightforward. Each instruction had the duration of an 


integral number of memory cycle intervals, and each of the latter 


* was further subdivided into six subintervals. The memory cycle inter- 
vals were in correspondence with control states, and the subintervals with 
substates. In fact, all instructions except the unconditional jump (ju) 
made use of two control states, one of which was distinct for each instruc- 
tion and the other of which was common to all. The ju instruction used 
just one control state. 

In Fig. 9-4 we show the control state diagram, omitting for simplicity 
the start-stop control. 

When in state 0 (characteristic function fo), a transition is possible to all 
other states. ‘This must be true since state 0 corresponds to the instrue- 
tion interpretation cycle, after which any instruction may be initiated. 
State 7 corresponds to the unconditional jump instruction, during the 
performance of which the next instruction in sequence is interpreted, and 
hence any of the states 1 to 11 inclusive may follow. States 1 to 6 and 
9 are always followed unconditionally by state 0. States 8, 10, and 11 
are either repeated or followed by state 0. When in state 0 or 7, the 
next state is either state 0 or a repetition of the same state. All of this 
was summarized in Sec. 9-15 in the general transfer equation 


d+ Op (N) + u(F,X) 0+ A+ H) FoF 
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where the next state is shown explicitly to be Op (N), 0, or F, a repetition 
of the current state. The functions \ and yp are scalar finetiona of F 
and certain other cells collectively designated by X. 

Thus, to construct the control, the F register required 1 + & states 
where k is the number of instructions, or correspondingly logs (1 + k) 
bits of storage. The substate register P required y states or logs (y) 
cells. To add another instruction of the same complexity as the sviting 
instructions, it is necessary to add a single control state to F and use the 








Fia. 9-4. Control state diagram. 


characteristic function of that state together with those of P to initiate 
the transfers for the new instructions. Suppose, however, that a new 
instruction is to be added which requires the use of three distinct states 
say 12, 13, and 0 in that order, following the state sequence 


d2) 
©) 


a3) 


This requires a modification of the F register input equation to include 
the constant 13 as a possible input. In the general case where each 
instruction requires an arbitrary number of states and any given state 
may, in general, be used in any instruction, the state diagram becomes 
complex, with possibly all connections allowable, and F becomes a 
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general class B sequential circuit with n storage cells and 2" states. The 
transfer relation is, then [temporarily letting Op (N) be of dimension n], 


ae —1 2-1 


d-Op (VY) + ¥ wi Kit (CY wy +A) FOF 
j=0 j= 


where the possible inputs to F' are seen to be Op (N), F, and the states K;, 
j=0,1,...,2"-—1. The most straightforward method of imple- 
menting this circuit is to store the 2” n-bit constants K; in a combi- 
national network together with the control functions y; With the 
above relation each instruction is now a “program’’ consisting of a 
sequence of states K; (the ‘instructions’ of the program), with \ and y; 
specifying the program sequence. Storage of the K; and y; in combina- 
tional circuits results in a fixed control program. If we now imagine 
the state n-tuples K; to be stored in a memory which we designate Z, then 
the above relation becomes 


d- Op (NY) + 4: Z(F,X) + (A + u)'F oF 


2n—1 


where = ¥ Mj 
j=0 


The relation, when written in this way, shows three possible sources 


of the next state of F: Op (N), the set Z addressed by F and X, and F . 


itself. 

The set Z(F,X) contains up to 2" dependent registers, all of which 
are the distinct values which F can assume. The selection process 
represented by Z(F,X) is potentially a very complex many-to-one 
configuration. A simpler selection process results if the number of 
registers in Z is allowed to increase. Suppose that the machine has k 
instructions I, Iz, . . . , Z,, with instruction J; having r; states, result- 

k 


ing in a total of r = > r; states. Let Z be a set of at least 7 registers 
j=1 


7 7 
storing the r states and let G be the address register of the memory Z. 
The r states are not in general distinct. Thus, Z may contain many more 
than 2” registers and G more than n cells. Part of G, which we call 


Op G), contains logs k cells and receives operation codes from Op (N), — 


Let Y(G) be the remainder of G. Then the transfers governing control are 
{Op (N), 0} + wZ(G) + (A + u)'{Op G@), Y@)} — [Op @), Y@)] 


Thus G@ is either changed by the occurrence of a new instruction oF 
receives information from the memory Z(@). Hence each instruction 
executed by the performance of the sequence of control states stored 
the control memory Z. The transfers in the remainder of the machi 
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are governed by the set of states stored in Z. Thus, the internal struc- 
ture of the machine is stored in the control memory Z. This structure 
may be modified by modifying the program of microinstructions stored 
in Z, that is, by constructing Z in such a way that its contents may be 
changed. 

To take best advantage of such a programmable control, the structure 
of the words in Z can be made to correspond to the transfers in the 
machine. Thus, one subregister of each register Z‘ in Z, called G(Z‘), 
determines control operation. Other cells in Z‘ either singly or in groups 
are in one-to-one correspondence with transfers. Thus, for example, one 
cell, say Z;', may be placed in correspondence with a particular transfer, 
say A— WN. With this association, to select the transfer A > N in any 
instruction, the cell Z,;* of register Z* for that instruction takes on the 
value 1. Hence, to create a new instruction which makes use of existing 
transfers, one need only set up the appropriate registers in Z in the con- 
figuration to initiate the transfers for the instruction. 

All the generalizations of control described here have the effect of 
making the machine more easily modified, and hence more flexible. 
This is achieved at the cost of more equipment. Thus, for example, a 
control memory configuration which is programmable is effective only 
if the transfers to be used in a modified instruction are already built in. 

These remarks on flexible control units and microprogramming have 
been made within the context of a general-purpose computer. The 
notions, however, are quite general, and are applicable to any digital 
machine. More details and examples may be found in Refs. 14 and 21 to 
23. 


PROBLEMS 


9-1. Design a “clear and add” instruction for the computer which transfers the 
value of a memory register to the accumulator. 

9-2. The transfer D — Ad (A) occurs during the execution of each jump instruction 
of the computer designed in Chap. 9. This has the effect of destroying the previous 
contents of A. Indicate another method of preparing for subroutines which leaves A 
undisturbed. 

9-3. Write a set of transfers defining the instruction “shift right. n,” having the 
effect of shifting A to the right n times, preserving the sign of A. 

9-4. Indicate how the punch tape instruction might be simplified to eliminate the 
overlap feature. 

9-5. Describe the modifications necessary to incorporate a single index register 
composed of flip-flops into the computer. 

9-6. Suppose that it is desired to incorporate an index register into the computer 
without adding an additional flip-flop register. Describe a method for doing this 
which uses a fixed location in the main memory as an index register. 

9-7, Consider a “subtract magnitudes X’’ instruction which computes |a| — |z\, 
where a and z are the numbers stored in A and X, reapectively, This instruction 
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requires an initial comparison of A and X, followed in some cases by a change of sign 
of the result (see Prob. 8-4). 

(a) Design a “subtract magnitudes” instruction which requires two cycles. The 
first cycle is used for the initial comparison, the second cycle for the possible change of 
sign as well as for interpretation of the next instruction. 

(b) Design a “subtract magnitudes” instruction which requires three cycles. This 
differs from part a in that the sign change and interpretation of the next instruction 
occur in consecutive cycles. 

9-8. Describe the input equations to the D register under the assumption that RS 
flip-flops are used. 

9-9. Consider a somewhat more flexible control for the computer of this chapter. 
Let Z(F) be a function of control register F and let the characteristic function z:p; be 
used rather than the f;p; as the control functions for the machine. Assume that each 
transfer is initiated by a distinct bit of Z. 

(a) Select a representation of Z to initiate the transfers necessary for the ad X 
instruction. 

(b) Design a combinational network to realize the representation of (a). 
(c) Extend (a) and (6) to include the su X instruction. 

(d) Discuss how Z(F’) may be transformed into a memory W with output register Z 

and address register F’. 
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Special-purpose Computers 




















10-1. Introduction. In previous chapters, especially Chaps. 7 and 8, a 
number of special-purpose computing devices were discussed. How- 
ever, these machines were generally elements of some larger computing 
mannine. For example, the parallel adder, as described in Sec. 8-4, is a 
special-purpose computer which can be considered to be a component 
of a large class of potential computers. ; 

In this chapter the concept of a special-purpose computer is extended 
to include an entire machine which is capable of computing some special 
classes of mathematical problems or of handling the data from some larger 
system in some specialized manner. Usually, it is a component of some 
control or data-processing system; it performs a routine class of tasks 
as an integral member of the system. eh eek ; 

For the sake of economy, light weight, small size, or simplicity in design, 
the special-purpose machine is often fixed-program. If the machine is 
changeable, it is general-purpose only in the sense that it could be 
programmed to accomplish a particular task within some specialized 
class of functions. In many cases a change of purpose can be achieved 
only by a physical change of the connections within the machine, e.g, 
by plug boards or by an actual rewiring of connections. 

It would be difficult to list or even classify the variety of possible 
special-purpose computers. If one includes electromechanical or digital- 
analog hybrid machines, the class becomes very large. For then the 
class includes such diverse machines as automatic or semiautomatio 
telephone exchanges, missile guidance computers, automatic: milling 
machines, computers, oil refinery control computers, accounting and 
banking computers, automatic radar detection and processing machines, 
and so on. 

Because of the size of this class of possible specialized computers, 
limit our attention in this chapter to two examples. The first is 
automatic radar detection and processing machine. This machine 
designed and constructed by members of the MIT: Lincoln Laborat 
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in 1954 and early 1955. Its purpose was to detect automatically air- 
craft returns seen by an air search radar, to estimate the position of a 
return, and finally to prepare the information concerning aircraft radar 
returns for transmittal over a digital data link. This machine was called 
the Fine Grain Data (FGD) computer; it was an operational prototype 
of part of the FST-2 system, the radar-site computer of the SAGE 
(Semiautomatic Ground Environment) system. 

The second example of a special-purpose computer is the Digital 
Differential Analyzer (DDA). This class of machines was first developed 
at Northrop Aircraft, Inc., during the years 1947 through 1950,713.21 
As a computing machine to analyze ordinary nonlinear differential equa- 
tions, this machine has shown little advantage over the more versatile 
high-speed general-purpose computer, such as discussed in the last 
chapter. However, as an accurate control element for the automatic 
guidance of aircraft or missiles, the DDA is often superior to the more 
general machine. For the same number of components, the DDA, as a 
control element, can be designed usually to have a shorter response time 
and a greater capacity than the general-purpose computer would have 
for a similar application. Consequently, for an application which 
involves only the solution of ordinary differential equations (requiring 
an accuracy greater than can be achieved with an analog differential 
analyzer), the DDA has possibly the least weight and complexity of any 
machine which can be developed for the purpose. 

The first example of a special-purpose computer will be discussed in 
more detail than the second, In the first example, we develop the design 
details of a particular machine that was actually constructed and oper- 
ated. For the second example we design only a hypothetical example 
from the class of possible DDA’s and demonstrate the method of encod- 
ing such a machine to analyze ordinary differential equations. 

10-2. Automatic Radar Target Detection. The FGD is a system which 
automatically detects radar targets and transmits their polar coordinates 
to a remote location over a digital data link. The somewhat peculiar 
name of the system stems from the fact that the azimuth information 
obtained is considerably more accurate than that achieved in an earlier 
automatic radar detection system. 

The radar is assumed to be an air search type having an antenna beam 
with narrow azimuth cross section and broad elevation cross section, thus 
producing the fanlike pattern shown in Fig. 10-1. The antenna is 
assumed to rotate continuously at a fixed rate, fa rps. Accordingly, the 
azimuth angle @ varies with time as in Fig. 10-2a, where @ is defined to 
have the value 0° when the center of the beam points to the north. 


| The principals of this development were BE. W. Bivans, J. V. Harrington, and 
I, 8. Reed, 
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The radar transmits narrow pulses (~1 usec in duration) every T sec- 
onds. It therefore transmits 1/(360f.7) pulses per degree of antenna 
rotation. If the width of the beam in azimuth is B°, then B°/(360f.T) 
pulses are transmitted in the time required for the antenna to rotate 
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Fia. 10-1. Radar antenna pattern. 
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Fia. 10-2. Radar azimuth angle and pulse patterns. 


one beam width. In a typical case, B = 2.3°, fa=% rps, and 


T = 2.4 msec, resulting in 16 radar pulses per beamwidth of rotati 
The radar trigger pulses are plotted in Fig. 10-2). Because of the ¢ 
respondence in time between radar trigger pulses and antenna azimut 
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one can measure azimuth by pulse number. An expanded section of 
Fig. 10-2a and b is shown in Fig. 10-2c. Here we see the angle 6 plotted 
against pulse number, with about seven pulses per degree of rotation. 

Suppose now that a target is strong enough to produce a detectable 
echo each time it is hit by a radar pulse. If it produces such echoes on 
16 successive pulses as the antenna scans past the target, then the 
azimuth angle 6 corresponding to the eighth such pulse is a good estimate 
of the true azimuth angle of the target. This technique of obtaining 
azimuth accuracy greater than that inherent in the antenna beamwidth 
by observing echoes from the several pulses occurring during a beam- 
width has been called ‘“‘beam splitting.” 

The other target coordinate measured by the radar is range. This is, 
of course, given by the time ¢ at which the echo is received. A target at a 
range r will produce an echo at time ¢t, + 2r/c, where ¢, is the time at 
which the pulse is transmitted and the time interval 2r/c is approxi- 
mately 12r usec if r is measured in nautical miles. 

Only a very strongly reflecting target will result in an echo detectable 
by the radar receiver on every impinging pulse. This is due to variations 
in the effective reflectivity of targets and noise fluctuations in the receiver. 
In general, the output of the radar receiver is a function V, the value 
of which at time ¢ is a function of the sum of the received signal from a 
possible target occurring at the range corresponding to that time and the 
receiver noise occurring at that time. The decision as to whether a target 
is present at time ¢ (or range r) is based upon whether the value of V(é) 
is sufficiently greater than its expected value in the presence of noise 
alone. The function V(t) is often called the radar video output. 

Thus the detection procedure in the radar receiver is basically that of 
discrimination between signal plus noise and noise alone. If a target 
is hit by n successive radar pulses and consequently produces echoes on 
these pulses, the receiver may base its detection procedure on the returns 
from the n pulses, with a corresponding improvement in signal detect- 
ability. Thus the fact that several returns are received from a single 
target is used both as an aid in target detection and as a means of improv- 
ing the azimuth-angle accuracy of the observation. 

Given this brief background we are now in a position to describe the 
FGD detection and beam-splitting process. The signal V(t) is “quan- 
tized” to obtain the Boolean function V,(7;,\) shown in Fig. 10-3 and 
defined as follows: the time base is divided into 6-ysec (14 nautical mile) 


+ We sketch here only enough of the qualitative notions of radar detection to 
motivate the description of the FGD computer. The classical paper in radar detec- 
tion theory is that of Marcum (Ref. 11). Some insight into digital techniques is 
presented in Refs, 6 and 9. A basic paper describing the theory of beam-spliting 
ia that of Swerling (Ref. 23). For the modern theory of radar detection see Ref. 10. 
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intervals, each of which is labeled by the range corresponding to the 
beginning of the interval. Then the function V;(r,A) in the ith interval 
r; has value 1 if V; exceeds a threshold ) during that interval and has value 
vero otherwise. The index j designates the radar pulse for which V; 
is the output signal. This binary quantization process, therefore, replaces 
the function V(t) by a sequence of 0’s and 1’s which represent tentative 
decisions as to the absence or presence respectively of targets in 14-mile 
range boxes. Such a sequence is obtained for each radar trigger pulse. 
The determination of the threshold \ will be discussed later. 





V(r;, 0) 





0.5 1 
Nautical miles 


Fic. 10-3. Binary quantization process. 


The final detection decision is based upon n successive sequences, where 
n is the number of pulses per beamwidth. Consider now a fixed range 
box r,; in which a very strongly reflecting target is located, so that V;(1,A) 
has the value 1 for 16 successive values of j or on 16 successive pulses, 
This is plotted in Fig. 10-4a. 

We also assume no target or noise returns on either side of the target in 
question. In Fig. 10-4b is shown the function Y;(r;,A), defined by 

3 


Y;(ri,d) = ; > : Vi(ri,d) 
i 


=j—1 
Y; is simply the sum of the 16 successive values. of V;, ending with Vy 
Also shown in the figure is a second threshold » used to define anothe 
Boolean function S;(7;,\,), which has the value 1 whenever Y,(7:,A) 2 # 
and value 0 if Y,(ri,4) <p. In Fig. 10-4c » was chosen to be 8, and 
is 1 whenever Y; is 8 or greater, and 0 otherwise. The function S;(74,A 
represents a final decision based upon 16 samples of the function 
Let S; have the value 1 between radar pulses j, and j, respectively. T 
the pulse defining the center of this interval is given by 44(jo + Je), 
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the azimuth angle @ of the target center is 14(0, + 6.) — 8A0, where 
and 6, are the antenna angles corresponding to 7, and j, and Ad is the 
increment of antenna rotation between radar pulses. 8A6 represents 
the fixed bias introduced by the detection process. 

The above description is, of course, highly idealized. In a more 
realistic case V; contains 1’s due to noise alone and 0’s in the target region 
The thresholds \ and yp are chosen to maximize the probability of taking 
a final detection on a true target, while keeping the probability of a final 
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Fig. 10-4. Detection process. 


detection of “noise” targets acceptably low. We shall assume, from 
now on, that \ and uw have been chosen and shall suppress explicit refer- 
ence to them. 

The operation of the FGD may now be summarized as follows: the 


‘returned signal V;(¢) for each radar pulse is quantized in 14-mile range 


boxes. In each range box r;, the quantized signals are examined by a 
moving-window” detector which measures target beginnings and end- 
ings as described above. From such measurements the azimuths of the 
target centers are computed. The target coordinates (range and azi- 
muth) are then stored temporarily and are finally transmitted over a 
digital data link. 

10-3. The FGD Detector. The first step in the design of any system is 
the specification of the basic timing of the major components of the 
system. ‘This problem is somewhat more complex in a real time system 
such as the FGD, where the input and output data rates are determined 
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by the environment of the computing system, and consequently the 
computing rate is subservient to these externally controlled factors. 

The fastest clock necessary to the system is a “range mark’’ clock which 
produces pulses at 6 usec intervals corresponding to 14-nautical mile 
range boxes. To keep track of the range marks we utilize a register 


R = (Ri, . . . , Rs) which is counted according to the sequence 
rol R+1—- R | 
r;| R + 1—-R 


r398| R + 1-> R 
7399| Oo-R 


The functions 7; are, of course, the characteristic functions of register R. 
The radar pulses will be assumed to occur at the end of the interval roo. 
Thus the interval during which r; has value 1 represents the range box 
between j/2 and (j + 1)/2 nautical miles. The range-mark counter & 
represents, therefore, a short-term control register for the FGD computer. 

The detection process requires the comparison of the returns from the 
current radar pulse with those from the preceding 15 pulses. This 
comparison is performed in a register W = (Wo, Wi, .-., Wis). Sup- 
pose that the computer is now examining range box r; on radar pulse j. 
Then, using the notation of the previous section, V;(r;) has value.1 if the: 
quantizer judges that the receiver output was sufficiently large during 
the range box r; and 0 otherwise. Letting the quantizer be designated 
by V, the transfer 

ri V— Wo 


has the effect of inserting in Wo the quantizer decision for box r; on the 
current (jth) radar pulse. In order to perform the comparison with 
returns from the preceding 15 pulses, the above transfer must be accom 
panied by the transfers 


r| Virlr) > Wi Vj-2(ri) > Wa Vj-1(r)) > Wis (1) 


The storage required to preserve the past values of quantized video 
necessary for these transfers is provided on the FGD by a magnetic drum 
which behaves like a set of shift registers and is synchronized to the radar 
pulses.2. The drum, sketched schematically in Fig. 10-5, contains & 
number of channels, some of which are designated “short” channels 
and the remainder of which are referred to as “long” channels, Each 
channel contains a “read” and a “write” head positioned such that t 
drum must rotate about 90° to bring a spot from the write head to 
read head on a short channel, and 270° on a long channel. 
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Fifteen of the short channels designated C1, C?, . . . , C' are used to 
provide the necessary video storage. Each channel C#,k =1,2,..., 


a 


15, is provided with an input flip-flop W; and an output flip-flop W; 
(the 15 rightmost cells of the decision register W). The channels are 
connected effectively in series by the transfers 


ri| Wor Wi Wi- W, eS Wu- Wis (2) 
or r| LW) WwW 
where L(W) is the 15-cell register Wo, Wi, ..., Wis. The timing 


requirement of Eq. (1) is then satisfied if each video channel of the drum 
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Fig. 10-5. Drum layout for FGD. 


(including the input and output flip-flops) behaves like a delay line of 
length 400 range boxes (2.4 msec). This condition is fulfilled if the drum 
speed is synchronized to the radar pulse frequency in such a manner that 
14 revolution requires 2.4 msec, corresponding to a speed of approxi- 
mately 6,250 rpm. 

The drum operation may, therefore, be summarized by 


r| VoW, C>R(W) LW)-W Wc 


where the transfers C + R(W) and W — C symbolize the read and write 
lias of the drum video channels respectively [R(W) = (Wi, . . 

15)]- 

The threshold yu defined in the previous section is obtained as a function 
of the W register. At any given time register W contains the 16 latest 
samples of quantized video from the range box corresponding to that 
time. Leto(W) define a Boolean function which has value 1 if the integer 
value of W is u or greater and has the value 0 at other times. Then at 
any time ¢ the function o(W) indicates whether or not the range box 'n 
question contains a target. In particular a transition of o(W) from 0 to 1 
indicates a target beginning and the transition from 1 to 0 specifies a 
target ending. 

10-4. Azimuth Computation and Storage. Azimuth information is 
obtained directly from the antenna pedestal in the form of a sequence of 
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azimuth change pulses. A total of 4,096 such pulses are generated for 
each revolution of the antenna, resulting in a conversion precision of 
12 bits or an angular precision of 0.088° in transforming from antenna 
shaft position to a quantized value. The angular precision of the beam- 
splitting process is at best 0.16°, with a 2.3° beam and 16 radar pulses 
per beamwidth. Thus the 12-bit conversion represents sufficient pre- 
cision for the measurement of angle. The azimuth change pulses are 
accumulated in a 12-cell register A which is cleared once per revolution 
as the antenna passes north. Thus the integer values of A are in cor- 
respondence with antenna bearing 0. 


L} L? eee Lt" 
400 m* 
Zs 
400 M* 
Tji- | 
400 mM? 





Fig. 10-6. Azimuth location of target. Fig. 10-7. Drum buffer-channel format: 

The method of storing azimuth information and performing the. beam- 
splitting computation takes advantage of the particular characteristics 
of the drum storage system. In Fig. 10-6 we show a target, detected 
between the angles 6, and @., having a measured bearing 14(6. + 0). 
When the target is first detected at 6,, a register is set to value 0. . There- 
upon the register accumulates a value proportional to the angle of rota- 
tion until the target ending @, is detected. The register value then 
continues to increase but now proportionally to twice the angle of 
rotation. This continues until the target coordinates are ready for 
transmission. If the bearing is 6, at this time, then the register has & 
value proportional to 20; + 6. — 6. Finally this value is divided by 2 
and subtracted from that of a register storing the azimuth 6, — 840, 
The result of the subtraction is the true bearing of the target cen 
defined in Sec. 10-2. a 

The accumulation and storage of the angle @ = 26; + 0, — % is 
formed using 11 of the long channels of the drum, each of which 
equivalent to a shift-register delay line of length 38T = 7,2 msec, 
3 X 400 = 1,200 cells. This storage will be treated as three bloe 
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M', M?, and M*, each containing 400 eleven-cell registers, one cell from 
each of the 11 channels L!, L?, .. . , L™ (Fig. 10-7). Moreover, the 
ith register in each block will correspond to the range box 7;. Thus 
storage is provided for three targets for each range box. 

When a target beginning is detected in range box 7;, one of the three 
azimuth registers at range r; is cleared and assigned to that target. 
Thereupon each time that register is read out of the drum (every 37 sec- 
onds) the target to which it is assigned is examined. The register value 
is incremented by the number of azimuth change pulses occurring in the 
last 37 seconds until a target ending is detected. After that the value is 
incremented by twice the number of azimuth pulses occurring until 
the target is finally removed from memory to be transmitted over the 
data link. 

10-5. Target Processing. We have, up until now, specified the use of 
15 short channels for video storage and 11 long channels for target 
azimuth storage. In addition to these, 3 short channels and 2 long 
channels are used as status channels for the bookkeeping purposes of 
recording target beginnings and endings, assigning azimuth storage to 
targets, and controlling the readout operation. Let S; and S;(j = 1, 2,3) 
denote the input and output buffer flip-flops, respectively, of the short 
status channels.’ ‘We further designate the register (5;,52,S;) by S and 
(S1,S2,S3) by S. The timing is such that status information regarding 
range box 7; appears in S at the same time as the video information for 7; 
appears in W. We further let B = (B,,B.) and B = (B,,B2) be the input 
and output registers, respectively, for the long status channels and let 
L = (Lib, .. . Lu) and L = (£,,L2, . . . ,Li:) be similar buffers for 
the azimuth storage channels. The characteristic functions of S and B 
serve as control functions for the operation of the machine. The states 
of S are indicative of the status of incomplete targets, and those of B 
represent the status of the azimuth buffer storage. 

Suppose, first, that the current range box does not contain a detected 
target, and let so specify that condition. If no target beginning is 


‘detected, we then have the transfers 


sorio’(W)| LW) >W S—8 

which have the effect of advancing the video and maintaining the status 
information in S. If, on the other hand, a target beginning is detected, 
an azimuth storage channel must be assigned to the target. Let bo 
designate the fact that the current azimuth register is available for a new 
target. We then have 

OL 


sorio(W)bo| 48 
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where, clearly, the state s« will designate that a target was detected and 
an azimuth register assigned. If the current azimuth register is not 


available, we have 
soria(W)b)| 5 8 


where the value 5 in S records this fact. In summary, the S register is 
governed by 
sor:| 0’ (W)-S + o(W)bo 4 + o(W)b,-5 8 


during state So. 
Now consider the state ss, designating the fact that a target has been 


detected but no azimuth register assigned. T seconds later this range 
box is again examined, and simultaneously the second azimuth register 
for the range box is examined. The transfer governing operation is now 


ssri|_ 0 (W) 0+ o(W)bo:4 + o(W) - bb ° 6 8 


The condition o’(W) denotes that the target has ended before its azimuth 
could be recorded; it is discarded and S is cleared. If o(W) = 1 and a 
register is available, & assumes stage 4, while if no register is available, 
S assumes state 6. Similarly, in state ss, if an azimuth register is found, 
the machine goes to ss, otherwise it goes back to So. 

Thus the machine is in state s« while waiting for a target ending. 
Once an ending is found, the machine returns to So, directly if it finds 
the correct azimuth register immediately, or via states s; or 8, and 8 
if it takes 7’ or 27’ seconds respectively to locate the appropriate azimuth 
register. 

The detection and azimuth assignment are summarized by the flow chart 
of Fig. 10-8. The transfers defining this flow chart are 


Sori obp ' 4 +.0b)°5 +/S—>8 
siri| b,-0+b,:2-8 

Sori| 0-8 

saril oS to'b: 0 +0138 
seri aby: 4 +00, -6 +0078 
si| obo 4+ ' + bo) 0-8 


Next we consider the azimuth storage registers themselves. Their 
operation is simply defined. Let D be a three-cell register which accumu- 
lates azimuth change pulses over three radar pulse intervals. When an 
azimuth register is assigned to a target, it is first cleared. This must 
occur on one of the three possible transitions into state 4, and is given by 


boa(so + 85 + 8e)7i| O- L. 
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as the same etic condition the transfer 1 — B specifies that the 

r in azimuth storage has been assi i 

reg gned. Each time thereaft: 

1s Incremented by the value of D until the target end is reached: i.e a 
| ictie tind | 


bir;| L+D—L 


Register itself Ss 4 
st ate 3, when a target ending 1S de tected, 


bio" (sa + 81 + s:)ri| 3>B 


As indicated above 8) y 44 15 
n th ac ed ] 1s counted 
up at tw ice the azimut h pulse rate by the transfer 


bsr,| L + 2D f, 


Finally, when a target i 
as get is removed from memory, the t 
indicates that the register is available for a new aaa emeanee gs 





Fig. 10-8. Flow diagram of detection and azimuth assignment 


10-6. Azi a ae 
me i Ravan hiram oan To complete the description of the 
azimuth storage, we must indicate th i 
Y ‘ e operat 
bel he D ~ A registers which count azimuth change pulses oe differ. 
fe ae s of arte ne the transfers specified up to this point have been 
‘ mous with the range mark clock. The i 
. antenna rotation 
ca ae riage the azimuth change pulse rate, is not histo 
; oe — AEC It turns out to be most convenient to syn 
e azimuth change pulses with the : 
making use of these pulses. Thi seein secines 
; e result of the synchronization pr 
3 ; ocess 
a betinnn each 8 ie pulse until the occurrence of the first (or uae 
, range mark following the azimuth h i 
pulse. To do this reliabl 
. s a 
F . re gms oe and nary one synchronized pulse is generated, sued 
7 Zi Z are used, Suppose that an azimuth el 
pose sh change pul 
derived from the antenna pedestal initiates the transfer 1 —> Zo Then 


— 
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the transfers 

rr Lo Z Zy:( Z' Zo 
result in the flip-flop Z having the value 1 for exactly one range interval 
shortly after the occurrence of an azimuth change pulse. The azimuth 
counter A is incremented after each azimuth change pulse by 


Z| A+1—-A 


"A is reset to 0 by a “north mark” pulse generated at the antenna pedestal 
whenever the antenna points close to north, as indicated in Sec. 10-4. 
The D register stores azimuth change pulses over a 3T-second interval. 
To do this we first need a counter J = (J1,J2) which counts up to three 
radar pulses. This is accomplished by the transfers 


r309| J+1-J7 


where the addition is to be regarded as modulo 3. This may be written 
explicitly as 


Finally a counter D is incremented by 


nj) Z2(D+1)42'-D>D  allk 
ine Z-(D+1)+7-D>DdD~ k #399 
7399) ol R14 2)-05D 


These transfers specify that D is incremented by 1 each time a quantized 
azimuth pulse Z occurs and is reset after the J counter is reset. If a 
reset pulse and azimuth pulse should coincide (rs9jo4 = 1), D is reset 
to value 1 rather than to value 0. The maximum value of D is stored 
in D every 3 radar pulses by 


rs99J0| D — D 


10-7. The FGD Output. There remains to be discussed the method of 
removing detected targets from storage on the drum for transmission 
over a telephone line. Information from each target is encoded into & 
32-bit word or message which is transmitted at a rate of 1,300 bits/see, 
The format of the message is shown below. 


Azimuth 
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Bits 3 to 11 contain the range and 13 to 24 the azimuth of the target. 
In bits 25 to 28 an indication of the “age” of the target is transmitted. 
Bit 30 contains a 1 if the message contains target information, and 0 
otherwise. Bit 1 contains a special syne symbol protected by 0’s on 
either side in bits 0 and 2. Bit 31 is a so-called ‘‘odd-parity” bit. It 
has a value such that the total number of 1’s in the word is odd. Bits 12 


and 29 are not used. A block diagram of the output registers is shown in 
Fig. 10-9. 























Drum #3 
Paki modulator 
registers 

Azimuth 

register 








Fig. 10-9. Output registers. 


The basic phone-line timing is generated by a 1,300-cps tuning-fork 
oscillator independent of the range mark clock. As in the case of the 
azimuth change pulses, the phone-line pulses are synchronized to the 
range marks by the use of two flip-flops Hy) and E. Ep is set to value 1 
by a phone-line pulse. Thereupon the transfers 

r,| Kyo E Ey: HE’ > Eo 
ensure that # has value 1 for one and only one range interval following 
the occurrence of a phone-line pulse. 

The synchronized phone-line pulses are counted in a five-cell register 7’ 
to generate control functions for the output computations. 


E| T+1>T 
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The integer values of T are associated with the digit numbers of Fig. 10-8 
such that 7 has value j when bit j is being transmitted. Let a(7’) be a 
scalar function of 7 having value 1 during the intervals tes through és: 
of a message and fo and ¢; of the following message and 0 at all other times. 
During the ten intervals = 7.7 msec that a(7’) has the value 1, the drum 
azimuth channels are sampled and the first complete target (signified 
by b = 8) is read out of memory and prepared for transmission. Since 
the azimuth channels may all be sampled in 7.2 msec, the entire storage 
may be searched for a target during the interval a(T). 

If a target is found in the drum, the range and azimuth information 
pertinent to that target is placed in temporary storage. More precisely, 
a flip-flop F directs this temporary storage by the transfer 


iE: tos| 1— F 
If a complete target is found during a(T), F is cleared; otherwise F’ is 
cleared at the end of a(7'). Thus we have 


rjF' (bs + t1)| 0O—-F 
rFb3| 0-7 B 


The first completed target (6; = 1) found in the buffer after F is set to 1 
initiates a transfer of data to be described below. It further clears B, 


the latter signifying that the buffer register just sampled is now available ~ 


for new information. The range information is held in an 11-cell register 
Y, bd (Yi, Pree ae »Yu). 

rjFbs| R- y, 
The target azimuth information must be computed by subtracting one- 
half the value of L from that of A, the register containing the current 


azimuth (see Secs. 10-4 and 10-5). This is performed in two steps: first, 
the current azimuth is stored in a register Q = (Qi, . . - ,Q12) by 


r;F bs| A —_ Q 


and simultaneously one-half the 1’s complement of L is stored in & 


10-cell register P = (Pi, .- - ,P 10) by the transfer 
rFbs| L(L') > P 


where L(L’) is the subregister Li, . . - , Ly. 

The transmission of the coordinates of this target is accomplished by 
shifting the appropriate functions of Y, P, and Q serially into a flip-flop 
according to the timing indicated above. The phone-line modula 
samples M for indication of the appropriate digit to be transmit 
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Thus the transfer of range information is governed by 


tE| L(Y,M)>R(Y,M) 0-Y; 
tsE| L(Y,M)—> R(Y,M) 


tok| L(Y,M)— R(Y,M) 


‘The azimuth is obtained by adding the values of P and Q with an 
initial carry of 1. Define a carry flip-flop K set initially to 1 by 


tnf| 135K 
The least significant digit of the target azimuth is obtained by 
teh| K @PwOQ2—->M 
accompanied by the transfers 


tiel| L(P)— R(P) 0— P, 
L(Q)—> R(Q) 90> Q 
K(Pio + Qi2) + PwQiw —K 


sae prepare for computation of the next digit. The above two sets of 
ransfers are repeated during ¢,; through ¢ il i i 
Hina se 13 gh fs; until the entire azimuth word 
Bits 25 through 28 are used to transmit an indication of the length of 
uae the target remained in storage before being transmitted. The 
Noches of the drum azimuth register is approximately proportional to 
sae this time, and the complement of one-half this value was trans- 
pa te . —S the interval a(T’). Let U(P) designate the leftmost 
our cells o and let U = (U i 
ee et U = (Ui, . . . ,U4) be a four-cell register. The 


tE| U(P’)>U 


recomplements the four most significant digits i ce 
: gits of this word. Th 
are transmitted after the transfers eee aes 


tuE| L(U,M)—> R(U,M) 0>U; 


te7H| L(U,M) > R(U,M) 0- U, 


Message bit number 31, the “busy bit,” is to have value 1 if the current 
message contains target information. It may be determined in a number 
of ways. One convenient method takes advantage of the fact that the 
first range box is gated out by the radar and hence never contains a target 
hus the binary representation of the range of any target always contains 


ted 
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at least a single 1. Hence the transfers 


tE| YetIoI 
toH| Yo tI 
tooHk| I>M 0O- Tf 


record in cell J the presence of a single 1 in the range value when this 
function is transferred to M. 
Finally the parity bit must be generated. This is accomplished by the 
transfers 
hE| 17X 
ih| M@exX—>X 
loof| MOexXx—>~X 





The synchronization bit is generated by 


tiE| 18 


where flip-flop S is used to indicate the special sync pulse generator in the 
modulator. 

10-8. Digital Differential Analyzers: The Digital Integrator. A large 
class of problems involves the solution of differential equations. Often 
closed-form solutions are not known and an analytic treatment involves a 
prohibitive amount of calculation. A mechanical machine called a 
differential analyzer, specifically designed to handle such equations, was 
proposed by Lord Kelvin® in 1876, but over 50 years passed before the 
first successful version of a mechanical differential analyzer was designed 
and constructed by Vannevar Bush.” Later, electronic versions of the 
differential analyzer, which used electrical signals continuous within 
intervals to represent values of the variables, were constructed, and these 
machines came to be loosely grouped under the title analog computer, 
In 1950 the first digital differential analyzer (DDA), the MADDIDA, 
was constructed.t The DDA offers greater accuracy than the analog 
version; also the independent variable in an analog machine is invariably 
time, whereas the digital machine does not suffer from this restriction. 

Our approach to the DDA will be as follows: first, the integrator, which 
is the basic unit of both digital and analog differential analyzers, is dis« 


+ MADDIDA was first described by F. G. Steele and D, E. Eckdah! at the AO 
Meeting, Rutgers University, August, 1950. Mathematical considerations were pr 
sented by I. 8. Reed at the IRE Convention, Long Beach, Calif., December, 10 
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cussed. A typical digital integrator consisting of several dependent and 
independent registers is then described. 

After the integrator is introduced, a short description of the pro- 
gramming of a digital differential analyzer is presented. Programming 
consists basically of three steps: (1) mapping, which concerns the inter- 
connection of a set of integrators so that a given equation is realized; 
(2) scaling, which refers to the scaling of the variables in the problem 
and the representation of the variable values in machine form; and (3) 
coding, which concerns setting up the problem on a specific mnoh ine: 

A simple DDA is then described using the symbolic notation of this 

and previous chapters. This machine is made especially straightforward 
by the fact that it is a parallel machine, 
The basic unit of both the analog and digital differential analyzers 
is the integrator. An integrator can be defined as a device which accepts 
two input rates and delivers one output rate. For analog devices, the 
two input rates, say dx/dt and dy/dt, are related to the output rate 
dz/dt by the expression 


dz dx 
a VE 
where C is some constant. 


The definite integral of the above relation is 


2(t) = z(t) + C J, “yaa (x) dr 


where the prime designates the time derivative. The basie function 
of the integrators used in DDA’s is to compute the above type of integral 
Since we are now dealing with a machine that handles numbers in discrete 
form, we must approximate the value of a given integral using a series 
consisting of a finite number of terms. The value of the integral above 
can be approximated using the Riemann sum: 


2(t) = 2(to) + C 2, y (tea! (te) At + e! 
t mex to 
n 


where At = 





hk = to +k At 


and e, is the truncation error. If we further approximate 2’(t;,) At by the 
differential 


Ax (te) == (tir) _ X(tk) tod u' (th) Al 


we have the following elementary approximation to the integral: 


z(t) = 2(to) + cd Y(tr) Aw (th) + €n 
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The values of y(t.) Ax (¢,) could be formed in a digital machine in a 
relatively straightforward manner, as could the values of the series 


» y(tx) Ax (t,). But we would like the machine to contain a number 
=1 

of integrators which can be interconnected by using successive output 
values from a given integrator as input values to other integrators. The 
DDA’s constructed to date transfer only ‘increments’ instead of “entire 
values” and are often referred to as incremental machines. The output 
from a given integrator therefore contains fewer digits than the basic 
values stored in the integrator. In order to maintain precision, a number 





K,, =carry from 
nth stage 


dz<+--4 AZ 





Fie. 10-10. Digital integrator. 


of interesting algorithms have been invented, and we will describe a 
specific one, that used in MADDIDA, which permits the Az, Az values 
to be represented by single binary digits. The transferring of increments 
rather than entire values considerably simplifies construction of a given 
machine. 

First, we will examine the operation of a typical integrator and then 
illustrate the use of a specific number system, the MADDIDA system, 
Figure 10-10 shows a digital integrator consisting of five independent 
registers Y, R, AY, AX, and AZ, and three dependent registers K, 
R+(AX-Y), and Y+AY. The inputs to the AX register and the 
AY register are generally from other registers and are transferred into 
AX and AY before each iteration of the basic integration aigorith 
Basically, during each iteration of the integrator algorithm the conten 
of AY are added to Y; then AX - Y is added to R and any carry K f 
the addition is transferred into AZ. In order to facilitate deseripti 
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let all the values in the Y register be nonnegative and let AX always 
have value 1. (The programmer must see that any given value does 
not overflow the Y register by proper scaling, which is described in the 
next section.) Any overflow K occurring as a result of the addition of 
Rk + Y- AX and its insertion into R will be transferred into AZ. Let R 
and Y be n-cell registers, so that 2" — 1 is the maximum integer value 
of R and Y. Therefore, the addition into R will be modulo 2", and the 
residue after each addition will be stored in R. Let 9,7=0,1,... 
q -.. , represent the successive values stored in Y, Ag, the successive 
values in AY, f,; the successive values in R, and Aé; and Az; the values in 
AZ and AX, respectively. The values generated in the Y register are 
therefore determined by the relation 


Gi = Gir + Ag: (1) 


Each iteration g; A¢,; is added to f,_1, forming #,;, which is the residue of 
Yi + fi, mod 2". Therefore, any overflow K = Aé; has the value 2” dé, 
and the successive values of Aé; satisfy the relation 


2" A: + # = 9; AZ, + Ay (2) 


Summation of the successive values generated in this way yields 


k 


> (2” AZ; + fi) 


i=1 


(9: A€; + Pia) 


hte ts 


k 
Qn >» Aa; (9; M2; + Fa — #) (3) 


1 


i] 


ll 


k k 
2r y Aé = fo—fe + DG At, 
= i=1 
k 
Since |fo — #,| must be less than 2”, the series 2” > Az; approximates 
i=1 


k 
the series 2 g; M€; with an error of magnitude less than 2". We now 


describe a number system which allows the values in R, Y, AX, and AZ 
to be positive or negative. This is the number system originally used in 
MADDIDA. Let the state of register Y with cells Y1, Yon ..., Yn 
ut time k be designated Y* = (Y\',¥ot,. ,Y,*). To each value of 
Y* we assign an integer value , as follows: 


Ye = —Qr-1 + > Q-iV k = go, — Qr-1 


i=l 
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The value of y; is therefore a positive or negative integer with 2”-' — 1 
2 ye 2-23, 


If Y* = 100 -: - 0, then y% = 0;if Y* = 111 -- - 1, then 


UE = Qr-t— | 


and if Y* = 000 - - - 0, then y, = —2"-'. (A 1 in the “sign position” 
indicates a positive number, and a 0 a negative number.) Let the same 
representation system be used for registers R and Y AX, so that 


re = fe — 2” and yz Ary = Gx AE, — 2" F 


Since AX is a single cell, we let AX* be the state of AX at time k and 
assign a value Az, such that Ax, = 2AX* —1= (+1). Similarly let 
Az, be the value of AZ* at k and let Az, = 2AZ* — 1 = 2Az; = 1. 

The cells in the register AY = AYi, AYo, . . . , AY, will, in general, 
contain the AZ outputs from q different integrators, so the value of AY 
at time k should be the sum of the individual values; therefore, let the 
value Ay; be 


q 
Ay. = 3, (2AY# — 1) 
i=1 


We now describe a sequence of transfers which will cause the registers 
in Fig. 10-10 to realize the incremental operations 


k 
Ye = Yor » Ay; 
ia 


k k 
and Ze — 20 = > Az, = 2-@-D (yi Axi) + & 
z=1 = 


where e; is an error of magnitude less than 2. ts 
Let us substitute Az, for Aé, rz for f,, yx, Av, for Gj, Ak, etc., into Eqs, 
(1) to (3) giving 
Yi = Yi-r + Ay (4) 
2-1 Agi +r = Ma + YY: oe (5) 
k 


Qn-1 » Az; = To — Tr + P Vi Ax; (6) 
all t= 


Each iteration of relations (4) and (5) can be realized by the transfer 
AY+Y—-Y 


+ This is equivalent to a representation system where a 1 in Y1 indicates a positive 
number, a 0 in Y; indicates a negative number, and the remaining digits Ys eo 
Y, are in a normal integer representation system with negative values sto 
2’s-complement form. It is also equivalent to a representation system where 
given number is stored as its integer value plus 2”), 
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followed by the transfers 


AX-Y+R—>R K—-az 


where the values of AX determine whether yx is to be added to r; or sub- 
tracted from r;, and K is the carry from the last stage of the adder for 
R+AX-Y. After each iteration new values will be read into AX and 
AY and the next iteration (set of transfers) then performed. The values 
of Az,, which are constrained to be +1, determine whether a given y, 
is to be added to or subtracted from 7, in Eqs. (5) and (6). Also, by 
letting 7) be equal to 0 in Eq. (6), we can eliminate ro from the equation, 
and by summing the values of AZ in another integrator, we can effec- 
tively integrate. It follows from Eq. (6) that 


ktp ktp 
p} » Az, = pa!2-O-b) »Y y. Ax, 
i= i=k 
for reasonable values of p, so that the digital integrator approximates the 
differential relation dz = Cy dx, where C equals 2-“—-, Therefore, dz 
can be approximated at a point indexed by k by simply summing the 
next p Az;’s and then dividing by p. 

Figure 10-11 shows two block-diagram symbols for the integrator. 
It is customary to use the same symbol for integrators in DDA’s as 
has been used in mechanical and 
electronic analog computers, and we + dz 





have conformed to this symbology; a a ile as 
thus, a given integrator realizes the 
relation dz = Cydz. Also, the output 5 

— az 


dz may be either positive or nega- Int dxl« dgntyae 
tive; hence the relation realized is dy 

either dz = +Cy dz or dz = —Cy dx. 
The signed output is useful, as will 
be seen in the following section, and 
may be easily formed in the MADDIDA number system by simply 
complementing the output values. 

10-9. Programming the Digital Differential Analyzer. This section 
will describe the programming of a set of integrators to yield solutions 
to differential equations. First we describe the mapping of a few differ- 
ential equations. Mapping roughly consists of drawing a diagram show- 
ing the interconnections between a set of integrators which will realize 
a given equation. To facilitate description we assume a “black-box” 
viewpoint, with integrators which realize the relation dz = Cy dx and 
interconnections indicated by lines on drawings. In actual practice 
these interconnections will consist of transfers, but we defer this to the 


Fia. 10-11. Block-diagram symbols for 
integrators. 


ss 
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next section. The mapping procedure described here is identical with 
that for analog machines; any good text on analog computers will present 
more details on mapping differential equations. The material on scal- 
ing which follows in this section is indigenous to the digital machine, 
however. 

To illustrate the interconnections which must be made to solve a 
differential equation, consider first 
the simple equation 


= xdx dy 


or its differential equivalent 


dy = «dx 





The solution of this equation is 
y = «?/2+C. Figure 10-12 shows 
two integrators interconnected so that the Y register of the top integrator 
in the figure accumulates the dx increments; therefore x is the content 
of the Y register. The dz connection therefore produces the output 
dz = adz. The second integrator accumulates the dz increments of the 
first integrator, producing 2*/2 + C, where C is the content of the Y 
register when « = 0. 

Now consider the equation dy = —ydz. The solution of this equatio 
is y = Ae-*, where A is a constant, and a mapping of this equation ¢ 
be found in Fig. 10-13. Assume y to be stored in the Y register; t 


Fig. 10-12. Solution of dy = x dz. 





Fic. 10-13. Solution of dy = —y dz. 


dx increments and the sign change then produce the output dy = —y 
This output is fed back to the dy input and added into the Y register 
produce y. The constant A is determined by the initial contents of 
and the length of the Y register. 
The solution of the differential equation 
y” + 2ay’ + By = 0 
where y’ = dy/dx and 0 < a < is the periodic function 


y = e-[A sin (6? — a*)x + B cos (B® — at) a] 
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where A and B are constants. With the valuations 

dy’ = y"' dz 

dy = y' dz 
and dy” = —2ady’ — 6B? dy 


the mapping given in Fig. 10-14 is easily obtained. The two dy con- 


£ 
nections to the first inte rator are added to form the dy in t t he 
pu 10 t 


Note: 
The two connections to this 
line indicate that —@? dy and 
—2ady’ are both to be added 
to form dy = —2a dy’— B? dy 





Fig. 10-14. Solution of y’’ + 2ay’ + B2y = 


As a final example of encoding the DDA : 
equation & we , consider the Van der Pol 


y” — wl — yy’ +y =0 


where » > 0 is a constant. 


This equation is an example of i 
differential equation. oe rt 


: There is no known closed-form solution for this 
equation, However, if uw is very small, ie., » «<1, the equation does 
have a periodic solution with range +2, differing very little from the 
solution of the previous equation if a = 0, 8 = 1, and A?+ B2? = 2 
I n lig. 10-15 we see the machine connections for the Van der Pol equa- 
tion, resulting from the form 


dy’ = y'" dx 
dy = y' dx 
dy” = w dy’ — py? dy! — py! dy?) — dy 
Now let_us briefly consider the scaling of a problem, given a particular 
mapping. We adopt the convention that lower-case letters represent 
actual values of the variables in the problem and upper-case letters 


— 
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represent machine values.t Therefore, the scaling relations for a given 
integrator will consist in three relations: 


dX = S,dx 
dY = S,dy 
dZ = S, dz 


where S,, S,, and S, are the scale factors which convert problem values 


into machine values. 
dx 


























Fic. 10-15. Solution of Van der Pol’s equation. 


In the following discussion we shall assume the use of a binary machi 
for machines using other number systems, the value 2 in the followi 
relations need merely be changed to the value of the radix used. 

Consider a problem which has been mapped and which requires the 
of r integrators, which we designate 1, J?, ... , 1". Let the number 

+ Please notice that this is a departure in notation from the preceding sect 


The use of upper-case letters for machine values and lower case for actual pro 
values is made to facilitate description, 
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cells in registers Y‘ and R of integrator I‘ be designated N;. The basic 
relation yielded by integrator J‘ is therefore dZ = 2-““-DY dX. The 
value of N; may be chosen for each integrator; each value of N. : is set into 
the machine before a problem is started and remains fixed while the prob- 
lem is run. However, since the maximum length of each register is 
fixed, and N; must be less than or equal to this maximum, the relation 
N; < max N; must be satisfied, where max N; is the total number of cells 
which comprise Y and R. 

Since dZ = 2-“/-Y dX is the basic integrator relation, the following 
relation between scale factors for integrator J‘ must also exist: 

ei ese 


QNi-1 


This may also be written 
loge S., = logs Sy, + log: S:, — (Ni — 1) (1) 


Now the value of Y‘ = S,,y; must not exceed the largest value which 
can be stored in the Y register of integrator J‘. We must therefore 
satisfy the relation 


2¥-1 > max |Y*| = max S,,|y,| 
Or, this may be written 
max N; — 1 > N; — 1 > logs max |y;| + logs S,, (2) 


All further scale-factor relationships are obtained from the mapping 
for the given problem. If the dz output of integrator J* is used as a 
digit of the dy input to the integrator J‘, the scale of the output increment 
of the integrator J* must be the same as the scale of all other inputs 
which compose the dy to integrator J‘. This type of scale relationship 
must hold for all integrators of the problem. The interconnection scale 
constraints in the ceding paragraph and relations (1) and (2) con- 
stitute the entire set of scale-factor relationships which must be satisfied 
in order to encode an ordinary differential equation properly for solution 
by a DDA. 

The scaling of a problem therefore consists in setting the value of the 
N; and determining the values of the scale factors S.,, Sy, and S,, for all 
the integrators so that the scaling is consistent between integrators and 
so that relations (1) and (2) are satisfied. The other criteria which 
must be satisfied are apparent. The significance or accuracy of the solu- 
tion will be determined by the scale factor chosen. Thus, the problem 
is to provide scale factors such that maximum accuracy of output is 
realized and a reasonable time for solution is obtained, To set up a 
problem so that a desired accuracy is realized in a reasonable operation 
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time, the scaling between integrators is consistent, and relations (1) and 
(2) are satisfied also involves the particular mapping chosen to realize 
the equation. Generally several reasonable mappings are available, and 
a choice will be necessary. This choice, plus a choice of scale factors, 
may require trial runs of the problem, especially if the intervals in which 
all the variables lie are not precisely known. In this case each Y register 
will be checked for overflow, and if this occurs the problem must be 


rescaled. 


(Memory 
selection 
register) 








AZ register 


e._] 


Fre. 10-16. Elementary parallel DDA. 


It is possible, of course, to trade time for precision. If the scale of the 
independent variable is fixed, the number of iterations required is al 
fixed. If the independent variable is rescaled and the N, adjuste 
accordingly, precision may be increased or decreased with an inve 
effect on the solution time required. 

The coding of the problem for a particular machine is the last step 
programming a given problem. This will, of course, depend on t 
machine used, and is deferred to the next section, where we consider 
specific fannie: 

10-10. A Parallel DDA. Let us now design a DDA with an arithmeti 
center which will be time shared by m integrators. Figure 10-16 sho 
a block diagram of the various registers that will be used in developin, 
the design. M isa memory of m words. C is the address register of 
and M(C) is that register of M addressed by C. The memory-buff 
register W is the register into which M(C) is transferred and is compo 
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of six subregisters R, Y, E, X,N,and S. R corresponds to the R register 
of an integrator in Fig. 10-11, and similarly Y corresponds to the Y 
register of an integrator. E holds a code word for selecting the dy inputs 
to be added to the Y register, and X stores the code word for selecting 
the dx input. WN stores the length of the integrator such that the scale 
relations derived in the last section are satisfied; hence N determines 
the effective length of Y and R. Finally S, a one-bit register, stores 
the sign of the output dz increment, where S = 0 designates an integrator 
with a plus output, and S = 1 an integrator with a minus output. 
Register W, as well as any register M(C) in M, is capable of containing all 
information required for an integrator, except for input-output increments 
of an integrator. All increments (the dz output increments) which are 
transferred between the integrators of the machine are stored in the Z 
register. Since M has storage for m integrators, Z must be an m-bit 
register with cells Z,, Z2,..., Zm. Finally Z(X) is that digit of Z 
addressed by X, the subregister of W used to select the dz input for the 
integrator currently in the W register. Therefore, the number of cells 
in X must be equal to or greater than log, m, and we can let the integer 
value of X designate the index of the Z; selected. Let us assume that 
the code in F for dy selection from the Z register is a linear code; that is, 
if it is desired to select the kth bit Z, of the Z register there is a 1 in the 
kth bit of the EH register There are 0’s in all bits of E where no selection 
is desired. For such a code Z must contain m bits, the same number of 
bits as the Z register. Register E then selects the digits from register Z 
which are to comprise AY‘ for a particular integrator J‘. Let us designate 
the subregister E at memory address 7 (which corresponds to integrator 
I‘) as E', and let the cells of E‘ be designated E,', E,', ... , En’. Then 
the value of a given AY‘ is determined by the current value of Z and E‘, 
and is 
A(AY*) = >, E,i(2Z, — 1) 
k=1 

We can form a dependent register with outputs AY,‘, AYoi,... , 
AY,*, where r > loge m and where the integer value of a given AY‘ is 


> E,'(2Z, — 1) for a given EF‘ and Z; it is this value AY‘ which is added 
k=l 


to register Y each iteration. f 


+ The dependent register (combinational net) for AY can be formed using a sym- 
metric network as described in 8. H. Caldwell, “Switching Circuits and Logical 
Design,” John Wiley & Sons, Inc., New York, 1958. For most machines to date, 
the number of inputs comprising a given AY is limited to be on the order of five or 
ten, AY + Y can be formed using the same adder as is used for Y 4 R, 
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The P register holds the control states of the machine. Let the Bool- 
ean functions of these states yielded by a dependent register be po, 91, p2, 
and ps, so we can let the P register be a simple two-cell counter which 
generates Po, P1, P2, P3, Po, Pi, Pa, - + + - ; 

We now provide a simple means for controlling the number of iterations 
performed by the integrators, which corresponds to the number of 
increments which compose the range of the independent variable for the 
problem to be solved. Let us load the number of iterations to be per- 
formed into register A, which has p cells, hence 2? states; we designate 
these states ao, a1, . . . , @7-1, where the subscripts are in correspond- 
ence with the integer value of the register A. We also provide a start- 
stop flip-flop and a push button. Let the push button place a 0 in Q and 
a 0 in P, thus starting the machine. The transfer sequence for our DDA 
is as follows: 


Q'po| MC) (R,Y,E,X,N,S) = W P+1—-P 
Q’p:| AY+ YY P+1>P 
Q'p:| AX\(R+ Y) + Z(X)\(R-Y)OR ; 
(K(N) ®8)'> ZC) P+1—->P C(A-—1)+ CAA 
Q’p;| W- MC) C+1—-C 0—P a—>Q 


At time po the integrator at location C in M is transfered to the composite 
register W = (R,Y,H,X,N,S). During the interval for which p: = 1, 
the sum of the dy increments designated by the current value of E is 
added to the integrand in Y; i.e., the integrand is brought up to date. 
At time p2 the dx increment AX is selected from the Z register by XxX, 
If the increment is positive, Y is added to R; if the increment is negative, 
Y is subtracted from R. The result is transferred to R (refer to Fig. 
10-11). ; 

ie length of the R register and of the Y register is determined by t 
value of register N. Let K(N) denote the binary carry at the nth sta 
of the above addition or subtraction, where 7 is the binary integer val 
of register V. The second transfer at time pz is the transfer of the outpu 
dz increment AZ (which has been added mod 2 to the sign value in 
into that bit of register Z which is addressed by C (that bit of Z whe 
the output increment of the current integrator must be deposited), 
Finally, at time p; the updated FR and Y registers of the present integra 
are returned to storage, the C' register is advanced by one step, and t 
P register is reset to state 0. As a consequence the machine will pro 
again to time pp and then update the next integrator of M in sequen 
Assume, finally, that C is reset to zero when the last integrator in the 
has been updated. By this means, every integrator is updated pe 
ically, with a period corresponding to the amount of time required 
update sequentially all integrators of M once in review. 
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The above design of a rudimentary DDA is complete except for a means 
for entering the problem into the machine and reading out the final values. 
These operations could be performed via punched cards or punched tape 
as described in Chap. 9. DDA’s are often used in real-time control 
systems where the input data are from analog-to-digital converters, and 
rather specialized problems are included in reading in such data. 

A few remarks about incremental machines, of which the DDA repre- 
sents an example, are in order. Most of the incremental machines to 
date have been serial machines, which require fewer components than 
the parallel versions, and magnetic drums are often used. The basic 
characteristic of the incremental machine, the fact that only changes 
of variables are transferred and not entire values, sometimes leads to 
what is called the “slewing problem.” In real-time systems in which 
sensory or tracking devices must “hunt” a target, the response time 
of the incremental machines may be slower than might be desirable, 
since variable values can be changed at a maximum rate which is depend- 
ent upon the size of the increments which can be transferred, and hence 
the machine cannot slew quickly. To alleviate this, hybrid machines 
can be used which are primarily incremental but which have the ability 
to transfer entire machine words between certain registers when this 
becomes necessary. 

Other problems arise due to the fact that errors which occur are propa- 
gated throughout the computations. Some information on this subject 
as well as a discussion of integrator techniques and their results on errors 
may be found in Refs. 1 and 18. The effects of quantization are often 
important, as is the basic cycle time of the machine. Despite these 
limitations, however, incremental machines are often quite suitable 
for specialized computing functions because of their inherent simplicity, 
light weight, size, low power consumption, etc. 


PROBLEMS 


10-1. (a) Write the complete transfer equations for registers 8, B, and fof Sec. 10-5 
for any range box ry. 

(b) Draw the state diagrams for registers B and £ in accordance with part a. 

(c) By use of the RS flip-flop of Sec. 7-5, write the minimal input equations to the 
flip-flops of registers 8, B, 2. 

(d) In the sequential circuits for the short status channels, when implemented 
with flip-flops, there are two unused states, S = 3 and 7. Similarly for the long 
status channels there is the single unused state, B = 2. Now if it happened that a 
circuit transient pulse kicked one of these sequential circuits into an unused state, 
there is no guarantee that the circuit would recover, that is, eventually return to one 
of the normally used states. Introduce transitions in the state diagrams for 8 and B 
which will guarantee recovery from all unused states in such a manner that no false 
target is generated at some range ry. 
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(e) Incorporate the transitions from the unused states developed in part d into 
the flip-flop equations of part c where necessary. 

10-2. (a) In Sec. 10-7, if p; designates the phone-line timing pulse train and 6; the 
range-mark pulse train (6 usec = }4 nautical mile between pulses), develop the 
detailed input equations (including the clocks) to flip-flops Z) and EZ, when regarded 
as RS flip-flops. 

(b) Discuss the behavior of the synchronizing circuit of part a when the two clock 
trains p; and 8; approach the same frequency. That is, if one assumes a delay « 
for the RS flip-flops Ey and E£, when will the circuit first fail to synchronize train p to 
train 5.? 

10-3. From the transfer equations of Sec. 10-7 and Fig. 10-9 write the detailed flip- 
flop equations for the FGD output. Assume RS flip-flops. 

10-4. Let us suppose an air-search radar of 200-mile range, where the time T 
between transmitted pulses is somewhat greater than 200(12) = 2,400 usec; e.g., 
T might be 3 msec. T — 2,400 is called the dead time or unused radar range of the 
radar. If we assume a parallel access, say core memory, of 512-word storage with an 
access time of less than 6 psec, develop the structure of a fixed-program FGD machine. 
Use the dead time of the radar and the extra storage to prepare a phone-line word 
for transmittal over a phone line. 

10-5. (a) Let Ai, A», .. . be a sequence of positive or negative integers which 
satisfy A, < K for all k, where K is a fixed positive integer. Let U be a register 
(U,U1,U2, . . . ,Un) such that 2" > max |Az| + K and where Uo holds the sign 
Si. = +1) of a binary number u; in U at time k. Now let ux be related to wr-1, Ax, 
and S,_1 by the following difference equation: 


un = Ag + Una — SeiK 


[Chap. 10 


where initially w = wo with sign So. Under these conditions show that 
n 1 n 
s Sk -z{ > Ax + (uo — Sok) — (uk — Sik) 
k=1 k=1 
(b) If initially w — SoK = 0, show by induction that \uz| < 2K for all k. 
(c) With part b show that 
n 1 n 
Se-ats 
k=1 1 
for all n if uw — S.K = 0. 
(d) If Arg(= +1), yx and Axz are defined as in Sec. 10-8, and if we let Az, = 
and A, = y, Azz, show that 


<1 





n 
K », Az = 
k=1 k=1 


yr Ate — (ue — SeK) 


This has been called the three-line digital integrator algorithm. 
(e) Show that the three-line integrator, when interpreted as an integrator, m 
satisfy the scale-factor relation 


S. =. x S2Sy 


(f) Show that rz, the content of the R register of the MADDIDA algorithm, 
responds to the number wu. — SiK + K of the three-line integrator when K = 24, 
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10-6. Design a DDA which uses the three-line integrator of P 
; - b. 5 
lines of the machine developed in Sec. 10-10. Stee 


; ote (a) Interpret the three-line integrator as an elementary feedback loop (servo 
loop). 

: (b) Suppose a variable of some instrument, e.g., the voltage output of a strain gage 
is converted continuously to a digital number z(t) in register X at time ¢ and hat 
initially z(¢o) is a known constant. Use a three-line integrator to produce a scaled 
sequence of changes Az,(= +1) whose sum is proportional to x(t). Discuss the 


effect of the sampling or cycling time of the integrator as well as the scaling constant 
K on accuracy. 


10-8. Interconnect a set of integrators to solve the following differential equations: 


(a) Bessel’s equation 
du , 1 du nN? 
teat aa ao 
(b) Legendre’s equation 


ala — HF] +[nmtn--*,]u=0 


(c) Mathieu’s equation 
du 
az + (A — 2n? cos 2t)u = 0 
(d) Einstein’s equation for the perihelion of Mercury 
dy, km 
da? +u Re (l + 3h?u?) 


where wu = 1/r and r is the distance from Mercury to the center of sun. 
10-9. (a) Program and scale the differential equation 


dw 
rede 
where initially w(t.) = 0. 


(b) Show that, when an integrator is so connected as to solve this equation, w 
satisfies the difference equation 


R; a Rin 


1 
Aw += UWi-1 = aNS, fori = 1, 2, oe 


Qn 


tae Wo = w(to), Aw; = w; — wi-1, S. is the scale of the dz output, and t, — tp1 = 


(c) Show that the solution of the difference equation in part b is 


© SHE) (ay +8) = 


10-10. Error-correcting codes are used to provide reliable communications over a 
noisy channel. A binary error-correcting code is one in which a k-bit message is 
mapped into an n-bit transmitted message. The received sequence, corrupted by 
noise, is mapped into the k-bit message by the decoder. Consider the following 
example of a Hamming code fork = 4,n = 7. Let mi, ms, ma, and my designate the 
three message bits, Tho transmitted message x, a, ... , & is formed by the 
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encoder as follows: 
xr) = m Ome © mM 
t2 =m, Om; © mM 
23 =m 
r= M2 O mz OB ™ 
zr = Me 
Zo = M3 
z= ™|™ 


Let the received message be yi, yz, .-., yz The decoder computes the triple 
(K,,K2,Ks3), where 

Ki = ys BYs OB Ys O Yr 

Keo = y2 B Ys DB Ys OB Yr 

K3 = yi: @ ys B ys B yz 


The code has the property that if one and only one digit is received incorrectly, 
say y; ~ 2;, then the value of the triple (Ki,Ke,Ks3) = j, the location of the bit in 
error. If no errors are made, (Ki,K2,K;) = 0. If more than one error is made, the 
decoding is in general incorrect. Design an encoder and decoder to implement this 
code. 
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Sequential Machines 

































11-1. Initial Considerations. Chapter 7 introduced some of the basic 
concepts of networks constructed of both gating and memory elements, 
and the following chapters have described design procedures in which 
the concepts were useful, especially in the design of the control sections 
of digital machines. In the last 30 years a great deal of research has 
been done in the sequential machine-sequential circuit area and a sig- 
nificant body of theory, both abstract and applied, has been developed. 
‘An important fact will be discovered in any attempt to survey the litera- 
ture in this field: the diverse viewpoints of research workers have led to the 
reformulation of the same basic problems in a great variety of ways. 
Perhaps this is all to the good. The abstract, sometimes unnecessarily 
symbolically oriented viewpoint of the mathematician or logician may 
serve to counterbalance the engineer’s preoccupation with the immediate 
physical characteristics of digital machines. At the same time the very 
real problems encountered in designing equipment for specific purposes 
often tend to illuminate theoretical problems of interest which a more 
abstract viewpoint might overlook. Nevertheless, one might wish, with 
Leibnitz, for a more universal language, which would allow for easier — 
communication between members of the different groups studying digital 
machines, and a subsequent integration and broadening of the over-all 
theory. 

The first problem attacked in this chapter will be that of minimizing the 
number of states in a sequential circuit for which the input-output rela 
tions have been specified. The second problem consists of assigning 
the actual binary values to the memory cells which are used to construct 
a given circuit, so that the total circuitry required is reduced. A short, 
heuristic discussion of Turing machines follows this, along with some 
of the more abstract results from sequential-machine theory. The 
presentation of Turing-machine theory is in no sense formal; a more 
rigorous treatment requires groundwork in modern set theory and/ 
logic, and Refs. 11 and 22 present such treatments. 

Sections 11-2 through 11-5 present a basic procedure for the desi 
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of a given sequential circuit, consisting of four steps: (1) a word statement 
or some listing of the circuit characteristics is converted into a formal 
representation such as a state table; (2) the number of states which 
must be taken by the internal memory elements of the circuit is mini- 
mized, thus reducing the number of memory cells required to realize the 
circuit physically and aiding the reduction of the complexity of the over- 
all circuitry; (3) binary values are assigned to the memory cells with 
distinct assignments of the values made to each state; and (4) the neces- 
sary combinational circuitry is designed. In the third step an attempt 
is made to assign values to the memory cells so that circuit complexity 
and cost are in some sense minimal. This is a very difficult problem, and 
no satisfactory technique (short of enumeration) is now available 
although it is possible to assign values in a systematic way so that any 
state table can be realized. Also, an examination of this problem will 
indicate some steps which can be taken toward reducing the over-all 
complexity of a particular circuit. 

The treatment of the procedures for reducing the number of states in a 
given sequential circuit proceeds with some rigor, in the belief that this is 
justified in the later sections of the chapter. 

11-2. The Sequential Machine. The analysis and design of certain 
classes of sequential circuits were described in Chap. 7. The sequential 
network will now be described from a more abstract viewpoint, and some 
of the properties of sequential circuits in general will be examined. 

Let us therefore use the term sequential machine instead of sequential 
circuit or network, realizing that the terms are virtually synonymous. 
Denote the input states to the machine by the symbols 21, x2, . . . 5 Sm 
the internal states of the machine by qi, q2, . . . , gn, and the output 
states or symbols by 2, 22, ... , 2p. Again let time pass in discrete 
steps, so the machine is synchronous. Let us confine our attention 
temporarily to a machine A for which the total state of the machine is, 
at any time ¢, completely defined by the input X(¢) and the internal 
state Q(t). Further let the output Z at ¢ be determined by the relation 


| Z(t) = $4[X(),Q(], and the next internal state by the relation 


Qt + 1) = val X(),Q0)] 


A sequential machine with a finite number of input symbols, internal 
states, and output symbols can be described by either a state diagram or a 
state table. To facilitate description let Z(r) = ¢4[qi/X(0), . . . X(r)] 
be the final output value obtained when machine A is started in state qi 
and the input sequence X(0), . . . , X(r) is applied; this can be caleu- 
lated using recursion. 


Z(r) = SalX(r)valX(r — 1),va[X(r = 2), ©. val X (0) ql} 
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This can be written in shorterform. Let X* = X(0), X(1),... , X(r) be 
the input sequence and Z(r) the final output state; then Z(r) = ¢4(qi/X"). 
Also, let v4(qi/X") be the- terminal state g; which machine A assumes 
when the input sequence X* = X(0), . . . , X(r) is applied to machine A. 
If Z* = Z(0), Z(1), . . . , Z(r) is the output sequence corresponding to 
the input sequence X* = X(0), X(1), ... , X(r) when machine A is 
started in state g;, we write 
Z = §4(qi/X") 


The r indicates the length of the input and output sequences in these 
definitions. 

When the state diagram for machine A can be obtained from the state 
diagram for machine B by simply relabeling the states, that is, by per- 
muting the state designations, then machine A is isomorphic to machine 
B. The intent here should be clear: a machine A which is isomorphic 
to a machine B is really the same machine, but with the states given 
different names. Let us then define the following binary relations: 

A state q; of a machine A is equivalent to a state g;, also in A, if any 
sequence of input symbols will produce the same sequence of output 
symbols when the machine is started in either g; or q;. If (q:,9;) are 
equivalent states, thent 


Fa(qi/X") = Fa(Qi/X") 


for all input sequences X’; and we write q; & qj. 

A machine A* covers a machine A if, for every state q; of A, there isa 
state gi of A*such that if g:and g¥ are taken as initial states for A and A*, 
a given sequence of input symbols will generate the same sequence of — 
output symbols when applied to either A or A*. More formally, we 
write A* > A if and only if there exists a g* in A* for each g; in A such 
that ¢4+(q*/X") = ¢4(q:/X") for every input sequence X°. If A* > A 
and if A > A* then we say that machines A and A* are equivalent and 
write A = A*, 

The situation here is similar to that for combinational networks, — 
Since we are fundamentally interested in input-output relations, if a 
machine A will produce the same transformations as A*, and A is 
simpler than A*, we will be sorely tempted to construct machine A, 


} A binary relation is a set R in which each member is an ordered pair. A relation 
R of a set S is a mapping of S X S into the set consisting of two values, say trué 
and false, and we write Q; R Q; if the image of (Q;,Q;) is true and Q; K Q; if the image 
is false. A relation R of a set S is an equivalence relation if and only if (1) Q R Qa 
for every Q; in S, and we then say that R is reflexive; (2) Q; R Q, implies Q R 
and we then say the relation R is symmetric; and (3) Q; R Q; and Q; R Q» im 
Q: R Qx, in which case the relation is transitive. 
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A first consideration in the design would seem to consist of minimizing 
the number of states when this is possible. 

If two states g; and q; of machine A are equivalent, then gq; can be 
replaced everywhere in our description of the machine by q;, thereby 
reducing the total number of different states. In actual practice there 
may be sets of states which are equivalent, and for a long time it was 
thought that the problem of reducing the number of states in a given 
machine consisted of partitioning} the states into equivalence classes so 
that the number of equivalence classes was minimal. This has proved 
to be the case for machines which are completely specified, that. is, 
for machines for which all input sequences are allowable and no output 
symbols or next states are unspecified (don’t care). Accordingly, the 
first technique which will be described for minimizing the number of 
states in a given machine will be the technique for completely specified 
machines, sometimes referred to as the original technique, primarily 
the work of Huffman,” Moore,?* and Mealy.?6 

A completely specified machine may be easily recognized by an exami- 
nation of the state table for the machine. If every next-state entry 
and every output entry in the table is filled in, then the machine is 
completely specified. If some next-state or output values are not speci- 
fied, then the machine is partially specified. 

One other classification of machines will be useful: a machine is strongly 
connected if for every pair of states (q;,9;) there exists some input sequence 
(not necessarily a single input) which will cause the internal state of the 
machine to go from q; to q;. A machine which is not strongly connected 
has states which are inaccessible from other states. If the directed line 
labeled x:/z2 were removed from the machine diagram in Fig. 7-11a, the 
state qs would not be accessible from either of the other states, and the 
machine would therefore not be strongly connected. Also, it would be 
partially specified. 

11-3. The Minimization Technique for Completely Specified Machines. 
Often, the first step in the design procedure for a machine (or network) 


‘consists of specifying the performance of the machine in some formal 


representation system such as the state diagram or state table. The 
second step then consists in attempting to reduce the number of states 
appearing in the formal representation, thus simplifying the machine 


TA partition of a set S is a collection {Pi,P., . . . Pn} of subsets of S such that 
the subsets P; are pairwise disjoint and the union of the subsets P; is S. If o 
is an equivalence relation in S, then the equivalence class of an element qa in S is the 
set of all elements g; such that qo q;. Also, a partition of a set S defines an equiva- 
lence relation 8 in S by q 6 q, if and only if q; and q; are in the same subset of the 
partition. We then call the subsets of the partition equivalence classes and say that 
the relation 6 is induced by the partition P, 
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and possibly reducing the number of memory elements required. For 
completely specified machines, this step basically consists in finding 
some machine A* which is equivalent to A, but which has fewest states. 

We can define a relation & from A to A* of the states of machine A 
and machine A* such that (q:,q*) is a member of & if every sequence of 
inputs will produce an identical sequence of outputs if applied to both 
machine A and machine A* when started in g; and g* respectively. 
Now if machine A* has a minimal number of states, no two states of A* 
can be equivalent to each other, for then these two states could be com- 
bined into a single state, thereby reducing the total number of states. 
Therefore, if (q:,q*) is a member of &, (q:.q¢) cannot also be a member, 
for this would imply g* and g¥ were equivalent states of A*. The rela 
tion &, therefore, defines a partition of A into equivalence classes such that 
all the states of A which are paired with a given state of A* in the relation 
& are equivalent to each other. 

Notice also that if any other machine A** is equivalent to A* and has 
the same number of states, we can define a mapping from A* to A** such 
that the states of A* and A** will be in a one-to-one correspondence and 
the machines can be seen to be isomorphic. 

The fact that the minimal A* defines a partition of the states of A into 
equivalence classes can be used to construct a procedure for minimizing 
the number of states of A. This procedure could well be: start machine 
A in state gi; apply all possible input sequences;{ do this for each state qi — 
in A. Ifa given state g; produces the same output sequence as state q& 
for each input sequence, that is, if &(q;/X") = €(q./X"’) for all X’, com- 
bine these into a single state. 

The number of steps required can be significantly reduced by using the 
following procedure. 

1. Form a state table for the machine to be designed. Figure 11-la 
shows a table for a sample problem. 

2. Merge any rows q; and q; in the table in which all entries in cor- 
responding columns 2; are identical. To merge two states q; and q, 
change every q; entry in the table to read g; and then delete the row for 


+ A binary relation & between the states Q of machine A and the states Q* of 
machine A* is a subset = = of the set of ordered pairs (qi,9;), q in A and gi in A*, 
If gq; is in A and qj is in A*, then q; = qj is true or holds if and only if (qi,q; isin Ge, 
The binary relation & can also be defined as a mapping of the set of ordered paira 
(9:93 ) from the product set Q X Q* into the values true and false; a given (qq) ) ina 
member of the relation if and only if (q:,q; ) maps onto true. 

¢ Only input sequences of length <n — 1, where n is the number of states, n 
be applied, as has been shown by Moore.** Cadden’ has provided a (sometimes) 
bound of <n — m + 1 where mis the number of states, which differ in output valu 
That is, m is the number of subsets in the original partition. 


Sec, 11-3] 








qi 
q2 
qs 
qs 
gs 
% 
qi 
q8 





SEQUENTIAL MACHINES 


(a) MACHINE A 


Next-state section 


1 


qi 
qs 
q3 
q6 
qi 
q3 
qi 
qi 


Ze 


q4 
qs 
dé 
qs 
qs 
qs 
vt 
qs 


zw 


ds 
qs 
q4 
qi 
qs 
qs 
q2 
qs 


x 


6 
qi 
qs 
q3 
qd 
q3 
qs 
qs 


1 


24 
23 
Zs 
23 
24 
21 
23 
23 


Output section 


Ze 


21 
23 
22 
23 
Z1 
23 
22 
22 


z3 


23 
21 
e4 
21 
23 
22 
z4 
24 


Ez) 


22 
24 
21 
24 
22 
23 
21 


(b) T!: PARTITIONED TABLE FOR MACHINE A 








uM Xe 2X3 ws Mine Le x3 x4 
qg=S 1 4 6 6 4 1 3 2 
gh a's, {3 6 4 1 7 3 3 1 4 
; q54 6 4 1 3 3 3 1 4 
a? - si 3 6 4 8 3 2 4 1 
qi 7 6 2 8 3 2 4 1 
a = Ss Ge 3 1 6 3 1 3 2 3 
G = Ss qs 1 8 4 6 3 2 4 1 

(d) T3: MACHINE A* 





Fra, 11-1, Minimal-state machine synthesis. 
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state g;. In the table in Fig. 11-1a, state gs can be merged with state qu, 
for it is obvious that the two states are equivalent. 

3. Form a table 7! partitioned into subsets so that all states with 
identical output values listed in corresponding columns are placed in the 
same section of the table. Designate the sections of the table (subsets 
of the partition) by the symbols S,, Ss, .. . , Sn. 

4, “Operate” the machine by applying each input state x; (all experi- 
ments of length 1+) to all states in subsets containing more than one 
state. This consists of placing beside each next-state symbol q; the sym- 
bol used to denote the subset S; of the partition in which g; has been 
placed. If some input signal causes a transition from two states q; and qe 
which are in the same subset S,, to two states in different subsets S, and S,, 
then q; and qx are not equivalent. Therefore, form a new table 7?, placing 
the states which have been shown to be not equivalent in a new subset 
Sn41. For instance, if input 2; takes the machine from two states q; and q; 
which are in the same subset S; into different subsets S, and S, respec- 
tively, then place g; and any other states in S, which are taken into S, 
by 2; in a new subset S,,41 and call the resulting table T*. Again operate 
the machine; if two states in the same partition are again shown to be 
not equivalent, form a new table 7 with a new subset S,+2 and continue 
this process until every state in each subset is taken into the same 
subset by each input value. The state table will now be partitioned — 
into sets of states which comprise equivalence classes. Each set of 
equivalent states can now be merged into a single state, so that the 
number of states will be equal to the number of equivalence classes. 

Let us examine the use of this procedure on the table in Fig. 11-la. 
First, the table in Fig. 11-1b is formed, in which state g; has been com- 
bined with state q,. In this table only the subscripts of the next-state 
symbols and output symbols have been copied. For instance g, becomes 
1, 22 becomes 2, etc. The table has also been partitioned into sets of 
states having equivalent output values for each input value, and then 
the symbols S,, S2, S;, and S, have been assigned to the four subsets 
of the partition. Input sequences of length 1 have then been applied 
in the sense that beside each next-state entry the symbol denoting the 
subset in which the next state lies has been added. For instance, an 
x, input takes state go into state qs, and since qe lies in partition S4, an Sy 
is placed in the table at the q2,7, intersection point. 

An examination of the table indicates that states go and q, are taken 
into the same subset by each input signal, and that states q3 and q; are 
taken into the same subset by any given input. State qs, however, is 


t Moore has defined the process of applying an ordered sequence of input signals 


length n to a sequential machine as an experiment of length n, and this terminology 
often used, 
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not equivalent to either state qs or q;, for an x; input takes qs into par- 
tition S, while taking q3 and q7 into S3; an x» takes qs into S3, and g3 and 
gr into S,; and an 2, input takes qs into Sy, and q; and q7 into S83. 

A new table is therefore formed, with gs separated from qs and q7, and 
the new partition is given the letter designation S;. Input sequences of 
length 1 are again applied; this time all the states within partitions 
containing more than one state prove to be equivalent. (Notice that 
it is not necessary to copy the output values after the first partitioning.) 
The table has now been partitioned into five subsets; thus there will be 
five states in the minimal-state machine. A new table is then drawn up, 
and state numbers are assigned according to the results of Fig. 11-1e. 
In this table, state g* corresponds to the partition Si, state g¥ to So, 
state g¥ to Ss, ete. The next-state and output values are then placed 
in the new table so that the output values in row qi of the new table 
correspond to the output values in each row of the q* of the partitioned 
table, and the next-state values in row q*, column 2; correspond to the 
section of the partitioned table in which fall the next-state entries in 
section g#, row 2; of the partitioned table. Figure 11-1d shows the new 
table. If the machine in Fig. 11-1d is referred to as Machine A*, and 
the machine in Fig. 11-1a as machine A, then the following equivalence 
relations have been formed: 


Machine A Machine A* 
at ~ * 
qs a vet 
a ~ * 
or = UP 
a ~ * 
a = UE 
I = % 
qs = Ws 


The relation = from A to A* of the states of machines A and A* 
contains the following ordered pairs: (41,97), (95,77), (q2,9%), (¢4,93), (93,92), 
(47,93), (q6,9¢), and (qs,q%); these define the partition promised. 

11-4. The Partially Specified Machine. The state tables and state 
diagrams in the preceding description have all been completely specified; 
that is, every row of the state table for the machine contains an entry 
in every column. Often, a state table contains unspecified or don’t care 
entries in some of the next-state or output positions. These unspecified 
conditions may arise due to the manner in which the state table is 
derived during the preliminary design stages or may relate to actual 
characteristics of the machine. For instance, some input sequences 
may never occur (especially in asynchronous machines), or, when the 
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machine is in some state and a particular input is applied, the memory 
cells may always be set externally to some new state before another input 
is applied. Also, output signals which occur when the machine is in 
some state and a particular input is applied may not be used. In any 
case it may be seen that unspecified entries may occur in a given table, 
and it would be desirable to use this fact in minimizing the number of 
states, thus deriving a minimal-state machine. 

The amount of reduction possible in the number of states will some- 
times be dependent on the interpretation of what an unspecified position 
in a table means. The earlier literature on sequential machines assumed 
that the unspecified positions in the table were to be filled in with specific 
entries, but that any state or output could be used, and that the entries 
should be chosen so that the number of states in the resulting machine 
after reduction would be minimal. Huffman?° described a scheme which 
efficiently accomplished the filling in of the blanks in an optimum way 
and the subsequent minimizing, and a modified version of this tech- 
nique, suggested by Mealy,?° was standard for several years. Later, 
however, Ginsburg!*!* found cases where filling in the blank positions 
of certain tables in an optimum way and minimizing did not lead to a 
machine with as few states as might be obtained if the unspecified posi- 
tions were assumed to be completely don’t care, in that, effectively, the 
entries in the unspecified positions may change value as the operating 
point moves around the table. More will be said about this later. The 
technique for reduction described in this section will reduce all partially 
specified machines to minimal-state machines subject to the Ginsburg 
interpretation of unspecified entries, and this appears to be a more 
realistic interpretation. Some enumeration is sometimes required in the 
procedure which is largely due to Unger and Paull.7 This technique 
will be preceded by a brief description of the original Huffman-Mealy 
technique. 

The principle behind the original Huffman-Mealy procedure is, at 
face value, the same as that behind the technique for handling don’t cares 
in combinational circuits. Consider the state table in Fig. 11-2. There 
are six blank positions in the next-state section of the table and also 
six blanks in the section listing the output values. Since the machine 
has six states, we could fill in the next-state section of the table with 6° 
different combinations of next-state values, and for each of these the 
output table could be filled in with 2° different values, so there are 
6° X 2° different ways to fill in the table. If each table were to be 
partitioned into equivalence classes (subsets containing equivalent states) 
as in the preceding section, then the table(s) with the fewest classes 
(subsets) would define, in this case, minimal-state machines, each of 
which would do everything the original machine would, 
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hs can shorten this procedure in a direct. way, using the following 
rule: 

Partition and Merger Rule. To reduce the number of states in a 
given machine A, partition the rows of the state table for machine A so 
that if two states are in the same partition, none of the specified output 
values differ. (Unspecified output values are assumed not to differ from 
specified values.) Call this partition P; and the subsets of the partition 
Si, Sx, ... ,Sn. Apply all input sequences of length 1 to the resulting 
table (perform all experiments of length 1) to see if any two states q; 
and q; in a given subset S; of the partition have next-state entries such 
that some input state will cause the operating point to move into differ- 
ing subsets S, and S, of the partition. If two such states are found, form 
a new partition P2 with an additional subset S,,1 containing one of these 
states, say q;, and also all other states from S; which have specified next- 
state entries falling in the same subsets as qg;. Continue this process until 
no new partitions need be formed. Then form a new machine A* by 
merging the states in each subset of the final partition into a single state. 

To merge a partitioned state table for machine A, first assign a set of 
labels gi, g¥, . . . , g* to the n different subsets of the state table for A. 
Then form a new state table for a machine which we shall call A*, using 
the n different g?’s assigned to the subsets of A as state designations. 








ce ics Output section 

v1 ve v3 Bal ve X3 
qi %6 0 
q2 nN 4 1 0 
qa qs q2 q3 0 0 0 
qa q2 qa 1 0 
q% qi qs Ey 1 0 0 
qe | 9g 0 








(b) 


Fra, 11-2, Partition and merger of unspecified tables, 
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There will therefore be n rows in the state table for A*. Row gi of the 
table for A* is filled in as follows: 

v1 Xe Xs V1 xe Ez) T1 Ze Z3 . y , ; 
lng 5 at pel The entry at the intersection of row g* and column x; in the output 
6S n 6 section of A* is left unspecified if each state in subset q* of table A has 
vo 6& sf” : s.f 2 an unspecified entry in column z; of the output section of table A. If 

Siiqs |583; 2S; 38: qa | 5 2 38 a inna y j > ee : ‘ 

qe | 28s 3 {2 18: 3 So 1 18 3 some state in subset gf of A has a specified entry z in column 2;, then 

4 {as 1S: 38, "la | 2 38: 4% : 3 he ‘ zz is copied into the intersection of row g¥ and column z; of table A*. 
"lq. | 282 3S: qs ; 4 6 rh if .. ae The next-state entry at the intersection of row g* and column 2; 
Ssq | 1 4 6 phd an aie in table A* is left unspecified if every state in subset qx of table A 
(c) (d) (e) is unspecified in column 2; of the next-state section of the table. If some 
state in subset g¥ of A has a specified next-state entry, say g:, in column 
pacirtaigs Output section x;, then the subset 9% in which this next state g lies is copied in table A* 

* ee ch Vige? Saal —- ge at the intersection of row g* and column gj. 


The machine in Fig. 11-2a, which we will designate machine A, has a 





ma) 6 Ss 0 state table containing six states. The original partition of this table 
18: 38:2 
qs} 281 38.2 
gs} 18: 48: 6 
s.{% 5S: 28: 382 
qs | 2 Si 


may be formed in several ways. One of these is shown in Fig. 11-20, 
where states q1, gs, and gg are placed in subset S, and gz, Qa, and qs are 
placed in subset Se. When all input sequences of length 1 are applied 
(by writing the designation for the subset in which a given next state 
lies beside the next state in the table), it will be found that an 2; input 
takes states g, and qs into subsets S, and S, respectively, and so a new 
partition is formed with gs in a new subset S;. This time an 2, input 
takes gs and ge into differing subsets. Now q: may be placed in the same 
subset with 3 or ge, so two tables are now formed, one with qi and q3 in 
subset S; (Fig. 11-2d) and the other with g, and q¢in subset S; (Fig. 11-2e). 
Both these tables will need further partitioning, for an z; input takes qu 
and q; into differing subsets in Fig. 11-2d, and an 2, input takes ge and q4 
into differing subsets in Fig. 11-2e. The next partitions of these tables 
will contain five subsets each and are not shown, but these will terminate 
the process for this particular initial partition. 

Another initial partition is shown in Fig. 11-2f. States q2 and qs are 


CORR H 
oocococo 
coo 

















Next-state | Output section taken into subsets S, by x2, and q, is taken into S2, so the states must be 
an ” separated, but g: can be placed in the next partition with either g, and 

BR get he ee : qs or with q,. The resulting tables are shown in Fig. 11-29 and h. The 

a’ 3 1 table in Fig. 11-2h needs no further partitioning and shows an optimal 





partition for Fig. 11-2a. The rows of Fig. 11-2h are therefore merged, 
subset 8S; becomes state g*, S. becomes g¥*, Ss; becomes q3, and the new 
machine A* is shown in Fig. 11-27. 

Several techniques have been described for reducing the number of 
steps required in the above process, although with a little practice and 
insight a great deal of the labor involved will be reduced. Interested 
readers may find many details and examples in Caldwell.’ Notice that 
even the relation between states which is used to form the initial partition 























(7) 
Fia. 11-2. (Continued) 
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in the merging procedure does not define a unique partition of a state 
table. Let us assume that the fact that two states do not differ in speci- 
fied output entries defines a binary relation a between the two states; 
we shall call two states in this relation output-compatible. The fact that 
a does not define an equivalence relation may be seen by means of the 
following state table: 





Now a is reflexive, for g; a qi is always true; a is also symmetric, for 
qi aq; implies g; a q;, but it is not transitive, for (referring to the table 
above) gia q2 and gz:aqs, but qifqs. The three states in the machine 
above may therefore be partitioned in two ways, but only one of the 
partitions will yield the true minimal-state machine which follows: 


Machine A* 





Now let us examine a more complicated example. The following: 
five-state machine contains two unspecified entries: 





We can partition this table in two ways, attempting to merge eit 
qi and q2 or gz and qs. Hither merger will work, yielding the follo 
two machines: 
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Machine A* Machine A 
Zo x1 Xo 1 Xo Ral Xo v1 
gq A G 21 22 Hn G2 Za Zo 
G q3 Ws 21 22 qe q3 qa 21 Zo 
q3 ch G 22 22 q3 qu G2 Ze Ze 
u G n 21 21 qs q2 q2 Z z4 





This simple example shows that the partition and merger technique 
does not always lead to a unique machine; nor does it necessarily lead 
to equivalent machines, for, if the blank in A is filled with anything, even 
qs, then A ~ A*. We might, indeed, ask what are the relations among 
machines A, A*, and A. Define a sequence of inputs X* to a machine A 
in state q: as applicable if the next state is specified for each input except 
possibly the last. That is, v4(qi/X*%) is specified for every j < r. 

An applicable input sequence X” will generate a sequence of outputs 
Z’, some terms of which may not be specified. Given two output 
sequences Z’ and Z", we say that Z* covers Z' if every specified term Z(t) in 
Z is equal to the corresponding term Z(i) in Z", and we then write 
Z > Z. Forinstance Z* = Z(0), Z(1), Z(2) = 21, 23, 24 covers Z* = Z(0), 
Z(1), Z(2) = 21, 23, 2, and Z* = 2, 23, 22 covers Z* = 24, —, 22 where the — 
indicates an unspecified output value. Let us now extend the definition 
of cover to include states and partially specified machines. 

A machine A* covers a machine A (written A* > A) if and only if 
for every state g; in A there is a state g* in A* such that {4(q:/X") < 
¢4+(q*/X") for every input sequence X* which is applicable to A with 
initial state g;. We then say that state g* covers state g; and write 
qi = G. 

In order to explain more clearly the minimization procedure it will be 
expedient to define the quality of output sequences of not “differing in 
any specified entry” as follows: an output sequence Z(0), Z(1),..., 


Z(r) = Z is compatible with an output sequence Z(0), Z(1),... , 


Z(r) = Z, if, for all i < 7, Z(4) = Z(c) when both are specified. 
Further, two states g; and g; of a machine A are compatible if 


Z = §4(qi/X") 


is compatible with Z = §4(q;/X*) for all sequences X* which are appli- 
cable to machine A when started in both q; and q; (that is, only the X* in 
the intersection of the two sets of sequences which are applicable to 
machine A when started in q and q; respectively are to be considered), 
If two states are compatible, we write qo q;, which is a reflexive, sym- 
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metric, not necessarily transitive, binary relation. Two states which are 
not compatible are incompatible, and we write q; fp 5: 

If two states are compatible they can be merged, and the new state 
thus formed will cover both of the original states. Thus, if two states 
q: and g; in machine A are merged to form state gf in a new machine A*, 
then 

Sae(qe/X") 2 Fa(qi/X") VU F4(G;/X") 


where U indicates a term-by-term union of the terms of the sequences Z* 
according to the rules z; U 2; = 2,2; U- = 2,-Uz = 2,and-U-=-, 
Thus (21,-,23,-) U (21,24,-,-,) = (21,24,23,-).. So g* covers both g; and qj. 

Compatibility is a key concept in reducing partially specified tables, 
so we need a test for compatibility which can be applied to the states 
of a table. Now compatibility is a reflexive, symmetric relation, s0 
we can handle pairs of states which are in the relation o as unordered pairs, 
thus cutting the number of pairs in o in half. Also, since q; o q; always 
holds, we will omit the pairs (q:,g:). Notice that the output-compatib 
relation a is also reflexive and symmetric, so we can perform calculations 
using members of a as unordered pairs. Also, notice that the pairs 
states which are output-incompatible form a subset of the pairs of sta 
which are incompatible. 

A technique for determining which states in a machine A are compatib 
will be described using machine A in Fig. 11-3a. First list the unorde 
pairs of states in A which are output-incompatible; states q; and q; 
an output-incompatible pair if both outputs are specified for some in 
x, and 

FA(Gi,2e) A Fa(Gi%e) 


In Fig. 11-3a the pairs (1,2), (1,4), (2,3), (2,6), (3,4), (4,5), and (4, 
are output-incompatible and are listed in the first and second rows 6 
Fig. 11-3b as members of g. A table is then formed containing th¢ 
remaining unordered pairs (each of which is output-compatible) alo 
the ordinate and the input values for the machine along the absci 
The intersection of column x; and row (qi,q;) is then filled in with t 
value(s) of the next-state functions v(q;/2x,) and v(q;/xz). If these val 
are both unspecified, the entry is left blank; if only one value is speci 
the entry may be left blank, although these single values are shown i 
Fig. 11-3b for illustrative purposes. 

If any entry in the resulting table contains an output-incompati 
pair, then the pair of states on the ordinate is incompatible and 
added to the list of incompatible pairs. In Fig. 11-3) the pairs (1, 
(3,5), and (5,6) are incompatible, for with an x, input (1,5) goes to (2 
an output incompatible pair; (3,5) goes to (2,6) under as; (5,6) goes 
(1,2) under zs. The pairs (1,5), (3,5), and (5,6) are added to the list 
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incompatibles, and the process is repeated. This time (2,5) is found 
to be incompatible, for an 2; input takes the pair (2,5) into (3,5), an 
incompatible. In Fig. 11-36 the incompatibles are checked, and the 


remaining pairs [(1,8), (1,6), (2,4), and (3,6)] along the ordinate comprise 
the compatible pairs. 


—_— 











Next-state 
section Output section 

ZX Ze x3 Xi Te Zs 
qi 6 5 6 21 22 21 
qe 3 5 4 22 21 
qs 3 5 6 zy Z 
Ws 6 4 22 22 
qs 5 1 2 a 
Ye 3 1 Z2 21 


Incompatible pairs ¢ 
1,2) (1,4) (2,3) (2, : 
(1,3) | (3,6) (5) (6) ri ve Set ss a“ eras 
Vv (1,5) | (5,6) (1,5) (2,6) (1,5) (3,5) (5,6) 
ab pclae aa 25) \y only 
’ 3,6) (5) (4) Ci ib i 
v (2,5) |(3,5) (1,5) (2,4) seach ae a — ‘ 
V(3,5) | (3,5) (1,5) (2,6) ete 
(3,6) (3) (5) (1,6) 
Vv (5,6) | (3,5) (1) (1,2) 
ee ee 





(0) 


Fra. 11-3. Determination of compatible pairs from state tables, 


: a) Partial i- 
fied state table; (b) derivation of compatible pairs. a 


These results indicate that the pairs %, Ys, and gs are mutually com- 
patible, for (41,95), (qs, gs), and (1,96) are all members of ¢. We might 
therefore merge all three states into a single state. In order to express 
this possibility we define a ternary relation é, a quaternary relation ¢ 
and in general an n-ary relation ¢ so that (4:,9;,9«) is a member of ¢ if and 
only if (9:,9;), (qj,qx), and (4:,Qx) are members of o, and, in general, an ele- 
ment (@4,9%, « . - ,Qm) containing n states is a member of the n-ary relation 
¢ if and only if (q:,q;) is a member of ¢ for all i,j, ...,m. The states 
in a given 7 are said to be mutually compatible [n(n — 1)/2 pairs are 
required to form an n-ary relation]. It will be convenient to form such 
relations where n is maximal; we call these maximal compatibles, after 
Unger and Paull,*’ and define a maximal compatible as a set of ‘states 
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which are mutually compatible and which Hes a proper subset of no 
states which are mutually compatible. , 
aie machine A in Fig. 11-4. The compatible pairs of states 
are (qo,q1) and (qi,g2). Anattempt to partition the table will fail, however, 
for if go and gq; are merged, then the resulting machine will not om 
machine A; nor will the machine obtained by merging 41 and q. If, 
however, we form two subsets, not disjoint, consisting of qo,41 and q1,q2, 


(a) MacninE A (6) 


















Xo Eat Xe Xo pat v2 
qo qo 1 q2 41 22 20 
n qe qo q Zz 22 a 






qe 









* 1 GY eM 4 | 4% % 20 


qe Gq Q 41 @2 
at G Gd 1 | a 2 2A 
1 z 22 
q2 qo q2 1 


(f) MacHINE B* 


Xo 2 X2 Zo v1 v2 





90 0 1 1 4: @2 % 
qr 0 0 1 a 22 a 





Fria, 11-4, Partially specified machines. 





Sec. 11-4] SEQUENTIAL MACHINES 287 


the machine A* (Fig. 11-4b and c) formed by merging both pairs will 
cover machine A and will be a minimal state machine. 

The same point is illustrated by machine B in Fig. 11-4d, where both 
next state and output are unspecified for (q2,22). In machine B, (q0,92) 
and (91,92) are compatible pairs, but in order to reduce the number of 
states, two overlapping subsets must be formed, one containing (qo,q2) 
and the other containing (q1,q2). 

When the states in each subset of the machine in Fig. 11-4e are merged 
machine B* in Fig. 11-4f is formed; this is the minimal-state machine. 

A procedure for deriving a minimal-state machine which covers a given 
machine A may now be described. 

1. Determine which sets of states of A are compatible. 

2. Place the states of A into m subsets Si, Se, .. . , Sn, Where m is 
minimal, such that 

a. Each S; contains only states which are mutually compatible. 

b. Each state q; of A is in at least one subset S,. 

c. For each input 2; and each subset S; a subset S, can be found such 
that 2; takes all the states gi, gm, . . . in S; into Sp. [Given 2; and S;, a 
subset S, can be found such that »(q,,z,) is a member of Sp for each qx 
in S;.] 

3. Form a new table called A* with states q*, . . . , corresponding 
to Si, ..., Sm in original machine A, and such that the intersection 
of g#,vz in the output section of the table contains £(q,%x) if the value is 
specified for all g; in S,, otherwise the entry is left unspecified, and the 
intersection qj, is left blank if »(qi,2x) is unspecified for all q; in S;; other- 
wise a set S, to which all g; in S; are taken by 2, can be found, and so g* 
is entered in the table. 

The problem is to form a table consisting of m subsets S 13:93) a © 3: Sm 
of the states of A such that mis minimal and the three conditions 2a to 2c 
are satisfied. Obviously the minimum m which might be realized would 
equal the smallest number J of subsets formed of mutually compatible 
states such that each state was in some subset. Also the maximum m 


which must be considered is the number of states in the original machine 


A. A reasonable approach therefore consists of first trying groupings of 
the states of A into J subsets, then trying | + 1 subsets, then 1 + 2, 
. , until a table satisfying conditions 2a and 2c is formed. 

Consider the machine in Fig. 11-5a. The state pairs (1,4), (1,5), (1,6), 
(3,6), (4,5), (4,6), and (5,6) of this machine are compatible as shown in 
Fig. 11-5), and so (3,6) and (1,4,5,6) are the maximal compatibles. The 
table in Fig. 11-5¢ is formed with m = 3, and this table is consistent 
with rules 2a to 2c, so the states in each subset 8; of the table in Fig. 11-5¢ 
are merged to form state qj of the machine in Fig, 11-5c. Examples, 
further observations, and other procedures for deriving minimal-state 
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es 
v1 Xe vs Ez) v1 Ze Ls Xs 
qu 5 4 3 0 1 1 
q2 3 2 4 1 1 1 1 0 
qs 6 5 1 3 1 1 1 0 
4 6 6 0 1 
qs 5 1 3 1 0 1 
qs 5 4 1 1 





v1 2 Zs ws 
(1,4) (5,6) (4) (3,6) 
(1,5) | (6) (1) (4) @) 
(1,6) | 6) 6) @ @) 
v (2,3) | (3,6) (2,5) 
V (2,6) | (3,5) 
(3,6) | (5,6) (5) (4) (3) 


(4,5) | (6) (1,6) (3,6) 
(4,6) | (6) (6) (4) (6) 
(5,6) | (6) (1) 4) @) 


—_—_——<— 





Fra. 11-5. Derivation of minimal-state machines. 


Incompatible pairs 
(1,2), (1,3), (2,4), (2,5), (3,4), 3,5), (2,3), @,6) 


n-ary relations require 


n(n 


uu binary relations 





2 
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machines may be found in Unger and Paull.‘7 Ginsburg also presents 
some examples and further theory in Refs. 16 to 18. 

When a machine is completely specified, the determination of the states 
which are compatible will completely define the minimal-state machine, 
for the compatible relation for completely specified machines is an equiv- 
alence relation and defines a unique partition of the states. The test 
for compatibility given in this section therefore comprises an alternate 
technique for minimizing completely specified machines. 

11-5. Assignment of Values to Memory Cells. The final steps in the 
design of sequential machines or circuits remain to be described. The 
preceding sections have introduced several formal representation schemes 
and given a technique for the reduction of the number of states in a given 
machine, and hence the number of memory cells. The states of the 
machine have, however, been represented by symbols, i.e., qi, q2, . . - , 
gm. Now if the number of states has been reduced to a minimum of m, 
we know that at least c > log, m binary memory cells, where c is an 
integer, will be required in the actual register Q used to construct the 
machine. The next problem involves assigning actual state values to the 
register and cells of the register and assigning these values so the cost of 
the final network is minimal in some sense. Here, however, the problem 
becomes quite complicated. Often by using more memory cells the cost 
of the combinational networks required may be reduced. For instance, 
in Sec. 10-8 we noted that a ring counter required more memory cells 
than a binary counter plus decoder, but less combinational elements. 
The choice of circuitry in this case would center around the period of the 
counter, type of gates and memory cells available, etc. Also, constant 
weight counters were shown which required a number of memory cells 
and gates lying between the extreme of the binary counter and ring 
counter. The decision here, and hence the design procedure, must, to 
some extent, remain unspecified, for each instance must almost certainly 
be treated as a special case. 

To complicate the problem further, given a specific set of gates and 
memory cells and also a specific state table or flow table, there is, at 
present, no systematic way to assign values to a register of given length, 
short of enumeration of all ways, such that the resulting combinational 
network will be minimal. The situation is not quite that bad, however, 
for it is possible to implement a given table in a straightforward manner, 
and by using some judgement it is generally possible to implement the 
circuit in a relatively efficient way, so that the absolute minimal-cost 
circuit will not be too different in cost from the circuit designed. 

In order to describe a procedure for assigning values to the memory 
cells, let. us design a sequence detector. Consider a machine with two 
input lines X; and X, which will contain binary signals at time ¢ = 0, 
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i ee 
signals. 
We assign a value x; to each input state X(¢) as follows: 


[Chap. 11 


, n, and two output lines Z; and Zz which will also carry binary 


Xi(t) | X2(t)| XO 





We assign values to Z(t) similarly, i.e., z: represents the output state Z(t) 
when Z(t) = 1 and Z.(t) = 0. 

The sequence detector is to detect the two input sequences {21,23,%2,23} 
and {22,%3,21,%3}. If either of these input sequences occur, than Z, is to 
carry a 1 and Z; a 0 when the fourth term of the sequence is applied. If 
any other sequence except the null sequence 2, 0, Xo, . . . is applied, 
output line Z; is to carry al and Z,a0. When the null sequence 2», Xo, Xo, 

. . is applied the output is to be zo or (Zi = 0, Z2 = 0). The sequence 
detector may be thought of as a combination lock which either of the 
sequences 21, %3, L2, Xz OF La, Xz, X1, Xz will “unlock” (e.g., produce a 1 out- 
put on Z2), and any erroneous attempt to open the lock will result in a 
warning signal on line Z,. 

Figure 11-6a shows a flow table for this sequence detector. If either 
of the correct sequences is applied a z; output will result, and as long as 
the fourth term 3 of either sequence is applied after the sequence, the 
output willremain 2). If the next input is xo, than a 2 output will result, 
Any but a correct input sequence will result in a z2 output. 

The table for the machine in Fig. 11-6a may be reduced from nine to 
six states, and the resulting table is shown in Fig. 11-6c, where the states 
q: of the new machine are no longer called q}, in order to simplify the not. 
tion in future steps. 

Having derived the minimal-state circuit described by Fig. 11-6¢, 
we now assign values to the states g,. Let us first rewrite the description 
of the circuit in Fig. 11-6c as a set of 4-tuples as follows. Each 4-tuple is 
of the form 2,9;q:2m, where x; is the input state, q; the internal state, q& 
the next state or the value »(q;,7;), and zm the output value ¢(q;,7,). Sined 
there are four input values 2;, 22, Xs, and «4, six internal states qi, . . . , Quy 
and the circuit is completely specified, there will be twenty-four 4-tuples) 
these are listed in Fig. 11-7a. 

Since the binary values for the 2,’s and the z;’s are known, we have 
to assign values to the q’s. First we will use the obvious assign 
goisQ: = 0, Q2 = 0, Qs = 90; qisQi = 0, Qe = 0, Qs = 1; and, 
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instance, gs is Qi = 1, Q@2 = 1, Q; = 0. The list of 4-tuples in Fig. 
11-7a can be used directly to design the combinational network for a 
class A sequence detector (refer to Fig. 7-2). Assume that delay lines 
are used as the memory cells, so the state of a cell at time 1 is equal to the 
input value to the cell at time ¢ — 1. Then form a table of combinations 
for the combinational network by letting the input 2; and the present 
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qo 0 1 5 0 Zo 20 20 Za 
u 0 0 0 2 22 22 ng 
q2 0 0 3 0 22 22 Zo 22 
qs 0 0 0 4 22 22 22 Pat 
qs 0 0 0 4 Zo 22 zo Z 
qd 0 0 0 6 22 22 22 20 
gw} O 7 O0 O |} & 2 we we 
" 0 0 0 8 22 2p ny 
qs 0 0 0 8 zo 22 22 2 
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qo qo n 5 qo 20 Zo 20 2 
q1 qo qo qo q 22 22 22 Zo 
q2 q G 43 Zo 22 20 22 
qs qo qo qo 4 22 22 22 a 
4 qo qo qo Us 20 22 22 24 
qs qo qo qo qd 22 Ze Ze Zo 
qs Qo 4 4 qo 22 Zo 22 22 


(qs,q1) > 1 
(quqs) > 4 


qo Yo G- qs 


qo J 
Kia, 11-6, State table for sequence detector, 


(43,91) > qs 
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Input Output 
X(t) QQ Qt + 1) ZW 

X, X. Q @ Q/@ @ Q: “4 & 
Ey 0 2 0 0 0 0 0 0 0 0 0 0 
: : Zo 0 1 0 0 0 0 0 1 0 0 
t2 Qo Qs %0 1 0 0 0 0 1 0 1 0 0 
&s go do 22 1 1 0 0 0 0 0 0 1 0 
tm GQ Qo 22 0 0 0 0 1 0 0 0 1 0 
Z 641 Qo 0 1 0 0 1 0 0 0 1 0 
Ze qi qo 22 1 0 0 0 1 0 0 0 1 0 
Za Qt de 1 1 0 0 1 0 1 0 0 0 
Zo 2 Qo 22 0 0 0 1 0 0 0 0 1 0 
Zi G2 Go 22 0 1 0 1 0 0 0 0 1 0 
t2  g2 qs 20 1 0 0 1 0 0 1 1 0 0 
ts 2 Qos 1 1 0 1 0 0 0 0 1 0 
to gs Qo 22 0 0 0 1 1 0 0 0 1 0 
Tt q3 go 22 0 1 0 1 1 0 0 0 1 0 
ve qs go 22 1 0 0 1 1 0 0 0 1 0 
Xs qs vn 2 1 1 0 1 1 1 0 0 0 1 
to Gs Go OO 0 0 1 0 0 0 0 0 0 0 
Zt 64 Qu 0 1 1 0 0 0 0 0 1 0 
Zo ds Qo 1 0 1 0 0 0 0 0 1 0 
tT G& GW & 1 1 1 0 0 1 0 0 0 1 
Zo Gs Qo 22 0 0 1 0 L 0 0 0 1 0 
Z1 Gs Qo 22 0 1 1 0 1 0 0 0 1 0 
Te 9s Go 22 1 0 1 0 1 0 0 0 1 0 
Xs qs UT 20 1 1 1 0 1 1 1 0 0 0 
Zo 96 Qo 22 0 0 1 1 0 0 0 0 1 0 
™ 8 8Qs Qs 20 0 1 1 1 1 0 1 1 0 0 
To ds Qo 22 1 0 1 1 0 0 0 0 1 0 
ts ds) «Qo 22 1 1 1 1 0 0 0 0 1 0 





(a) Redundancy (don’t cares) 





(b) 
Fic. 11-7. Assignment of state values. 


outputs from the memory cells g; form the inputs to the netw 
the outputs are then the two-digit values of y, and the three 

values of the next state for Q, which we designate Q = Q:QoQs as 
Fig. 11-7b. The redundancy or don’t care inputs consist of the 
unused input states and are also shown, Figure 11-7b may be used 
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table of combinations describing a Boolean function, and when simplified 
yields the expression: 


Q = Q19203X1- + Q:9105 X¢ + Q19205X 1X2 


Q: = Q1Q2QsX 1X2 + QiQe-XiXe2 + QiQiQ,XiX% 
Qs = QiQ2Q:XiX2 + QiQ2Q:XiX2 + Q1Q2Q5XiX5 + QiQ2Q:XiXe 
Qs = -Q2QsXi1Xo + Q:Q:Q:Xi- + Qi--X1Xe + Q1-Q:K XY 


3 + Q1-Q;X1- + Q1QsQ-X2 + -Q:05-X2 + QQ2Q:X1- 
Qs = Q:Q:QsX1X2 + Q:Q2Q5,X1X2 

If the circuit is to be designed using complementing flip-flops (refer to 
Sec. 7-5), then the binary input-output relations for the combinational 
network may be derived from Fig. 11-7a by simply noting the changes in 
Q1, Q2, and Q; corresponding to each input. If C(t) = C,(t), Ca(é), C(t) 
is the C input to flip-flops Qi, Q2, and Q;, the first rows of the table of 
combinations for the complementing type flip-flop are: 














Note that row 8 would be 
11 001 011 =#OO 


For the RS flip-flops described in Sec. 7-5 we need six output lines (one 
to the RF and S input of each flip-flop and two output lines Z; and Z:), 
so the net has five input lines and eight output lines and the first few rows 
of the table will be: 





Input Output 


X(t) Qo R(t) and S(t) Z(t) 





where the d’s indicate don’t care outputs, 
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The choice of the type of memory elements used and the assignment of 
values to the memory elements are very difficult and no completely satis- 
factory technique is now available. References 13 and 29 discuss this ‘ 
problem in some detail, and the chapter by Phister in Ref. 23 gives some 
practical advice and further examples. We could, of course, try assigning 
all possible combinations of values to the states of the memory cells, 
but for all but the smallest of tables this would be prohibitive. McCluskey 
and Unger describe this problem in Ref. 24, giving formulas for determin- 
ing the number of assignments which affect circuit size, given number of 
memory elements and number of states. 

Here is an assignment of values to the q; for the problem in Fig. 11-7a 
which yields the minimal combinational circuit we have discovered to 
date, t assuming delay elements and two-level logic: 






















qo = 010; gq: = 100; q2 = 111; qs = 000; gs = 001; q5 = 101; ¢5 = O11 
The resulting expressions for the Q, are: 


Qi = Q1-Q5X1X2 + -Q2QjX1X2 + -Q.QiX 1X} 
Qo = ---X{X} + Q1Q.Qs-X4 + -Q — XiX, 4 Q:---X2 
+ -Q:-X{X2 + -Q2-X1Xq 
Qs = -Qi-X1X. + -Q.Q5X1X5 
11 = -Q3Q;-X} + Q.--X\- + -Q;-X 1X; + -Q;-X; Xe 3 
+ —Qo-X 1X2 + Q1Q:03-X4 
Z2 = Q1Q,-X1X» 


The underlined terms appear in more than one expression. 

11-6. Turing Machines and Other Types of Automata. The machines 
studied in previous sections were all finite-state machines in which the 
number of internal states of the machine and the number of input and 
output values, etc., was fixed. The finite-state machine is the only type 
.of digital machine which we now design and construct. It is possible 10 
formulate infinite-state machines, but little has been done in this arethy 
On the other hand, a number of important studies have been made of 
potentially infinite machines or potentially infinite automata. A potens 
tially infinite machine contains a finite number of elements (components) 
at any given time, but is able to grow or to expand indefinitely. The 
most studied example of a potentially infinite machine is the Turing 
machine, named in honor of its inventor, A. M. Turing.4*-“* Turing 
machines have been formulated in various ways, but basically t 
machine consists of a computing element and a tape which is assumed 
be. potentially infinite in length. The computing element appears | 


} This particular assignment was derived by M. Schneider of Lincoln Labora 
MIT, during a study of the assignment problem, 


| 
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several different forms in the literature, but generally the computing 
element is assumed to be capable of reading any symbols written on the 
tape, moving the tape either right or left, and printing any of a given set of 
symbols on the tape (including overprinting a symbol already written on 
the tape). Each symbol written on the tape occupies some finite area 
along the tape, and the set of symbols which can be read and which can be 
written may be denoted S,, Sx, ... , Sm, where m is an integer. 

When a computation is to be performed, a program, or initial set of 
symbols, is written on the tape (the total number of symbols on the tape is 
assumed to be finite) and the starting position for the computing element 
is indicated. Since the total length or amount of tape available is 
assumed to be potentially infinite, computation may continue indefi- 
nitely. (Potentially infinite can be taken to mean that while the tape 
will be finite in length at any given time, some machine operator will 
always be present to add tape when required. ) 

Several different representation schemes for Turing machines have been 
used. Let the internal states of the computing element be designated 
1, 2 + + » , dn, and the tape symbols or machine alphabet $1, Sanne 5 
Sn. Also let ZL designate a left movement of the tape the distance 
occupied by one tape symbol, and Ra corresponding right movement of 
the tape. If it is assumed that the tape passes through the machine one 
square at a time, the operation of the computing element can be described 
by means of a finite set of 4-tuples of the following kinds: 


GiSjSieQ 
QS; Ra. 
gS; Lan 


The first two symbols of each 4-tuple designate the present state of the 
computing element and the symbol being read on the tape; the last two 
symbols designate the action taken by the computing element and the 
next stage of the computing element. For instance, the 4-tuple q2S3S4qs 
indicates that if the computing element is in state q: when the symbol S; 
is read, the computing element will print the symbol S, over the symbol 
S; and then go to state q;. The 4-tuple qiS.4Lqs indicates that if the com- 
puting element is in state q; and an S, is read, the computing element will 
move the tape left one square and go to state qs. 

The question of the total state of the machine (called “tape versus 
machine configuration” by Kleene, “complete configuration” by Turing, 
and ““nstantaneous description” by Davis) now arises. By assuming the 
tape to be part of the machine, and by listing the squares on the tape which 
contain symbols, the position of the computing element along the tape, 
and the present state of the computing element, we may realize a com- 
plete description of the machine; this is defined as the total state. 

Most of the studies of Turing machines have been concerned with whieh 
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numbers and functions are computable, where a number (function) is 
called computable if it can be realized as the result of one 
machine computation. Turing, in his original paper, showed that mos 
of the numbers and functions which we generally think of as a 
“effectively calculable” can indeed be computed by a Turing sat ine. 
The term effectively calculable is taken to mean that a set of rules Pe 
algorithm) can be written down so that a given number or value y a 
function can be calculated to n places, where n is finite, by following t 7 
rules and using some finite number of calculations. The thesis that ‘ 
numbers (functions) which are effectively calculable are also conan le 
by means of a Turing machine was the subject of several of the ear va 
papers in this area. Although this thesis can be shown to be unprova hs 
(in that effectively calculable is not precisely definable), it is commonly 
accepted. Most users of modern computers would certainly acquiesce. 

Let us examine a simple Turing machine which adds two positive inte- 
gers m and n to yield the function f(m,n) = m +n. Let the tape 7 
bols be the binary symbols 0 and 1 and let the integer m be represente a 
the tape by a sequence of m + 1 ones preceded and followed by a 0. a ; 
n also be represented by m + 1 ones and let the tape be prepared so thai : 
single 0 separates representations for m and n.t Thus, the sequence ¢ 
symbols « - - 0011101111000 - - - represents the positive nega 7 
followed by the positive integer n = 3. A simple Turing machine whic 
will compute m + n is given by the following table: 

eee eerste errr eee 











Tape-internal-state ahavine 
configuration 

Present state |'Tape symbol | Operation Next state 
q 0 move right qu 
qn 1 write 0 q2 
q2 0 move right q2 
qQz 1 write oO qs 
qs 0 move right qs 
qs 1 move right qs 
Qs 0 write 1 qs 
UM 1 move right qa 

% 0 stop : 

1 move right qs 


The first rows of this table can be represented by the 4-tuples qoRq 
qil0q2, q20Rqz2, and g210q;. It is not difficult to make up machines whi 


+ It is common practice to let the integer n be represented by a ar n+ 
ones. (The use of an additional 1 arises in the representation of 0.) In Ae 
paper, Turing used a single tape and left alternate squares (cells) of the tape 










| 
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will perform all the arithmetic operations and then to invent machines 
which will perform a given sequence of arithmetic operations. In this 
way we are moved to the conclusion, with Turing, that all effectively 
calculable functions are indeed Turing-machine computable. Please 
note that Turing’s basic paper was written in 1936, predating even the 
first of the modern digital machines. 

In his original paper Turing also showed, by demonstration, that it is 
possible to construct a universal Turing machine which can perform any 
calculation which can be performed by any other Turing machine. In 
effect, the universal Turing machine imitates a given machine when 
supplied with a description of that machine or its input tape. To be a 
little more precise, Turing set up a system whereby the operation of any 
machine M was described by means of a sequence of symbols called the 
standard description of the machine. This standard description was 
simply the set of 4-tuples for the computing element of a machine, with 
each 4-tuple separated by a semicolon. Turing then showed that a 
universal machine U could be designed such that if the input tape to U 
contained the standard description of M, then, given a sequence of sym- 
bols S, U would compute the same output sequence on the tape as M. 
In effect, the standard description was a program and the sequence of 
symbols S the input data, so that U was a general-purpose computer and 
M a given digital machine. 

The question of the minimal universal Turing machine now arises, but 
this concept requires a definition of minimality. Shannon‘ has shown 
that it is possible to construct a universal Turing machine using only 
either two input states or two internal states. Shannon has further pro- 
proposed that a criterion for minimality be number of internal states 
times number of tape symbols. According to this criterion, the record 
for the minimal machine at this time is held by N. Ikeno of Japan with a 
machine having 10 internal states and 6 tape symbols, hence a product of 
60. (No one has yet shown that a two-symbol, two-internal state uni- 
versal machine cannot be designed.) 

It is possible to formulate the questions concerning computability in 
terms of recursive function theory, and it can be shown that the functions 
which are computable are also recursive functions. t Further, the set of all 








be used for partial results (as “scratch paper”). It can be shown that a single-tape 
machine can compute anything computable by a multitape machine, so there would 
be no objection to using a tape for the program, another for numbers or other input 
data, and still another for intermediate results. Such convenient extensions would 
lead us to the machine in Chap. 9. 

t The Appendix contains a definition of addition and multiplication using recursion, 
Reference 22 contains a most complete treatment of recursive function theory along 
with many details concerning Turing machines, 
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functions which are computable is countably infinite, and therefore the 
computable functions form only a subset of all functions, for there are 
an uncountably infinite number of functions. 

A well-known and interesting result in the theory of Turing machines is 
that no Turing machine exists which when presented with the input tape 
and standard description of the computing element of a given Turing 
machine can decide whether that machine will stop. This is called the 
halting or stopping problem and involves quasi- or partial functions, 
which are functions defined only on a proper subset of the possible input 
values. Determining whether a given Turing machine will stop when 
presented with a particular tape is equivalent to determining whether 
the function represented by the machine includes the value on the tape 
in its domain, and it can be shown that the answer to this question is 
not computable in a finite number of operations. 

A thorough and organized treatment of Turing-machine theory can be 
found in Davis,!! and a number of the basic papers may be found in the 
list of references. 

The machines which have been discussed in previous sections are 
deterministic in that, given the starting state and input sequence of the 
machine, the behavior of the machine is uniquely defined, and we have 
assumed that there was no chance of a specified state transition or output 
value being in error. Studies have also been made of probabilistic 
machines for which, given the present state and input, the next state 
and/or output are not uniquely determined, but for which probabilities 
may be assigned to alternate courses of action. In effect, studies of 
probabilistic machines are concerned with the analysis and design of 
machines whose behavior is not deterministic. Machines have also 
been studied where some probability that a given element or set of ele= 
ments might malfunction was introduced. Sometimes included in this 
general category are studies of redundant machines, or machines contain= 
ing redundant components so that if components malfunction, the 
machine will still behave in the described manner. 

The paper by Von Neumann’* is a good basic paper on probabilisti@ 
machines. The book by Peterson*! contains some data on schemes for 
detecting or correcting errors occurring during operation, and the papers 
by Brown,‘ Elias,4 and Garner’ give various results in this area. A 
study of whether probabilistic machines can compute functions not coms 
putable by deterministic machines may be found in the work of De 
Leener et al.!2_ This paper also introduces some elements of probability 
theory into finite automaton theory, showing, for instance, that f 
each stochastic machine there is an equivalent Markoff machine, sot 
conversely, underlying each stochastic process there is a Mar 
process. 
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PROBLEMS 


11-1. Design a synchronous sequential machine with two input lines and two out- 
put lines so that at time ¢ + 1 the two output lines contain the same signals which 
were on the two input lines at time ¢t. Use RS flip-flops, aNp gates, and or gates as 
required. ; 

11-2. Design a sequential machine with two input lines X; and X> and one output 
line Y such that the output line will be 1 only after the sequence (0,1), (1,0), (1,1) 
appears on the input lines X; and Xz. The machine is to be started with Y = 0 end 
with inputs X: = 0 and X2. =0. After the sequence (0,1), (1,0), (1,1) appears at 
the input, the Y output is to remain a 1 until the machine is restarted. 

11-3. Reduce the following flow table: 


0,0 





11-4. Design a machine using RS flip-flops, AND i i 
gates, and or gates which real. 
the flow table in Prob. 11-3. , ‘ : pele 


; 11-5. Draw a state table and flow chart and then design a machine with a single 
input X and eight outputs yo, y1, . . . , yz such that 

; (a) The inputs to X consist of a binary sequence occurring at times fo, t1, 
etc. 

(b) The machine will have 0 outputs on yo, . . . , yr except in the interval between 
every third and fourth input value on X. After each third input value is received, 
the output line whose subscript corresponds to the binary value of the input triple 
is to carry a 1 signal. That is, if the sequence of signals on X at time fo, t), . . . , ts 
is 0, 1, 1, 0, 1, 0, then in the interval (ts,t,) output ys will be a 1, and in the interval 
(te,t7), y2 will be a1. Use C flip-flops or RS flip-flops, anp gates, and or gates as 
required. 


11-6. Reduce the following partially specified state table to the minimum number 
of states (Mealy). 


- thy 











Next state Output 
Present state 

xX, Xo XxX, Xo Xs 
1 Yo yn 
2 Y1 
3 Y2 Ys 
4 Y2 
5 Ys 
6 Yo 
bd 
8 Ya Ys 
i] Yo vs 
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11-7. Design a Turing machine which “decodes” an input tape. The input tape is 
to contain the symbols a, b, c,d, . . . ,zand spaces. The code is as camaues a@ space 
represents an a; a z represents a space; a represents b ; b represents Coven e FY a 
sents z. The machine is capable of reading and writing on the single tape and only 

ay be read or written at a time. 
gerne! machine has three input and output symbols, Si, S2, and S3. The 
input tape to the Turing machine is recorded as follows: 


where each variable X; is either Si, Sx, or Ss. The Turing machine is to rearrange the 
sextuples as follows: 


coo] = pels [= [= [a] 


Draw a state table and flow table for the machine, which is to read and print “ oa ‘ 
bol X; at a time. This machine realizes the function f (X1,X2, ... ,Xs) = (X5,Xy 
es ak many different completely specified state tables can be drawn for a ~~ 
ing machine with two input symbols X; and Xe, two output symbols Z; and Ze, - 
two internal states Q,; and Q:? How many partially specified state tables can : 
drawn? Do any of the completely specified tables correspond to equivalent ae 
Do any of the partially specified tables correspond to equivalent machines? ce 
the relationship between the state table for a Turing machine and the Turing mac’ alll | 
How many different Turing machines with two input symbols, two output sym 
and two internal states are there? 

11-10. Reduce the following state tables: 


Xi | Xe Xs 








Next state} Output 
Xo Xi Xo X1 

1 1 0 0 
2 1 3 0 0 
3 4 2 0 0 
4 4 2 1 0 
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ese 
Next state Output 








Xo X: XX, Xs; X Xi X, X; 
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Appendix 


Number Representation Systems 


In order for a digital machine to perform numerical calculations, it is 
first necessary to represent numerical data by means of the states of 
physical devices. The devices which have appeared most desirable for 
storing and processing information in digital form have been devices 
which appear to be most effectively operated in a bistable manner; 
that is, these devices can be operated at high speeds with considerable 
reliability when used as two-state devices. Most of the early electronic 
machines operated the physical devices used at extreme operating points: 
magnetic cores were either saturated in one direction or the other, vac- 
uum tubes and transistors were either saturated or cut off. More 
recently, designers have tended to place the operating points of these 
devices away from the extremes, but still to restrict the operating points 
to within two regions, and hence still to operate the devices in a binary 
manner. 

Since the devices in present-day machines are used in a binary manner, 
machine designers have been prone to use the most natural and efficient 
number representation system subject to this constraint, the binary 
number representation system. The second most prevalent class of 
machines represents numbers in a binary-coded decimal system, which is 
less efficient from a purely machine viewpoint, but which is more natural 
from the viewpoint of some machine users. (The decimal number system 
is, indeed, a more efficient system for manual computation, record keep- 
ing, etc.) 

In actual practice the machine user rarely writes his instructions to the 
machine in anything resembling actual machine language. Every pres- 
ent-day general-purpose computer of any magnitude is provided with a 
set of conversion programs which automatically convert the symbols 
written by the user to machine language. Concern over the machine’s 
internal number system must therefore be directed toward a con- 
sideration of the process of making programs operational and toward the 
actual maintenance of the machine, Indeed, most modern machines are 
provided with automatic program systems which far exceed the minimal 
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set of programs needed to convert decimal numbers to binary, assign 
internal machine memory addresses to instructions and data, convert 
mnemonic instruction codes to the correct machine representations, and 
° The extent of present-day program systems is staggering, and the 
facilities offered by such programs are expanded daily. The user of a 
binary-number general-purpose machine can now write his edi aden 
using the English language, common mathematical symbols (somew at 
restricted by the characters and programs available), and decimal 
numbers. The combination of programs and machine will then do the 
rest, converting the English, decimal, mathematical, logical expressions 
of the human to machine representation and then performing the neces- 
sary information processing. Indeed, some systems will inform the ee 
if he has made certain obvious mistakes in communicating with the 
meee is not to say that all the work necessary for bridging the natural gap 
between machine and user has been provided, or even that the problem 
has been especially well handled, but rather to indicate that the question 
of natural and efficient machine design versus providing a convenient 
system for human utilization must take into account the very significant 
contribution of the programmers who design and prepare the program 
systems which so greatly facilitate use of the machine. A primary 


concern of the designer of general-purpose machines must certainly be 


the providing of instructions and other facilities needed by the utility 
programs, as well as the requirements of the actual user. 

In most cases the binary number representation system has been a 
rather obvious choice for the designer of special-purpose machines, and 
certainly the preponderance of special-purpose machines use this most 
natural system. The next best choice for certain special-purpose 
machines may well lie in the newer and lesser-known representations 
based on residue number classes, Mersenne primes,” ete., which may 
eventually provide more efficient algorithms for multiplication, ai 
and other operations. Several references to such systems are include 
in the list at the end of this appendix. As yet, the known isedvaan 
of such systems outweigh the known advantages, and further researe 
is required before these can be seriously considered. ia fall 

One special-purpose computer has been constructed using Galois fie , 
elements for the number system, thus simplifying certain specialize 
computations; Ref. 4 describes this machine and the number system, 

Number Representation Systems. For us, the most familiar ae 
representation system is the decimal system. Before describing t 
system and others, let us define the terms radix and positional notation, 

Positional notation refers to a technique which is used to represent 





a ea ee 
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numbers symbolically, where each number is represented by a sequence 
of symbols, and the value of a given symbol is determined not only by 
the symbol itself, but by its position in the sequence. 

For instance, in our familiar decimal system the over-all value of the 
symbol 2 in the sequence 323 is different from its value in the sequence 
20,000. The sequence 323 is really a shorthand notation for the poly- 
nomial 3 X 102+ 2x 10!'+3~x 10°, where only the coefficients of the 
polynomial are written. In general, the sequence of symbols cicz - - + Cy 


is an abbreviation for the sum > c:l0"~‘ whereby we write the coefficients 
i=1 


ic 
of the polynomial in their natural order. 

When a positional notation system is used, the value of each symbol in 
a sequence is determined by the symbol, the position of the symbol in the 
sequence, and the base or radix of the number representation system. 
The radix or base is defined as the number of different symbols which can 
occur in a given position in the sequence, The radix is equal to 10 in the 
decimal system. Commonly each position in a sequence representing a 
number is to the same base. 

Other number representation systems using positional notation have 
other radices. For instance, the binary number representation system, 
with a radix 2, has only two symbols which can occur in each position in 
the sequence, and we use the symbols 0 and 1 for these. The radix 3 or 
ternary number representation system has three symbols per position; 
commonly 0, 1, and 2 are used. The octal number system, with a radix 
of 8, has eight possible symbols for each position; we use 0, 1, 2,..., 
7. For the sexadecimal system, which has sixteen symbols per position, 
the symbols a, b, c, d, e, and f are commonly appended to the symbols 
0,1, 2,...,9. In the octal system the sequence 624 represents the 
sum 6 X 8? + 2 X 814.4 X 8° which is equal to the sequence 404 in the 
decimal system. In general the sequence ccz : - - c, is an abbreviation 


for the sum > cr"~', where r is the radix of the system. 


i=1 

Thus far, we have used the term number as an undefined or primitive 
term. We shall leave it so. (There are three schools of thought con- 
cerning the definition of number: the logistic school, headed by Russell, ?° 
Whitehead,’ and more recently Quine ;”’ the set theoretic group, initiated 
by Cantor and with such present day exponents as Halmos,? Suppes, 22 
and perhaps Kleene;?* and the intuitionist school, which was founded by 
Brouer. We recommend Heyting’ for a good description of the latter. 
The definitions of number proposed by these doctrines would differ, but 
all would agree that the sequence 348 is a representation of a number.) 
Let us therefore assume that we know what numbers are and agree that 
the set of natural numbers or nonnegative integers can be used in an intel 
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ligent manner. Let us also assume that we can use the proof by induction 
and can define a function using recursion.. We therefore define addition, 
multiplication, and exponentiation as follows, using 0 as the first natural 
number and 1 as the successor to 0: 


O+2z=2 
rtVyti=@+yt+1 
zxx0=0 
e«XYyvyt)=@xyt+e2 
g=1 


w= wx a / 
These rules are sufficient to permit the calculation of any sum, product, or 
power formed of nonnegative integers. ; 

One of the features of our positional notation system is that it permits 
calculations to be formed in a very simple way. We commonly perform 
addition and multiplication using only the coefficients of the numbers 
represented (exponentiation is performed by repeated multiplication), 
Let A = a1, a2, ..., a, and B = by, bs, . . . , bm, both to the radix r, 
Then . 
A+B= > arnt + 2 bjt 

i=1 j=l 

or, if m = n, 


A+ B= > (+t) 


i=1 
A:B= (2 axr*~') (2 byrm-4) = >» >» (a; * bj)rmtn-i-3 


By first calculating the addition and multiplication table for the sym- E 
bols used to represent digits, we can form sums and products using simple — 
pencil-and-paper techniques. The following are ternary addition and 
multiplication tables and samples of the algorithms we now use. 


‘ 


Ternary System 


Addition table Multiplication table — 








0 1 2 01 2 
0;0 1 2 0;0 0 0O 
1/1 2 10 1/0 1 2 
2|2 10 11 2/0 2 11 

10212 122 
+ 21120 X 210 
- 102102 000 

122 
1021 
111020 
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We can check the sum and product above in the decimal system by first 
converting the ternary numbers to decimal and then performing the cal- 
culations. It is common practice when using several radices to append 
the particular radix associated with a given number as a subscript; thus 
1012; is ternary 1012, 11291. is decimal 1129, 10110, is binary 10110. 


10212; 1X 34+0X 3°+2x3?4+1x*342x1 
= 1044 
21120; = 2X 34+1X3'+1X3?+2X340 = 2045 
10212; + 21120; = 102102; 
10419 + 2044 = 30810 
102102; = 1 X 35+ 0 X 34+2 x 3#4+1 x 32403! 
+ 2 X 8° = 30849 


210; 2X 3?+1X34+0 = Qi 
122; X 210; = 111020, 
1710 X 2149 = 357 
1110203 = 35749 


Binary-coded Decimal. Another system for representing numbers in 
machines is the binary-coded decimal system. In this system sets of 
binary digits are handled in a pseudodecimal manner. A large number 
of the earlier machines used binary-coded decimal, and many general- 
purpose business machines use this system. 

Basically, a binary-coded decimal system can be established by simply 
associating a unique m-digit binary number with each of the ten decimal 
digits, where m > 4. The most used binary-coded decimal system is 
the most obvious; it is the 8,4,2,1 code, which associates the binary 
number 00002 with the decimal digit O10, 0001. with 1 10, 00102 with 210, 

- , and 10012 with 915. Using this, the decimal number 243 would be 
represented in the binary-coded decimal 8,4,2,1 code as 0010 0100 0011. 

In binary-coded decimal, each decimal digit must be represented by at 
least four binary digits, and there are a total of 16!/6! different ways to 
code four binary digits into the ten decimal digits. Of these approxi- 
mately 3 X 10° different encodings, only a few have been actually used, 
and always for rather special reasons. Generally binary-coded decimal 
codes are divided into two classes: weighted codes and nonweighted codes. 
The 8,4,2,1 code is a weighted code, for each position in a code group of 
four binary digits carries a specific assigned weight, and each decimal 
digit represented is equal to the sum of the weights corresponding to 1’s 
in the binary code group. A weighted binary-coded decimal system is 
therefore one where each decimal digit corresponds to a sequence bybebgb, 


ll 


with value >» bw, where the b; are binary digits, and the w, the weights 
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assigned. Weeg?® has shown there are only 17 different four-binary- 
digit weighted codes when only positive integers are assigned to the u,. 
As examples, the 2,4,2,1 and 7,4,2,1 codes follow. 





Wi We W3 W4 

a ea 7421 
0/0 0 0 0 : ; 

1/0001 aa 
2);1 00 0 or 0 0 1 O 0 : 
3/0 011 or 100 1 001 
4|0 1 0 0 or 101 0 0100 y 
5/1 01 1 or 0 101 ; : ; 
6}/1 1 0 0 or 0 1 1 O 

71/0 1141 or 1 101 1 0 0 ; or 0 111 
g8j/1 11 0 ; : : - 

9/1 111 





It is interesting to note that only the 8,4,2,1 code represents each deci- 
mal digit uniquely; all other positive-weighted codes have choices in cer- 

i iti s shown above. 
oat Sa Pe to introduce negative weights, thus increasing the 
number of weighted codes to 88, for there are 71 weighted — a 
taining both negative and positive weights.» One of these is the 8, 6, 
—4, 1 code, which follows. 

Wi We Wa Wa 





8 6-41 
0/0 0 0 0 
1;0 001 
2/0 11 0 
3/0 1 1 1 
4/1 01 0 
5/1 01 1 
6/0 1 0 0 
7/0 1 01 
8|1 00 0 
9{|1 001 


This is another example of a unique representation code, and 21 

of the 71 codes with mixed positive and negative weights have unique 
ations. 

Mee binary-coded decimal systems have been used <a Ar 
gested. <A biquinary code in which each decimal digit is penceee y 
two binary code groups, one to the base two and the is Rx t a 
five, was used in an early Bell Telephone Labs machine. n —< vi 
five code has also been used in digital systems concerne 7 m 
munications; this code is formed by assigning code groups of - “a 
digits, each containing only two 1’s to each decimal digit. 4 ne 
code group containing more or fewer than two 1’s is detected, 1 
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that an error has occurred. For this reason the code is known as an 
error-detecting code. There are many other error-detecting and correcting 
codes. The most popular are doubtless the parity check codes in which 
additional digits are appended to each group of binary digits, so that the 
number of 1’s among certain sets of digits is always even (odd in some 
systems). References 3, 7, 15, 16, and 18 describe such codes in more 
detail. (See also Prob. 10-10.) 

Fractions and Negative Numbers. The representation of fractions 
follows directly in a positional notation system. A symbol called a 
radix point is used in a sequence representing fractions or mixed numbers, 
where the radix point is defined as the point separating the members of 
the sequence associated with zero and positive powers of the radix from 
the members associated with negative powers. The sequence 


CiC2 * * * Cn. Cn4+1Cn+2 "8° Catm 


m+n 


represents the sum > cr"—', where the c; are digits, the . indicates the 
1 


radix point, and r is the radix of the system. (The radix point in the 
decimal system is often called a decimal point, and the radix point in the 
binary system is called a binary point.) 

We now consider the problem of representing negative numbers in a 
machine. The information as to whether a given number is negative or 
positive may be stored in a single binary digit, so let us assign the symbol 
¢o to the leftmost position in each sequence representing a number, and 
agree that we shall let a 0 in this position signify that the sequence repre- 
sents a positive number, and a 1 signify that the sequence represents a 
negative number. We shall often call co the sign digit. 

We are now left with several choices as to the over-all meaning of the 
sequence, but the most obvious choice is to let the sequence cocic2 * * * Cn 


represent the sum (1 — 2¢) »> cr, 
t=1 


In this case co indicates whether the number is positive or negative, 
and the remaining symbols in the sequence, cicz - * * Cn, represent the 
magnitude of the number. The sequence 01010. therefore represents 
+10102 or 1010, and the sequence 110102 represents —101. Likewise 
the sequence 1942419 represents — 94241 and 0942410 represents +9424. 

Two other representation systems are often used. One is called the 
true complement system, and the other the radix-minus-one complement 
system. These are both used to facilitate addition and subtraction, 
as will be explained. 

The true complement of a number c = ¢co * * * ¢, is defined as the 
number r" — ¢, where r is the radix of the system, The true comple- 
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ment of cic2 * + * c, can be formed by simply subtracting each c¢; from 
r — 1, thus forming a é, and then adding 1 to the resulting number 
é= G02 ++ * &. For instance, the true complement of 2413, is defined 
as 84 — 2413, = 5365s and can be formed in the following way: 


(7 — 2) X 88+ (7 — 4) X 8° + (7 — 1) X 814 (7 — 3) X 8° 41 
= 5364 + 1 = 53655 


For example, the true complement of 741419 is 258610, and the true com- 
plement of 10102 is 0110.. 

The radix-minus-one complement of the number c = cicz - - ‘/¢p is 
defined as the number r* — c — 1, where r is the radix. The radix-’ 
minus-one complement of a given number is formed by simply sub- 
tracting each digit c; in the sequence representing the number from 
r—1. For instance, the radix-minus-one complement of 241719 is 
758210, and the radix-minus-one complement of 10102 is 0101 2 

The true complement of a number in a system with radix r is generally _ 
called the r’s complement; for instance, the true complement of a decimal 
number is called the 10’s complement, and the true complement of @ 
binary number the 2’s complement. Similarly, the radix-minus-o 
complement of a decimal number is called the 9’s complement and the 
radix-minus-one complement of a binary number the 1’s complement. 

The true and radix-minus-one complements are generally used to repre= 
sent negative numbers only, so, given the number +241710, the negative 
of this would be represented by —758219 in the 9’s complement system 
and —75831o in the 10’s complement system. 

The virtue of these systems lies in the fact that these complements are 
rather easily formed, and if complements are used, the subtraction and 
addition operations can be performed using only addition and a few simple 
rules. 

Let us assume that negative numbers are stored in 9’s-complement 
form, and that all numbers are to be represented by sequences of length 
5 consisting of cocic2cac4, where co (the sign digit) indicates whether the 
number is positive or negative and the digits following represent the value 
of the number. For instance, the sequence 000191. represents the nume 
ber +19:0 and the sequence 1011415 represents the number — 988540, 
We can add the numbers represented by simply adding the sequences, 










19 00019 
— 9885 10114 
— 9866 10133 


for 10133 represents the number —9866 in this system. Care must, of 
course, be taken to see that the sum or difference is not greater or leas 
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than the numbers which can be represented. We cannot, for instance, 
represent the sum of 9484 and 5966 in this system, nor the sum of —5966 
and —5976. One other rule is required: co is to be interpreted as a binary 
digit and added using the binary addition table regardless of the radix. Ifa 
carry is generated from the sign digits in a radix-minus-one system, 
then a 1 is added to the c, position in the sum as follows: 


—27 * 19972 
—54 19945 
—81 1 19917 
1 end-around carry 
19918 
or 
—496 19503 
—501 19498 
1 19001 
—997 Lop end-around carry 
19002 


Most machines represent negative numbers in either a true or radix- 
minus-one complement form and represent numbers in fractional form. 
Assume a 1’s-complement system, let numbers be represented by 
sequences of five binary digits cocicecsc4, where cy is the sign digit and 
¢1€2¢3C4 represents a binary fraction with binary point to the left of C1, 
and let negative numbers be represented in 1’s-complement binary form. 
Then —0.0101, is represented as 11010. and +0.0101. as 001012. The 
sum of these is 0 or 111112, which is negative 0 in this system, The 
system has another representation for 0; this is 00000, often called posi- 
tive 0. 

In the corresponding 2’s-complement system, the number +0.001, is 
represented as 0001, the number —0.001, as 1111. Now in the 2’s-com- 
plement system, or in any true-complement system, any carry which 
occurs out of the cy position during an addition is dropped as follows: 


—10 11110 
+10 00010 
00 00000 

1 is dropped 


So 00000 is 0 and there is only one 0 in this system. We can define the 
value of a sequence ¢ = ccc, * * + cy, in the fractional representation 
2’s-complement binary number system as follows: 


n 
i- 


83(c) = eo + y cj2~* 
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This particular 2’s-complement binary fraction system will represent 
numbers in the interval —1 < 6. < 1 — 2. / 

The 1’s-complement binary fraction representation system of a number 
C = CoCiC2 * * * Cn can be defined thusly: 


n 


b:(e) = eo(2-* — 1) + i c2-4 


Similarly, the true-complement and radix-minus-one complement 
systems can be used with systems based on other radices. We candefine 
the value of a sequence cocicz2 * * * ¢, to the radix r in a true-complement 
fractional representation system as 


5,(c) = —co + > cw 


i=1 


and the value in a radix-minus-one fractional representation system as 


Bya(c) = car — 1) +) ear 


In a true-complement fractional system numbers can be represented in 


the interval —1 < 6, < 1 — r~™, and in a radix-minus-one complement — 


fractional system numbers can be represented in the interval —1 + r-™ § 
6p—1 < 1-—r™., 

Since the only system other than binary which has been used to any 
extent is the binary-coded decimal system, some of the characteristics of 
such systems will be described. Systems using other radices have 
similar characteristics. 

The negative of a number represented in a 9’s-complement fractional 
form can be easily formed. The sign digit co is changed in value and each 
of the other digits c; is subtracted from 9. Thus the negative of 04454 is 
15545 and the negative of 12426 is 07573. Addition and subtraction can 
therefore be performed quite easily in such a system using only an addi« 
tion operation; to subtract we merely form the 9’s complement and add, 
Two things must be considered: the forming of the 9’s complement and 
the end-around carry which sometimes results, and which must then be 
added to the least-order digit in the sum. 

Let us consider the forming of the 9’s complement first. If decimal 
digits are represented in a machine using some binary-coded decimal 
system, construction is simplified if the 9’s complement of a given codé 
group representing a decimal digit can be easily formed. The most direct 


way to form a 9’s complement would be simply to complement each 


binary digit in the code group. But notice that if this is done in the 
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8,4,2,1 system, the 9’s complement will not result. For instance, when 
complemented digit by digit, the code group 10002, which represents 810, 
becomes 0111, which represents 710, not lio. The 2,4,2,1 code described 
previously will work, however: 1111 = 910, complemented, it is 
0000 = 010; 0001 = 119 complemented is 1110 = 810; and a check of the 
table will indicate that the 9’s complement of a given code group can be 
formed by simply complementing each binary digit in the group. 

Another binary-coded decimal system which form 9’s complements 
rather easily is the excess-3 code which was used in the early Harvard 
machines and which represents a decimal digit with a four-digit binary 
code group formed by adding 319 = 0011 to the 8,4,2,1 code group for 
the digit. For instance, the excess-3 code represents 319 as 0110, 410 as 
0111, 510 as 1000, etc. A check will indicate that the 9’s complement of 
a given code group can be formed by complementing each binary digit in 
the group. For instance, 0111 = 410, complemented, it is 1000 = 540; 
0100 = lio, complemented, it is 1011 = 8)9; etc. 

The excess-3 code is not a weighted code, and difficulty arises during 
calculations involving both positive and negative numbers. (The 
excess-3 carried in both the addend and augend becomes an excess 6 in 
the sum if both addend and augend are positive, an excess 0 if one is 
negative and the other positive. Interested readers may find details in 
Ref. 9.) 

The 9’s complement of a digit stored in an 8,4,2,1 system can of course 
be formed by a combinational network. Many systems represent deci- 
mal numbers in a serial parallel manner, where each code group of four 
binary digits arrives in parallel, and as many sets of digits arrive as there 
are decimal digits represented, plus a set containing the sign digit. (Ifa 
word contains sign plus 10 binary-coded decimal digits, 11 groups of four 
binary digits will be transmitted serially; only one binary digit of the 
four representing the sign will have sign meaning, and the remaining three 
may contain other information.) When this system is used, only one 
9’s-complement circuit and only one adder need be used, for each four- 
binary-digit code group can be transmitted to these circuits in serial 
(see Refs. 3, 16, and 21 for details). When the 9’s-complement system is 
used, any end-around carry must be added in when it arises, and this 
requires an additional circulation of the sum plus carry through the 
adder. 

The 10’s complement of a number stored in binary-coded decimal is not 
so easily formed. It is not possible to form the 10’s complement by 
simply forming a complement of each of the binary code groups repre- 
senting the decimal digits individually, for the digits interact, It is 
possible to form the 10's complement, in a serial-parallel or serial sys- 
tem by means of a sequential circuit or by forming the 9's complement of 
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each code group (digit) and then adding 1 to the least-order digit (this 
can be done during an actual subtraction or addition). In parallel sys- 
tems the parallel full adders may be used in a similar manner. 

When a 10’s-complement system is used, any carry generated while 
adding the sign digits is simply discarded, so no additional passes through 
the adder are required for serial or serial-parallel systems. This some-_ 
what compensates for the additional complexity which arises in forming 
the 10’s complement. 
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